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jence and Scries

3 ot .
gayic8 Iy, 8 SeqUENCE 18:

K lﬂ"fLi&,l of things (number) in rule

pairing between positive integer and req| number

gpecial type ol function whomf: domai

nteger. (Al Rataral A2 Y
Number sequence

ition: 1} A sequence is a function with domain natural number

- fi)Asequence that has a last term is called finite sequence, \

saence that does not have a last term i called infinite sequence,

v 1,3,5, 7.9 «— finite sequence

v 3,379, ... «—infinite sequence

v Domain of finite sequence is {1.2.3,. yhi}

_ * Domamn of infinite sequence is N

nis the set of Positive

tliinction a(n) = 2n - 1, dormain of a 18 the set of natural number,
ena(l) =1, a(2)=3, a(3) _=_5Lg@-) ="
Rather than use fiinction netation for seqiience use a subscript
nowfion {a,}, n=1,2 3, ...
=a=1,a,= 3,a;=35, a4=7and a,=2n—-1
I ¢ Elements in the range of sequence {a,} are called the term ol 2
Sequence,

Theterms are 1, 3, 5, 7, e 20—1 ...
- The first torm is denoted by a; =1
5 . %ﬂ 2: term is denoted bya;=3
h €3 term is denoted bya;=3
>0 term is denoted by a, = 2n - 1
i3 called the general term or the n'" term of the sequence.
f o s¥herate all the terms of sequence
[ < fjmf three terms denoted by: a;, a,, and a3
E, L5 t_”'ﬂt five lerms denoted by : aj, a, a3, 2 and s
¢first 0™ terms denoted by: a|, a3, 83, ...- &
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Sequence can be desenbed by:

— — Uy,

The sequence jay. as, a5, ....a,..."

[ R I
|.‘JJTP N Iaf'."ri:l

i) listing the term
i) \x'riﬁnﬂ [|1l.': goner; 'll term,

1v) using Tﬁ?LlllTEl]CL‘ relation.

—_—

Ilustrative Example

Find the hrst four terms. 8 term and 10" 1orm of
a) a, = [1 +(= U"H c) d, = {6}

b B n+2

Solution: ﬂ)u” :‘{|+(_1)J141}

= ai=1+(1)"=2,9=1+1 =0, i, —l+“}—21
ay=1+-1)=0
.. The first four terms are {2, 0, 2. 0|

“Quenog

Sa=1+C) ' =1-1=0=a5= 1 +)'=1-1=¢
n+2 3 4 '
b) = = — == -3
a, {3}1—8}212] _5,:12 5 2, a
(6.3
Y4 2
73 3
= The first four ferms are T,—E,S:E
10 3 12 6
=g, =—=— d S
2716 g ¢ M =TT

c) an:{6}2>31=ag=a3=a4=6:>ag:a;U=5
d  a,={logn)

=a= lﬁg a=log’, ay = lng a, = log’
= ay = log® and a;9 = log'’ =1 ol
*  Asequence can be described by recurrence [E7TE
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- rsively defined sequence is one in which each
c . LS :

o f the sequence is defined by using some
:l;:;ﬁc preceding terms and together with several ter,
ic ;Eilllll’:'!lce the fibonie _s:‘equenc;‘e 5 aefiied recursively by:
¥ Fibﬂ}‘] o= 1A= Al Tk fork >3
T pm=ata =1 1=2

=51 = 33 4~32:2+1——_3:;-‘15:;14_33:3+2:5
qvesequence 1, 12,3, 5,8, ... is called the Fabonic
Ihe Fibonic sequence 1s extended by adding two
fo get the next term)

jj rocti

u{j lj{} (HET] 15

I'I .E{' it
Al eind the first five terms of sequence defined recursivel y

\

;'1] H'I = l E“.]d ﬂ“ o ﬂﬂn_|. I_l 2 2,_

_ I
o oa=la=3 anda,= E(HHJFH" 1),:‘123

Solution: a)ar=1=12,=2a, =2(1)=2=2|
= ay=38;=3(2)=6=3|
=ar=4a; =4(6) = 24 = 4|
=8 =5, = 5(24) = 120 = 5)

*  nfactorial can defined recursively

1 !
b) ajhi(rI2+a1J:E(3+]):2

P | =

Vs i 5
G=—(t+a)=—02 -3 ="
2) 2( % 2

_1 1(5
a; “',;(614 +G3):—(_+2]:9

- N 2\ 2 4
. 1‘*"3“12 Egﬂft;vmg define sequence or not

W oog =

# =G+ fornz 1,8, =1
) iy, 1
5 +

Wiy, g 5= ha00 0= @u)apa) 023

:;it“!‘ﬂ[ numbqu ®fCe is special type of function with domain
P 4. =42 \

b T s function = sequence

i

ok, : . .
=1 1 is function = recursively define sequence

.

N
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There are two standard sequence Arithmetic

e

¢ @ =3mtl=a =t Iy ...
Not function = not stquence

d) ad=(az)al)=0@)Hl)=43 =

(3,3),63, 3
Arithmetic sequence (Arithmetizldr:fﬂfmeltrics
Characterized by & common differance wg;“‘“") 3
A sequence with a constant difference be MEEH].CSUEGEss[\',E -
is called an arithmetic sequence (aﬁthnilﬁtic prgnse““ﬁve, :
i.e. A'}_‘a‘l‘hﬂs"-A:’_l L—.'AQ: Ah"_f“\ :grm
The difference between consecutive ter 1;{;&]“&(11
difference (d). |
= A=At d A=A +d, At = A+
= Ax= A|+d’ A3:A|+2d, Ag=A 3., !
= A=A+~ 1)d
Which of the following is an atithmetic sequence

a) 37,1115, ... C) l—]— -[—-l
23475
| .57
b) — 1= —... d 1,4 )
377373 ) , 4=+2p, T+dp, 10+6p,..
e) 1,4,9, 14, ...
Salufien;
a) T-3=11-7=15-11=4= AP.withd=
1 5 -
b) 1“—‘=_——l:z—§=—2—:>A.P,wi1h'd:
3 3 3 3 3
0 ] 1;&1 1 AP
———#——— = notA.
3 274 370

d)  4+2p-1="T+4p—(4+ 2p)=3+2p = AP with d=-3 LB
State whether each of the following sequence ig an 4% )
sequence. If it is state the common difference (d). N
) wm=5- o) er 9

3, =4n-+1 d_) a, = -

Sobution: a)' By =5 — 2(n+1) =3 _In "
=8 =8,=3-In—(5-2m)= 2= d~22H
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m:al:vd:df:}A.P

T A W= 55 g +2n+ 1 —n" =2+l = not

ik . .
L"“mbhﬂuﬁ‘tltrﬂﬂtlc sequence

&1 5"‘3”"‘3_5—3’1 3
& 5-1*3("4'1}, _‘iﬂ = =
e 2 2 2
% Lﬂaﬂfl--&n B
"L'I’TI I_r;_%-::a':“jp
» " _q_7=0=d=0=AP
g a“"'-‘ai]]
4 i S 7
wl ! l_,.j]_(,lj;;t-l-1:}2;‘:-2::~n0tA.I‘-
”=1e-rms of arithmetic sequence with first term A, and

AMETA ] . _ -
__M“hsdiﬁ‘e[encﬂ s gl‘fn by An=A; + (n )d, foralln>1
' and n™ terms of sequence -4, 1, 6....

s Ay =4, =1~ () =3, As= A, + (n~ 1)d
SAc=4+(16-1)5=-4+75=T1
:}A25=-4+(25—l)5=-4+]20=116
2A,=4+m-1)5=4+5n-5=5m-9

5 TheS" term of an AP is 19 and the 1™ term is 43

Fnda) d by A; ¢) Asy d) o™ term L3 = A

SM: A52A1+4d=19

Ap=A+10d=43

N SA-A=6d=24=>d=4

" Tofind A from As= A, + 4d =9 = A, + 4d = 19

g ?A.1=19—4(_4)=19—16=3

g AN=A1+19d=3+ 194 =79

fa gy ST A= AL+ (n— 1)d => An=3 +(n— 1} =4n- )

?, _'d“'ﬁ, then find a) Aygb) n™ term
g T AL 6= A+ 6(5) =27 = A =3
b N=-3+ ]9(5) =Q7

A =
whichlénnAl+{n" Md=A,=3+m-1)5=5n-8

1) of the sequence 6, 14, 22.... is
1 Sony, by 258
| Ml

Sy, ==24;(11-1)E =8n -2 =246= 8n=248 = n=3l

B1)" term is 246

4 Sn-5

L
3.

-
g%
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by  A.=At{n—1d=6+n-1)§=25¢ TNy
:53“~2:258:}8n:260:> H:%@%ZE{S |
§ o &N

10.

11.

12,

-, 258 is not part of sequence
The p‘h term of an AP is q and the " term | P. Fing

term ' Wy

Saﬁu;:iau: A,=A;+(n-1)d
A4,=A+(p-Dd=¢q
—
A,=A+(g-Dd=p

= Ay~ Ag=dlp-D-d@-1)=dp-1- q+1)=¢
= q-p=dp—g)=d= u:_l

qg—p
A=A H{q-1)(-1)=p=A,=p+q-1|
= Apg= A T(ptq-1d=ptq—1+(p+q+ 1))
= Apg=ptq-1-p-q+1=0

P-q

Find the total number of integer between 100 and 1000 divigihgd -

by 7

Sofution: Ay =105, d=7

Also integer less than 1000 divisible by 7 15 994,
= {105, 112, 119, 126, 133, 994}
'—_—}An=994:§>A-n:Al‘|‘ ('ﬂ—- 1)d

=994 =105+ (n-1)7 = 7o =994 — 105+ 7= 896

= 896
=7Tn=896=— # = —7~— =128 =the total number of integer s 1

If the n™ term of an arithmet
¥. Find the (3n)™ term in te

; rms of x and v.
Sm“f”: Ar+(m-1)d ’

;J_ﬂ':A1+ (Zﬂ—— 1)d

An-As=(n- 1)d-(2n - )l)d
= X=F=d{n~1=
Butﬁn—“:f"';l +(]]- ]}d=

J* =

‘ . ! ' >
lc sequence is x and its (Za)" tm™

|
y
b

|
!,
ia
!
1
l

i

i
LN n
L
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\ y /ms the n" term is 43 and (2n)t

7 e
g7 fference ~ b) A
find: od differenc 1 ;
) = A+ n - 1) and A, At Ty
Sl gy =d@n-1 0 —1)=nd
g = _I‘]_ﬂd'-:’?ﬂd 48
.__p”——nd -d-—6d=nd-7d
A, =nd d—d-6d=nd-7d
7 =48-Td=>-7d=20-48 = 28

—28
4= aSﬂdF7‘4

term ig

) From A7 A7 = A+ (Gb) = 23=A+ 6(4)
—A,=23-24=-1
0 Sincend=48,d=4=>n=12
W Let [a, 82, a3, ...} be an AP with a, = n and a, = m for n # m.
Find a, interms of m and n,
"!#._1 Sshudion: ay=2a; +(m—1)d=nanda,=a;+~(n—1)d=m
=2y -3 =2 H(m—1)d—(a; + (n—1)d)

n-m__

n-m=dm-1-(n—-1)=dm-n)=d=
m—n
Tofinda putd=-1 inay,=a; +(m—1)d
=g+m-H-H=n=a=n+m-1 |
Therefore, ay =, + (k— 1)d = g =n + m—1 + (k- 1)(-1)
A & =nt+m-%k
In each part, find the common difference of a:
) g=4n+6 b) aﬂ=3*25n
Selution: a) d =5, —a, = d = 4(n+1)+6 — (41 + 6)
—-4n+4+6 4n—6=4
| .
| 3_5p—5-3451 _—3
| S

G) %:7—311

b} d:anﬂ*'&n:} d=

e

2
2, . ‘7+3n—_‘-3

R dtam+‘1—an:>d=7—3(n+I):7‘3nr3
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_ gn_2=258 = 8n=260=> n= 20 _6s
8 ')"EN !

- 258 is not part of sequence g
. ; th g v
10. The pm term of an A.P is q and the q" term is P bing

term. ® R :
Sefution: Ay = Ai+ (n—1)d
A, =4+(p-Dd=¢ { -
=
.Aq:A1+(9“1)d:p f
= A,~Ag=dlp-D-dlg-1)=d(p-1-q= )= dip-qy
=q-p=dip-q =d= .
q—p

= A=A +@Q-DED=p=>A=p+q-1
—_—;JPA{P-([]';A] +(p+q'—l)d=p+q—l +(p+q—1— ]Jl\‘l)

=S Apg=ptq-1l-p-q+1=0
I L1.  Find the total number of integer between 100 and 1000 divisig ] 4

by 7

Salutien: Ay =105, d=7
Also integer less than 1000 divisible by 7 is 994. |
= {105, 112, 119, 126, 133, ...,994}

A =94 = A=A+ (- Dd

=994=105+ (n-1)7= Tn=1994 — 105 +7 =89

Ll

— 1 vk

| =Tn=8%6—=n—= 7 =128 =the total number of integer 1%
' If the n" term of an arithm
y. Find the (3n)" term in
-I; Sﬂ&l-ﬁﬂu: An:' A1 + (‘|:|_._

etic sequence is x and it ['.T’.n)Ih ferm

terms of x and y.

A 1d

i w=A;+(2n-— 1)d

XK—y= (n-1"2“+1)=-nd::>nd: .

i}nzg;lj@‘x)_d:}ﬁu—d=2lvy
D=Al+(Gn-1)d=A]+3nd—d=Al-d+

:Mn=2x"3+30~x)=—x+zy

d
n AT TR T FEE T s ST E R T g T_.“".Ilr.l“".I.“m”-in vDuT“he I2geallO Il B
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: b ) Al C) n
rence
d dllﬂf(gn- 1)d and Ay =A; + (- 1)d=43
a =

SW: znA _ d(n -1 —~(n-1)=nd
A" gy =nd=> nd =48

% =nd—d-6d=nd-7d
alsﬂ,Azfmﬁnd_dﬂgd:nd—?d

gﬂ’x’d:;a7d:20—48=-28
-28

- —— =

:?_7&:-28:5(:1 ‘_7
o Agy Ar = Ay + (68) = 23 = Au + 6(4)

::An_'
:;43*'23; 4

b) .‘JvA1=23 —245'—1
Sincend=48,d=4:>11= 12
i]gt {ay, & 83 ...} be an AP with a,=nand a, =m for n # m.

i interms of m and n,
gm: ay=a; T{m-— 1)d = nand a, = a, +{n-1)d=m
~ 4,8y =4 +(m—1)d— (a +(n- 1Hd)

n-m_ 4

Sn-m=dm-1-(n-1)=dm-n)=>d= m—n

Tofind 2 putd =-1 in ay =a; + (m— 1)d
sa+(m- 1)-1)=n=>a,=n+m—1
Therefore, 3, = a; + (k— 1)d = ay=n-+m—1 + (k= 1{-1)
2a=n+m-—-k
- Ineach part, find the common difference of a,:
. 3-5n =7
¥ m=dnteb)  a, = ) =T
saﬁlﬁﬂu:a)d=aﬂ+l._anjd:4{n+1}+6—(4ﬂ+6)
:4n.+4+6—4n-—'5:4
3-5(n+1)—-(3-5n)
2

3-5n—5-3+51_—3

d=g, —a,=>d=7-3@+D=7-30"

2 =gy ~a,= d =

) 3-']+3n‘;-3
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16,

17,

ch part, find 1) common difference

i) "™ term of an AP
;_1'] A:“ = '-'I ﬂnd aqj,[] =< -E)' C) A! — 8 HI'I(I ‘ﬁl .
b) A, =32 and Ay =357 | d) A= ‘13and};ﬂja '
Suﬂdiau: a] Al‘D: A] + (20— ]]d: -l = A; + lgd____“]” -25
I}A}ﬂ_—-A] ‘|‘29d:“6::'A| 4‘29(‘]?_6
= Asg—Aso= (A, +19d) - (A, +29d)

-1

— | —(-6)=-10d=>d= o

)

[nea

=]

c;:xmmon difference d = -

To find A, putd = 5 in A=A, +19d=-1

:>'A|+19 _—1] :-I:PA|=—1‘LI—9:£
2 2 2

Then" term, A, = I—z+ (rn— 1)[:11-] =% —-l—-n
2 2 2

b) A=A +6d=32= A;+6d=732andA;=A;+11d=5];
=y ,‘f\u--Aj —_-A| + | '_d—*(Al = hd)
=57-32=1l1d-6d=5d=25=d=3

- common difference, d=5
Tofind A), putd=5Sin A,= A, +6d=32
= A1 +6(5)=32= A, =32 -30=2
*. Then™ term A, =2+ (n — 1)5=5n-3
¢)  and(d) exercise left for you (Tp) -

A man accepts a position with an initial salary of Birr 14,400

year. If it is known that his salary will increase at the end of %%

year by birr 1,440, what will be his anmual salary:

a)  at the(eginninh of the 11 year J

b) at the beginning of 5™ year f

c) at the end of 5™ yedr

Sobution: Ay =14400, d = 1 440

The beginning of the |} v,

year.

8 Aio=A1+9d= 14,400 + 9(1 440) = 27,360

vear is the same as the end of th"’5: '-'_.-
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“ s apnual salary at the beginning of the 1y,
=2 H1S 4 27‘360 birr e

egiing of 5" year is the same as end of 4
A=A+ 3d=14,400+3(1.440) = 18 720
 His annual salary at the beginning of 5 yeqr jg | 75
© - A, +4d = 14,400 + 4(1,440) = 20,160 o
_ His annual salary at the end of s year is birr 20,160
yperson 18 scheduled to get a rise of Birr 50 every 6 :
¥ pine his/her 3 years on the job. Tf his/her starting

400 pec month what will his’her annual salary be
3" year.
sufution: Let Ay = his annual salary
= A= 1600 x 12 = 19200 birr per year
= d = 50 birr
' The number (period) of increment, in 3 yearisn=2x3=¢
= At the end of 3™ year (Aq)
A=A 6d=19,200 + 6(50) = Birr 19500
. Findthe 25" term of an arithmetic sequence
R 9 5,9,13,17 b) 6,10, 14, 18
Sefution: 2) A, = A, + (n—1)d = Ass = A, + 24d
D Ax=5424(4)= 5+ 96 = 101
D Ax=6+24(4)=6 + 96 = 102 «— 25" torm

year

Iy 6 months,
salary is Birr
at the end of

Arithmetic Mean between a and b.
]hﬂerm
sof ' :
Rl ariflr: &nthme-uc sequence that are between two given terms
metic means of the given lerms. Anta .at

if - : :
{H,Q ’ Cz > C:-,':!"'-a C K ,b} 1 an arithmetic sequence then

» b'_ﬁ = -sCy. are k-arithmetic mean between a and b.
b=k ) ferm of A P
X
- 3

Nlustrative Example

I : - :
US€rt 3 arithmetic mean between 11 and 19

)

b

) Inzin N arithmetic mean between 2 and 3
e ‘L0 arithmetic mean between 2 and 3
§

Nsert t ;
tigy, a) 11:1 arithmetic mean between a and b
1 Bl My, my, my be the 3 arithmetic means

lls_mlnn‘u,lgareA,P d. b ]_"_{;,’_’:i:@ (2

&
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N :'.'-’Aq—']g:}:'\l “4d'19
= ll+4d~19r_}4d 19-11 =38
~4d=8=>d=2
= M = As=»~Ay+d =11 2=13
sy = 13, my=15,m3~ 17
- 413,15, 17§ are 3 arithmetic mean between 11 ang 19
b) 2. 1y, Mz, M, M, Jare AP

3—
A=A+ 5d=3=2~ 5d = 3_>d___5_2__:_l_
3
A +d—21~£
:-m=Ag—-1 5 5
1
:>[]19'—A"‘— A|+2d 2+2(g]
1 13 Explanation @
smy= A=A T 3d= 2+3[5) :Aﬁ A_} 2_}

6-1

w | R U*!

1
= my=As=Aq r4d-2+4[g]=

{H 12 L3 14} are 4 arithmetic mean between 2and3

5’57575
C) 2 my, My, M3, ... mn3 i-1 3
=5 Agia = 3= A= Ay + (nh2- 1)(1:}11'(11‘?’]) ,'
= (n+1)d=3- Zid———ernnlnmwdlﬁ“mﬁf
n+1
1 2n+3
=m=2+d=24+—-=
n+l  n+l
2 2n+4
>m=2+2d=2+ =
n+l n+l
| s n
=m,=2+nd= f—
m,, nd 2+n(n+l |

:2n+2+n _3n+2
n+l n+l
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o
= =
e —
¥

n.

M. b are 1 arithmetic mean of A p

S

.Il. - ra . h."[:[—i
- l dbs I___--- g 'IJ i A — El_ A-' = .
J ['_ICT"""’EEH i and 1 " 135 (I An-i;} =%

-T2 DE= A e Dy

x‘-_‘\.nl_
j q :_q+{11-|'[}d;bﬁ.(ﬂ+ l)d-::.b_a
T p-a _
N } = —— <— common difference interms of 4 .
SRS | ofa and b,
— bh—a
amy=aTd=4d
= n4l
| (h—a) (b—a) -
! mn;”'l'.“'.'f:rﬁ??}:{a_‘-____q a ‘|“2_‘———-,...._,ﬂ—|--}l(_b__a_)_
iJrL. W f1+1 n+l n+]

aptation and partial sum of A.P

4 serfes is the indicated sum of the terms of sequence. (series is
the sum of terms of given sequence.

If4;, 82, 23, 84, ... @, are terms of sequence)

Thus 51 = a7 <——sum of first term.

Sy=aj+a; ¢«——sum of the first two terms of sequence
Sy=a;+a; + a5 ¢« sum of the [irst three terms of sequence

1 S‘4= artaztay & a4 < sum of the first four terms of a, sequence

S

gn: fiiaztas + 1 g, <= sum of the first n terms of sequence
TATATA L+ &y, ¢ sum of all the terms of sequence

| . - The sigma (X)) notation
| s e letter (Z) is used to write all the term of infinite and finite
| U

k=1
3

S:Z _
I < = a+a,+a,

I}

4
P s s
|y 2

g -..2.
= t, =q SuIm of nn
k=ad +a, +a, ... ta, ¢
e | 2 "

th pa]'ﬁal SUITL
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- =y
SR
v 8= Z“* =a +a, Tyt d, o sum gy, 0l
k=l NE i :
sum. (Infinite series) |
o In this notation, the leiter k is the index of g

. = u um i
is the lower limit, Matigy,

° i Cai. = Ci (e
k=1 k=1

e Datb)=> gt b
k=1 = k=1

- Y C=C+C+C+..+C=nC
« ZC=(n—m+T)C
k=rmi

Example: a) 27=7+7+7+7+7:5x7=35
9
by = D 7=(9-4+1)7=42
k=4

28
) D 8=(28-15+1)8=14x8=112

k=15
T Illustranve Example e
21, Find the sum (k" partial sum)

a) ik dy

L1
12

] fr=4

9
b) 5k — .

é( 4) €) 210g3

& n‘l:] 3
¢ >3k " 5(3 4__,,}

k=2 =\ H+]
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] 9 g ‘w
'-{"l;:,q-ezﬂi:)Zk—Za.’;
i k=1 k=3

G345 HE+T 4+ B+ 9) (93 F1)4=210_54

= 19()
N =32+3444546)=¢6p
S =(11-4+1)12=96
'1 el : 3 4 5 4
2log " = Sp=logy+log; +log}+log} +log3 ...+ 1oy’
[ 2t di 58,78 9)
_1¢:)g1 273456 T-x_J_lOg.::Z
o5, = 10g3 o lﬂg(uH)
4 Sl’ﬁ': lﬂgi? -_—3
(3 3 } "[1 | )
———— =3 ) | —=
=l n+l ,,z_:‘ n n+l
S | 1 1 1 1 1 1
e —m = || === |+t | ————
L 2 2 3)\3 4) noon+l
N :_ﬁ'[_]-—___l____]zz}* 3
. on+l n+1
¢ =1 3 __'39—3__3_§
12 +1 13 13
T =5 3 :2.97:2‘97
100 100
" 3 [1 1 ) 3[200}_6_99
I“:'Il'-|:3_' :3 _—— = =y _—201
20 l A 4 elescoping

18 Cﬂ.llﬂd i

nﬂ"’ d 15 t.anceled by 2™ term, a3 is
150 thal, the n™ partial sum of this serjes i

i
L Pt eyt eimiepinn wiventn| SR YouTube  wicieatio
S ———" 4

" Sn g4y = 8541
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5y Find the indicated partial sum (S,)

ﬂ.} a!lzi—n—f_ QSIHS Sﬂﬂ" S|Uﬂ'-' S!i‘
n+l
b) a, =1n{ » )S SIUU:'SZ'{JU'-'
| ! -
c) T = a4 2 _n+33 S SED’SSG’ Stons 8
- _iflh_l_J
(1 1 1 |
(1-D) (L1, -1___]+...+[___L
2 2 3) \3 4 n n+l
1 n L 1i-1 19
Y = e == ?S —].“'_“:'_“—:—-
B T TR TE e e T P
= 8 =0 =29
R R Ty
1
b)Za —Zln HHJ 1112+1.n~?i+1nfl-+...+1nEi
e 2 3 n
= [ZXE’-xix.“x i ><H+IJ=1D{11+” 4
2 3 n—1 n :
:>S lI](Il+l):}S[gu ].[l(101):}32uu lﬂ(?ﬂl)

LY (1 1) (1 1 e )
¢) )a = wemi—e bl S iy
Z} ?::[m n+3) (3 4) (4 s]+"'+[n+2 3

=8 1 _h+3-3  p
3 n+3 3(n+3) 3(n+3)
28= 220 o s 0 |
(23) 69 3(50+3) 159
::rSm-_—ﬁ-_._lEP_____ 100

3(100+3) ~ 309

b
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%:,:D

ﬁ—s- g ———
e
¥

il s using sigma notation
iy flie 801

'.H. (e : -'.-.4'93
e IQ,H"l‘[“‘

C 11 16+ .t 161
il Dl 7 3 +7}U
g
i ’1+1 4 31
P2 5= o .= 5n ?‘2

T iy
d d:ﬂf* . First determine the 1" term

8 d=3=8,=8+(M—1B=3n+5
¥ ,393 _111+S:>3|1—93::-11“31

__23;?4-% =R+ 11+14+ . +98
=1
W oa=6,d=5=a,=6+(n-1)5=5n+1

160

>p=ll=2+]l=16l 3 n=-—=32

| 32
H 6+ 1= 16+ ..-161 =85 = ) Sn+1

n=1

0
. T
| Cl S'*ﬂ == s

o i+

n
8 SETERS 17+ s+ 2= Y 5k A2

- Bxpregs ZSH in sigma notation with k = -1 as the lower limit
b=

of Sun'[[nﬂﬁ O

7
S Eripe v k=2 s
Won: )52 =5+ 524 53 4 59455

= &theg
j +5‘H+5| 2+—?r2+51+2 ZSH?

k==1
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g = = 2N N = 5 4
L™ r" il ¥ 4 T— . = ':’ ~ = =

—
— = ot ol -_.—
- N =LA =TT = - -

e
= N 1E=5T
| ——

Sem of Arithmetc Progressians

. Consoer the ollowamp wmanrrens st e -

increasing order =2 e = detrzzst s iris Dy

R B = =
o - - - -_.ﬂ___ﬂ:‘-d S, = m— -——one = s = ="
e sty . Lol CAEL i a4 iie = diaeZ Snatl ST ASTIEN m
- = S A S TS o Eemes
" U S0 iU Gl i Mel-Ta

S, =6-9-13-15-18-21-24-2"
L Y 1% .12

T - - - - - - - - - - - - -

e = AFFT A= JIT AT T 2= D2=233=238

e = R3T) = Y5 S - 1127
ey T N2 === e T AL

- - -
e = - = et s - - - p
T I m T TE y a2 St O \ 5

-
| S

4. b2an AP znd S b= the sigm of the first n 1erme of an:

IR =8 — B — L. —

S =4=(4 Edm—i,{*ldl-—...f.{.—d“-“l-.

S. =4 4 —d)+(4 ~2d)y~.. -4 ~d+4
25, =4 -4 )+~(A4+ 4 )=(4 + 4 )+..+{4+4)
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Express Zk-‘ in sigma notation with 2) k - 0
k=4

h) k= -1 as lower limit

Solution: a) Zk" = #5647
=4

—(0+4) H L+ 2+ v B4y = Z{k+4]’

|
by DA =46 T
k=4 \
= (-145)" +(015)" +(1+5)" ¢ (2:5)°

= i(k+5)"‘

=1
Sum of Arithmetic Progressions
. Consider the following arithmetic sum written in
increasing order and then in decreasing order, Paired
vertically and added. The sums form a new series in wis
all the addends are the same :

Se=6+9+12+15+18+21+24+27
+
Se=2T7+24+21+18+154+12+9+6

28, =33+33+33+334+33+334+33+33

- = 254=28(33) =264 =5 83 = 132
This methods generates n™ partial sum of A.P.

Let {A,1 }::I be an AP, and S, be the sum of the first n terms of a8 :

Thatis S, =A, 4 A+ Az+ . A A, |
+{S" =A + (4 +d)+ (A +2d)+ ...+ 4 ~d+ 4,

So= 4,4 (4, ~d)+(4, - 2d)+..+ A4 +d+ 4

25, =(A+ A) 4 (A + A)+ (A4 + A+ +(A+A)

=28, =n(A; + A,), but A, = A +(n-1d

. N n
=8, =74 HA)= 224+ (n=1d)
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e .__,_.a——-"'::_ 1 . - =
i T o of an Arithmetic sequence ==
Lh e ¥
\ 1 p

aA+A) s, = -’%Lzm +(n-1)d]

}fﬂustrativc Example
- sum of the first:

100 patural number
100 odd natural number

y  Sheven natural number

H] 100 natural pumber exactly divisible by 7
g 100 terms of AP between 3 and 4

i p-natural number

g n-0dd natural number

bl n-even nafural number
i
(§ Sofubion: we usc S = E(Al +A)

I
i 1 =243+ ... +100 = 8By = %{]"’100):5,050

b Then™ odd natural number is A, =2n- 1
W = (he 100" odd natural number is |
= A =2(100) - 1 =199 = A, =1, Ajg= 199

11 = Sin = l—‘(,;9-(1 +199) = (50)(200) = 10,000
{ ) We canuse §, = %[Q.Al +(n-Ndl=A =2.d=2
50 |
=Sa= —-(2(2) +(50-D(2)]=25(4 +98) =2,500
g

Theseque]-me is {7‘ 14, 21, }, Su = %[2‘41 +(n-l)d]

ThETd=T 8= 1929(2(7)+(99)(?)‘) =35,350
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28,

29,

7 30
Use, S, =-—(A +4,)= 8, :—2—(.1 l+93-)z15(!09]=1

p  n'"partial sum is denoted by § =2 [2 A 4

=8 =-ﬁ(2(1)+ (n=1)1)= _’1_+*=
2

g A=Ld=2=35, '—(2(])+(n 1)2)=
N A=2d=2=
S‘H:%{2(z)+(n-1)2)%(gﬂg):nzHI

Find the sum of &
when divided by 3,
Sofutivn: by division algorithm, A, = 3 + 2
=11,14,17, ..., 98

= 98=11+(n- NB=3n=90=n=13p

(2 o |

ight numbers which leave the remajyg |

Find the sum of the sequence

a) 18+21+24+ .+90 b 12+ 19=26+ . +ag
Selution: First determme the number of terms

) A=A+ (n- DAd=90=18+(n- 13 =3=75
=n=25
25

b) =A|+(n- l}d:>89—12+ (n-1)7=> Tn=84 =048

=8, —-—(12+39):>606

Find the sym pfthe first 20 terms of 2 + 5+ 8 + .

Solution: Sm=~2—(_2{'2)+(20-1)3).—:10>'<61=61u
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el all 3 digit numbers between 2y and 40

p "’I_'i\’ 3 |- U which
(B ligit numhem ()

W e least 3 dIg greater than 200 divi
it L, = 208, — 390 visible by

i

Il"'

A= At [n-l]d::> 390 =208 + (n-1)13

P
|u|ll‘:j1 q(; R+ 13 =195
14
- 195
e U8 = = 12
PR i3

: ._:EL?.UB+390) — 4485

== [ md Axy= 91, then find
| a‘.Il Sg{u b} S £k '-*] Sn

Slutian: @) S, = ; “(24, +(a-1)d) = So= 329(2.41 +194)

rofind d. Ay - As = (A 1—23{1)__ (A, +4d)

=9|—-158= l‘?l:l:::w’i-hl(i =4
19

Tofind A, As=A; 4d = 15 ‘A1+4(4):>A1:15- 16=-1
f,
85, = ?Gp (~1)+(20-1)4) = _(74) =740

M Sy = (2(—1)+(30—1)4) 15(~2 +116)=1710

9§, =;(2(—1) +(n=1)4)y=2n" -3n

Find the maximum partial sum
the foll {;wi_ng

|'th MM sum
Lt;: JF6+3+0+-3+6...
gy 10+ THAF LA 2454
i) 94643+ (=18 «—— maximum sum -
"-!H'e‘ "u.ttxlmu?n-:li:-:: + 7+4+ =35 ¢—— lnﬂ}ilnslzfilj:n . U) (mg — i
115 obtained when the n= 1€

ity If we add only all positive term)

“I '-I'w
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o ~ Iustrative Example '7
32, Find the maximum sum: D . |
a) A=42,d=-5 ¢) A=
— TR 963 d = i
b) A= l9,_d =2 d) Ag=70 " - M
Seludion: a) AP =42 37 32, ... Phsdg
Sﬁt:nlhtem1.202>An2 0:5(A:+n--1}d};.0 -

:>(42+('n~I)(-S));‘:D::»Msﬁn:;-nc_: 9_%

- _ 5
Sinee n is natural number, = n=9

9
= 8y = 54D +O-1)-5)

) = 198 ""‘*m?:l)ﬂmum Slim,
by AP.=19,17, 15,

th
.. >N tenn&[l:;,an}g

=W+ -1 20 20+ 21 <0y o] |

= n= 10 :

10
= Sy = (2019 +(9)
) Ay=96,d=

-2))= mofh—-maximum sum '

‘8:?A3-_'A + 2d

iy ‘ T2 :}gﬁ’-‘A + 2(.
:12;0 112, set.Aﬂzﬂz(llzJ.L(n_l)l(-R 23[3 i

—-8n20::>11215:>n: 5 e
Ss==(2{112)
53 ( (1]2)+(15-1)( 8)) =840 <~ maximum sum off

2 Zequence |

S10=T0and A, = 4 |
o fing g8 = 46

':‘j Ais—Ag=(a, + 17d) — (A, +9q)
Tnil'imL!s.1 7. — 3 .

b m*A:+9d::~,70~—-A‘+9{-3) )
set,A.,z».o::AA’:m*'zhﬂr? | |
i At (n-l)(_-3)} 20=(97+-3n+3) b

-3‘1120:::>n>3-31 :
- === p=133 e B
Su= 2974 : E

TAXImum sum of sequence . Sl
e
F !_1 " v

B
s |
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f/’::;-ithmetic sequence

{7 jorthe 8 g Ap=i,d=2
Fcd ]’.ﬁd Ny IL;: 6, d =9 )

6 (2(6)+ (5)(3)) =3(27) =81

a) S6= _:,2_
6 . _
S (28 +54) =90

¢y First, find Ay AyAH9d =11= A +18=A= -7
6 s
= 8= 5(2(_7) e 5(2)) =—12

. 7ind the indicated term of an arithmetic sequence
5 4] 510:210,A| :3,Findﬁm

g S="600, Ay = 41, find Ay, Ag, A,

g9 Sp=145,A¢= 25, find Sy, d, Aq.

i S,=300,Ay=3,d=4, findn, A,

10 |
Safirfion: &) Sin= -E'(_A_l -+ A‘nﬂ)

= 20=503+A) > A +3=42=2A=39
B Ag=A+15d=>41=A, +15d= A, =41 -15d

| S, :%]-(M, +194) = 600 = 10[2(41-15d)+19d]

= 60=82-30d+19d

—-22
= 6-82=-1ld=>d= —TTZZ

Sothat A; = 41— 15d = 41 — 15(2) = 11

| = A= Ag+19d =11+ 19(2) =49

Sh,=A+@-1)d=11+(n— 1)) =2m+?
Ag=A; +8d = 25= Ay +8d= A, =25-8d

= 8 :—19-[2(25 —8d)+9d]= 145 =5[50—16d~ 9d]

’ 21
=W=50-7d= -7d=-21= d:—,},—ii"

¢l
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- . Ari25f8{3)=25—24=1

. -1
O 4+ Ay]==[14+25]=117
2 2
'Aﬂ:Al-I. (n ])d’::’EA11= 1 ‘|’ fn i IJE:EHH‘.‘Z
s n(2n + 1) =300 = 20° =1 300 = 0

PDF Compress%rgl;ree version e ——— a2 |

L J\T[} =

d) S
_1441-4(2)(=300) -1 +J§ﬂ1 g
- 22) 4 e |
:?A,J=A|+(n—-])d:bﬁn—"3—l—{n |J4-_-=1]-nL1 i
35.  IfSy=12 and S5 =36, then find \ | 1 :
a)  Common difference (d) b)  the o tery
Solution: ]
8
SF. =E[2Al I"?d]:} {2-[41 4 T2 ; 4 ] I
— = = |
16, 24 +15d=7 " 8§ 3 X
S il ;
R L i !_

b:l From Sg, EA} -+ 7(-1—J e — Al == ___l
2 4

S A=/t h-Dd= A, = —_EIJ- (n— l)[ll=gﬂ |
2, A

36.  TFind the s 3 fing ol

s tv:; :;m 0f 12 terms of the A P, =7, -3, -1, ... staﬁmgﬁ,

Selution; 8, = Ag= Ay +7d =7 + 7(4) =21

au=ﬂim=m 18d=-7 + 18(4) =65

2.

2 =714 +a,]= 6[21+ 65] = 6(86) = 516

= §

37.  The sum of th | 1
;eﬂ 10 terms ;:5 g‘isst 10 terms of an A P is 15 and the sum ”;1
nda)d o g |
Ribts " b) the general term (n® term)
. :S — \.'.'F ',

10 2(2A1 +9d):>15=19(2;41+9d] f}u.
a) 24, + 9d=3 2 %r |

S —_— —..2_9 ................ » I:'.
2 3 (2A1 +19d) ‘ ‘ .

&

|
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" Vﬂ 15+215=10(2A, + 19d) = 2A]+19d=23 o T
colving (¥} and (**)
24, +9d =3
24, +19d =23
-10d =-20= d =2
) S2AHIA=3 =24+ 18=3 5 4 = =I5
,.,
=15
S4=AtM- Dd=—=4 (h _ [X2)=2n _o
B 2
= general term (n” term), A, = 4n—19
2
. Find 8, (0™ partia) sum) of arithmetic sequence.
D W=D )  g=4n-3 ¢ Lo 3

e

)]

Sobukicn; a)a1=3{1}+2:51_an:3n+2

. _ N . _ 3" +7
::PS"—"—- + e —
2[a, a,] 2[b+3n+2]— -

w1 = 3, = (207  3n) - (2(0-1)} +3(a-1)
W= (207 4+ 3) - (2(n-1)" + 3(n-1))
:331;:2112+3n—2n2+4n+ < Bn=dmry]
S =5 =93 d=a;-a,=9-5=4
?l“ =g~ oy = o = (2112 +n)— (2(1‘1—1)3 +{n—1)
§

SXBICise left tor you (Tip!)

! L i .
") S, 2“[a1_+ﬂ-n]":——[1+4n—3]=2ng—n
2 2
¢ _ R 7! %
: S"‘“[“17"‘1”]:——[“1—%1—2?1]:—:’1‘
Fll’]d th 2 2 th
- the 0 term (2), common difference (d) for the given o
'a-) al sum of arithmetic sequence. ,
S n=2n° 4 3 b)Sn:Eﬂz*i'l] « ¢)S,=3n"-5n
%: SR =g+ a, + ay + e, ta, == Su—Sn-1
N ~ =g
Al 'Srar—l
Yom=s,og

=20' +n_2n+ 4n -2 +-n+ 1 =4n-1=>d
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40.

41.

Ifs, = 11 +3n—2, find ety "".-

5" term b) 12" term c) .
a) (n+ 1y !
Sﬂ-&lﬂﬂﬂr 8; = Sn— 5nel t&r]-n £

a) dj——‘ij,-—-ﬁq—("; +11('S) 2) {4"1-3{’4 }
=a=25+15-2-16-12+2=1y

b) a|q-s|=~—b”:>aln={l44+3& 2) ~12 21 491

C) Ayt = Sptt — qn::’ an+|_'((n+1) +3(n—|-l] ) i 5
:?aﬂil_ﬂ +5n+4 - ‘nz—-1n+2 2“*6 +331"' :

Find
30 iy
) Z(Sn—l) b D (2n+5 "2” P |
n=l n=}
2n ™ : |
d) logr™ @) k Y Pl
) ; {}g e) k;ﬂ f) sz |

Solutior: S =g[x€l1 +A4,]
30

8 Sy 2‘5[‘4‘ + Ay, 1= 15[14-89] = 1350
50 .

b) S, =?[ 4+ Agy 1= 2517+ 105] = 2800

60 |
9 S =4 +4,]=30[3+62] =1950

5! 3 n=|

1
d) zlug"” = log? +log3 + lqg§+...+logf+log

8, *"-[A +/4,,]———[n+1+2n]——~[3fl+l]

Smce X" is constant with respect to lower limit

)
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B~ 1 3
| 92 P =59 0+ 1)x" = 60x
= " \0
m+5)=520 b) dn—ky=
k) 26 2 (4n=ky=190

j:. n=
!

k k
alution’ a) Sy ';E[Aa +4,1= 5(7+2k+5)

L+ k=520 K +6k—520=0
| = (k- 20)(k +26) = 0=k =120

20
| S k=20,ie » (2rn+5)=520

n=l

10 _
b) SLUZT[A1+AIU]:>190:5[4—k+40.—.k]
=44 —-2k=38=>2k=38 -44=6=2k=6=k=3
10
~k=3,ie D> (4n—3)=190

=1
Sum of arithmetic mean between a and b
Letmy, . Mg, ...,My, be n-arithmetic mcans between a and b
=&, my, WMy, M, ...,M, b

7
Sothat, my +my Fmy .., = E[ml +m, |
‘m=atdandb--m,=d=m,=b-d

Sty mgt fmy = a+d +b—dl="-[a+b]
| 2 2

IMustrative Example

%" Find the sum of.

) 3 anthmetic mean between 3 and 4

X 10 arithmetic mean between 7 and 13
1 arithmetic mean between 3 and 4

1 arithmetic mean between 4 and 6

1 arithmetic mean between a and b

Solutiny,

o

—
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: 3
56 3!_(5(),[]4' 1)1"{5:60&
=

o 2
v j=A1

s 16
| T - :
_ +5y=520 b) E (4n—k)=190
k | Filld ik 2) Z(ZH ) n=)

=)

| L+ 6k=520= K2+ 6k~ 520=0
= (k-20)k+26)=0=k=20

20
Lk=20.ie. ) (2n+5)=520

¥ n=1
10 |
b) SmZE'[Ai+-’41{}]::’190:5[4—-k+40—k]
=42k =38 = Ik=38-M=6= k=6 k=1
th X
| L k=3,ie. 2(4;1 -3)=190

f=1
Sum of arithmetic mean between a2 and b

i . . .
| Letmy, mo. s, ... ,my, be n-arithmetic means between a and b
| S my, Wy, T, L. my, b |

: ? 2 m3 .._"]r' = e
my, 2[m1 +m_]

B 3 1) P
i 1 a-'rdandb_..mn:d:)mn:b__d

vomy 4+ .
‘%_;T:j-}‘ +1m ““[ﬂ+d+b*—d]:£[a+b]
% Find the sum of: [ative Example _

a :
b) 3; anthmetir: mean between 3 and 4

0 anthmetic mean between 7 and 13
) 1:1 Ef\r}thmet%c mean between 3 and 4
g drllthmeh‘c mean between 4 and 6
Cop n f’ll'lthmetac mean between a and b



PDF Compressor Free Version Unnie

S 3 .21 B ]
9 S=5B3+41=5 =105 o
b) Sm=1§[7+|3_]:ﬂ9)_2@_“l:
o S,=5B+ 4]2?
d S, :%[44— 6]=5n

ey S =—la+b]

44.  When n-arithmetic means are inserted betwegn |
surn of the resulting, terms is 150. Find
a)  the valuc ofn b)  common differyne,
Safutian: 11 +my +m+ms + ... tm, + 19=150

S, =§[A, +Ak]=§[11+19]:]503k—10

| anq 19, | '

= n=(total number of term) — (two end point term)
=>n=k-2=n=10-2=8

b) Ap=A+9%d=19=11+%=9%=8=d~

R
. common difference, d = 6

45. How many terms of the series may be taken their 9%
65-7 +44-1+2....
Sefution: 1et Sh=65,n="7

T L W 1
:?S,.—E[Z( 7)+(n—l){3)]:>65ﬂ2[3n 3

=30’ - 170=130 = 30>~ 170 - 130=0 |
= 3n°~ 300+ 13n - 130 = 3n(n — 10)+ 13- 107"
= (Bn+ 13)n-10)=0=n= 10 4
46. A man saved birr 1)6,500 in ten years, In each yeir &ﬂi:'he b
he saved birr 100 more than he did in the precedine
r{mch did he saved in the first year.
Solution: S, = 16,500, d = 100
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I|.I . fﬂ
& 0l
g~ 10194 +9d1=>16500=5[24, +900]
9

5077
00 =3.300 = 2A; = 2.400
s

B 1200 hire «— saving 1 th; first year _
A caves birt 300 of his salary in certain vear and in each
ﬂ ! B

g A m.:iquc-nt year he will save burr _l.SU more than the previous

sub&’-] 10w much will he save during the ninth year

yeat, 10

o fudionts ) | |
. B ‘ter :seating: The seating section in a theater hall has otal ol
& I[',‘fgws_ The first row has 27 seats, the sceond row has 29 seals,

.+ the third row has 31 seals, and s0 on.

_a{: How many seats are there mn the tenth row.

3 How many seats are there in the gection (seating capacily
of hall)

Solution: Ay =27,d=2 N |

3 Ap=A 7 (9d) = 27 +9(2) =45 scats

n 10 o -
B S :E[A' +A)= —5(27 +45) =360 total sear

| #, Contest prize: A contest offers 15 prizes. The fu_'st prize is worth
bitr 5,000 and each successive prize is waorth birr ?_SG .1-;::;5 [halnt
the preceding prize. Find the value of the fifteenth prize and the
total value of the prize

~ Sefution: A\ = 5,000 d=-250 o

L S A=A+ 14d = 5,000 +14(-250) = 5000 - 3500 = 1500

= 5,=[5000+1500] = 48.750

es totaling birt 5000 and

Prize money: A contest will have 5 priz gl ey

there will be a birr 100 difference between SUcC
Find the first prize

Subution: S5 = 5000,d = -100

L ASAtdd= A, +4(-100) = A, — 400

k :)Sszg[Alﬂl—Aj]:%[A]-{—Al—‘q‘UO]

= 5000 = _;_[2 A — 400] = 2.4, — 400 =200
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2 e B
2400 et |
= 24, =2400= 4 =T=]200

ol
Find » (-1)"(2n+3)
a=1

Suﬁtﬁﬂ;l:-S +7-9+11 ... +-121 + 123,
Explanation: 7+ 11 +15+ ... + 123 « fo oy

:}an=ai-l-(n-— l)dnar,:?-i-(n-- 1.}4:‘4["14'3
-5-9-13-17 .... -121 « for odg termg

= 84,=-3t(n-1)4)=-4n -1
40 30 30
= Z(—l)"(2n+3)22(?4ﬂ—~1)+Z(4n +3)
A=l

n=l n=1

30 30 |
=84 = S5+ Szl'n:_i‘[“s +-121] +‘£“[7+ 123]
=-1890+1950= 60

Gl
L (120 +3) = 60
1=l
Elon Academy offers a lob applicants w
increase plans,
With firm A, starting salary of birr
1000 per vear.
With firm B, offers
bitr 600 per year.
a) What would
at firm B?
b)  Overthe first 9 year,
A, at firm B?
c) Which firm shoyld you choosge?
Solution: a) The annyal salary in both firm (plan) forms
arithmetic sequence
With firm A(plan A): 10,000, 11,000, 12.000. ...
=A1=10,000, d=1p0g

=Ag=A;+8d — Ay = 10,000 + 8(1000) = |8.000
With firm B, 12,000, 12,600, 13,200...

=A=12000, 4= 600
=Ay=a,¥8d= 12,000 + 8(600) = 16,800

tth choice of twe salgy
10,000 with increase of tim
starting salary of birr 12,000 with iacreases!
the annual salacy be in the 9" yoar at fin A I

how much would be earned at fint
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b o the first Q year
i aver 1 ) | | .
) R ['l U,UUO+ [ 8?00{]) m 126,000

With firm Al So

9
with firm B: Da 5 (12,000 + )

firm B offers more than firm A by 3600.
irl

‘) Geometric sequence |
| trlc sequence 1S {:haractcrlzcd by a common ratio (r)
4 geome :
. A;etween successive term. | )
Gy} be @ ccometric sequence il'and only if.
] Lﬂ[ il &t
= fﬁ-*gq— = :_—G"*'l =r, r € R\{0}
e AT
G G, G &

T -1
Gll', (Ig —_'GZI: (—71rja R]n = Gll'lI

=% Gg_, = -

i'ﬁ_ lustrative Example
e 1
g FG=971= ;, then find
| ) G _ b) n® term

Sobution:

1y 1
ﬂ] Gfi = G[Iﬁ — (9) - —_———
3 27

U GG (9)@1_ ~9(3'")

M. gGg =5, and G = -40
| d a) common ratio ) b)G ¢) G
obiiars ; I 8
. :('ﬁ:'(:"ll'5 and G, = Gyr”
G 5 -

:?hiﬁ_ :"hq_]_{"‘— :::-_42 = rj = __8 — = __2 - c(}lnmﬁl'l'l'-':ltlﬂ
+ G, Gl 2 5
| fy '
| : fdicted term of geometric sequEnce
. dj G _ 16 64

1 --“é'— and G, = —, Find G, and T

-



PDF Compressor Free Version

e o
—_— £
— ™3 A, .
— = "
S, e T

by Gi=3and G;=24,find Gy, rand G,

) Gy = 21{'@ ane G:; 24'\;5"1'4.. Findrﬂ(j, '
dy Gy =3and Gg=9, Find rand G, o Gl
&) Gq—4dndG~—12 [*mdrandGmndGn
Satution: a) Gy = Gyr* and Gs = G r*

G G}" 64 3' 3

4
. =T == a2
=G, Grt 27 16 g ~T=t=

3
:>G3=Glr’:>1—6-_G(2] 2 =20 .
3 3 ! 3 4 12
b) Ga= G, and Gy =Gy
= GT:GIF6:24:;>FE=R:H=2
G, G# 3 |

=G=Gr'=3=G,2)' =G, = %

G) Gz_= Gll' and Gs = Gqu

G-: G|-"‘4 3 4‘\." +4
=2 = ==Y 9.9 — £

:>G1-:'Glr"—‘3'2+‘\/£ :Gi(ﬁ}:‘gl=

=0,=G 1I ‘(\f,_+1](\,/_}10—32-\;{_
d) Gdr‘G[I' and Gﬁ Gl]_‘s

2442 _ . R
& e

Gy G’ 9
e L i T
G, G r 3 3= 1/—
:'5G4=Gir = 3=G, [+ G = =
| el £427
€) G“_Glriﬂﬂdav—c}zr
G, Gif
= L=l 12 3 ,=13
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%\E‘i | N=G = i
;904"'”*6‘1-3:)4:&]( b3
9 == {¥/3) =36
:’-?(31!3::611- =G L:‘))

L 3and %+ 7are consecutive terms of a G.P. Find the
+1,3 '

TS
) EJHEOI?{. +7 ,
a3 X e3P = (e D (x+T)
Sl 1y x+3

Ié+ﬁx+9:}iz+8]if7:>B'K.—EDl:g—?
o

N = 1,G.P:2,4. 8.
. sind the term of the sequence:

1 1 e
4 — —  which is less than
'a_l '1'1 21 -l-, 25 41 g 1’024

B 550,500, ... which exceeds 500,000.

R e
| 1 E
Sefution; a) G’“ = G]Tn-l =G, = (4) (2) <2 A

3P 3 _p<i=n<-13=n>13

*. The smallest value of n =14

b Gy=Gye™ 2 500,000 = (5)(10)™ = 500,000

1§ 2107 2100000= 107" 2 10°en-125
2026 . The smallest value ofn=26.

* Growth of bacteria: A certain culture initially contains 10,000
bcteria and increase by 20% every hour. Find the nunber of
bacteriy aftar
?ms b) 10 hours -

| G ey The population growth at the end of n-hour 18 §IVe
;. &)” [1+ Tﬂtﬁ]uG]

1y 8=Gi1+0.2)'= 10,000[1.2]

- p,,pmfﬁln =(10,000)[1.2]'° ~ 61,917

h o0 growth: The population of 2

n by

certain town 18

II]cI- i -
tisin present number of

& 3t the rate of 5% per year. If the

t““ 18 48,000. Find the population after

Sy b)  dyear o) 10y
G, = 2 e

¥ s, Gi(1 + rate)

48,000 (1 + 0.05)' = 48,000 (1.05)

Py
a)
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e

492

o 61
L)
~
J
Ml'}
62.
03.

If a and b are positive real number then a positive number ¢ I ¢
geometric mean of a and b if a, ¢, b is geomelric sequence.

=Y (ab)
Product of n geometrie mean between a and b ¥ [\/:zb) =\

“d) G, =6000(1.08)

" It takes 3 year to make loss of 20% of its value.

S r=—===¢"=ab=c=+ob

PDF Compressor Free Version !

—_— Unit g,

- 2T S, |

bl Gy = (48.000)(1.05)" ~ 58344, Y
¢ Gio=(48.000)(1.05)" ~ 78 186, Y
Hana deposits birr 6000 in a bank accouny t}
interest rate of 8%. Find the amount she hag 4
a)  the first year c) the 4" yeqr
by thesecondyear  d)  the n"yey
Sedutien: The amount at the end of n vear i
G, = Gy[ I+rate]" '

a) At the first year = Q,OO(]([ +0.08) = 6480
b) . = 6000(1+0.08)* = 6,998

¢)  Ga=6000(1+0.08)" = 6,000(1.08)" ~ § 13

end 01 11 "I]'||'|,

ZVen by
given hy

If the value of Lifan car depreciated by 259, Per vear, If i
present value is birr 240,000. What will be the vajue 4 g "
a) 2 year b) 8 year ¢) " yeqr o
Selutien: The depreciation value at the end of | ves

G, = Gy(1 —rate)’
a) Gz = 240,000 (1 —0.25)* = 240,000 (0.75) = 135,000 ﬂ
b)  Gg=240,000 (1 -0.25)° = 240,000 (0.75)" = 24027
c) G, = 240,000 {0.75)"
A car that is bought for birr 120,000 depreciate in value by bir
8000 per year. How long will it take for the car to make loseq
20% of its value?
Salution: Let the cost of the car at the end of n year (A, and Gy
. Arithmetic depreciation is A, = 120,000 - - 8000n
e Geometric deprecation is G, = 120,000 (1 -0.2)
= Ay =G, = 120,000 - 8000n = 96,000
=> 120,000 — 96,000 = 8,000n = 24,000 = 8,000n = 1=

VEAr 15 given by

iy

Geometric Mean el ¥

¢ b

d :
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e —

. mean for each pair:
m

‘ .i ﬂ‘fif: g b3 and -27  ¢€) V5 +4/2 and ng,ﬁ
WI:

b G=—(BN2T) =—81=-9
o G =552 =5-2=3

ositive numbers a and b show that the arithmetic mean
und b is greater than or equal to their geometric mean,

L for 0 B
| npweeT a

1
sl Arithmetic mean, 4= 3 (a+b)

cetric mean, G =/ ab
ToshowA=2G=>A-G=0

:%(a+b}—@20:‘>a+b—2@>ﬂ
:(«/;-—\/E)l >0=>a+b—2Jab>0

a+b
:5‘“5—2 ab =>A>G

18]
953

LT 1

i
I

fr F_aur arithmetic mean and 5 geometric mean between 3 and 9.
Solitien: et vy, m, my,my are four A.M
=3, my, my, my.my, 9 are 6 AP
C“ﬂﬂ’ﬂﬂndiff, . Aﬁ_‘Al -= 0-3 _ é
5 5 d

When .
U= GSII%EOMEth means are inserted between 3 and 9, then

S E W 6 0
=T = — 3 - &
E . ;3= r=3
i ; [E'.]f laﬂ?‘:: 3%, 3%, 3&33%1 3,6\/-—3;;
Fing Coy geomﬂd,c Bequence then {loga,} 18 qrithmetic sequence.
S%n:‘ma-n difference
. a“]‘s g{:ﬂmetric




PDF Compress‘w,free Version Unit 17
——— s TR R
o Tt
B2 T == =T —common py,
d, a:‘ an-—!
For AP, {loga,} = loga, loga, loga; .. loga,
a, o .
= log| —= |=log — = log(r) «—— common giny
g[ a J a, dlﬂﬂr&:mt y

Example: 2.4, 8, 16, ...G.P with r=2
log2, log4, log8, logl6, ... AP
— log4 —log2 = log8—logd=... =d

4 8
loe— = log —= log 2
= log =108 =08

If 4y, 43 As,...and A, are n arithmetic mean between any bio reg)
unibers a and b and Gy, Gz Gse.. and Gy, are “n- geomelric mean
herween @ and b then:
| A+A atbh

Explanation |

1) = 5 |

GE, A-a=b-h

3 —s A+ A=t 2

i) A1+A2 -|—A3 _E({I+b) . Gll__rb_ .
11 = —

G, G, G, -\f(ab)j ' a G [

% (a+h) =060 o

. A+ A+ A+t 4, _5(‘”” f 3

iii =

| G, G, 'G3---Gu Y, (ab)n - ,

Sum of Geometric pmgress_imlﬁ
The n™ partial sum S, of a geometric sequence with
common ratio r is given by

[HG], E,f r=1
=lG1(1—r")=G](r”ﬂ1), if 2l

| —# r—1
To proof: SH=G1+G1I+G|IA+---+G|r“‘-+ﬁﬂ: g
15, = 1G, + Gyt + Gyr’ + ... T OIf
Subtracting rS,;, from S, " 3
8,18, =G\ — Gy = Sy(1 =) =Gi(1 - F) i

rot term 01 553

SII




PDR C Yot 5 egs:
¥~ G, (r" —1)
r—1
—_—

e Cun]: T
“]d ﬂ][,i lid_l,g = 3, Find S;s
N I5 = i Find r;G; and S
i | bJ 63_59._ a_nd G'-j"' 4 P mnda ry\u, an 4

64;24, ﬂﬂd G? = [92, Find r|G| H.Ild SIU

;ﬂmm: Here (
—1) —2(3°-1

g G- _ 207D o

3 O r—1 3-1

""f; - b G;=G|r2'andG5=Glr =

3 3
jr:gﬁf:i—,Leir:—
4 2 2
9‘\
GrGIr’:,»q—G,[— =G, =4
4
B 3 p -
4 — | =1)
:>S4_Gl(r —1)ﬁ4 2 _65
F=] E—l 2
2

G. G
9 Z_Gr 192 \ B
G, G1?'3_24:}r =8=>r=2
Gy = G1r3 =24 = G_l(g) — Gy =3
H 10
Sp=Ql"=11_32"-1 _ 49
r—1 21

"
the 1y
Pl um of cach geometric sequence
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\ 5 =] “ﬂ-’-fE:Lf-
) 25(3:: 1) Z 64 J C z (2)” .'
n=1 o= =
" ] i
Solution: ) Gi =3, ,-_.3::»34—25( [3 !]“P(D
n=| ~ |
1 Glr' ~1]

= = e e Bl
b)GI 64, r N fiiwec]

—

—

g Mh’“uﬁh =

-1
128 :64(129J5_:43
: 3

-1 128 )
2 {
: 6|2 —1 .
) c) Gl=6,r=2::>S4=-—[2——-J—6(]3):9()
| Infinite Series
| L An infinite series is the sum of an infinite sequence of numbes

oo
| {an }:::1 is denoted by Z a,=a;+tay+ay+...—
n=l
. If the sum of all terms of the sequence is unique finite numozs

o
| then the series Z a, 1s called convergent, other wisc divagen

n=l
° If the sequence is geometric sequence, we call an infinite
geometric series.
: ra] - . . . . : e
) It;]{GH }nzl 18 a geometric series with common ration r, thed ke
! 1 partial sum:
"
S :Gl(l__r)z Gl .-G]}’" .
" 1 JdgEI )
l =¥ 1—» 1—p i |
*If ) < 1. the o Couvergence of Geometric series
» HNE geometric serjes: AN .
GG +( \-""{ - 0|
#Gr+Gir'+ G+ converges to the sum 57 [t !
| ol -
@ital Uiy u-u uvnu‘r“he DrisrirailO 1T Etlringiis

e i S

(411
n PHITTAL LINKEANY O T THETLAT STURNERTS e
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1 ILF“m.;diw:rgs.‘s o
!!' [Uustrative example ——
ﬁmite geometric series _
i e
' ]
ji I d) 3+\J,§+1+_l_+_”
i 2 \/g
7 2 2 1
i Vg et E) 2+-——|—.L+_1_+I.
3 9 27 5 52 ' g3
]Li_EJF ) 3403
39727 81 0.3 +0.03+...
i 11 < | then sum §_ =1
ol 1— 7
1 2{1_[_1J }
P i 2 3
1 |rq2:>-'-sﬂ_‘ 1 :4[1_(1] }(—ﬂm
. [
2 &
partial sum
Sosw g - G 2
1-—r 1 =4
1 o
2

¥ I 4
b = 1= 2
J'(JL":EJT‘:/}‘?:‘S - { (3) } { 1
| e LBy

M .
E] :l " partial sum

=3¢ (the sum of all terms of the sequence)
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498 . gm"iic?j‘“ ey
e S
CT1 —2:,‘;#(3,=3_13]
VG = —, = —= O, = SR
D3 3 I=r 442 35 3
3
1 (r, 3 33
NG =3r=—= Sm:— = ==
NG l-r -1 3
VE]
] 1 o N
g) 2 _—Fmt—r- w=2+2[iJ,G,=lj:]
5 o \D) i
1
5§ =249y 5 9,1 2
| 5
HGi=3r=—m s = 3 _ 3 10
1 1—=r 1 1 1 3
LR T
10 10

66.

In each part, determine whether the series converges, and i
find its sum,

=/ 5
2 35

< 3\‘;‘ o k+1
¢) Z 75_ 2) 3
k=0 ,\: | o 4&—-1
(1Y 1Y = k4
d) [-— (——) (2 3
=k v26) G
ip k=1

e W e S T

. o L e By N WE L e
i .

I




——=r<1 = conver gent.

peil l-4"‘

o 3k %
YN EE
k

Ho=>"" 2
G, 3 X
Converges to 85 = L = i _ l_ =0
)
P! 3 . _ 1 5
; C}Gl:l,rz—:>r<l, Convergesto §, =——="
5 1_§ 2
3
1
| 1 Q9
d)G|=§, =§:>?<1 Cﬂnverge:,tnS I_g—i:é
3
31_& 3.-1' 3—2 33’.. —:'G __l_’ =
& Z Z Z 9
=r> l::-dmerge
. the sum doesn’t exist.
le(-—l)**'.(ET _2 4 8 16
" ' 3 9 27 8l
G-~,r__._:,\_~<1
: 2
P 2
:;Cﬁn"ergestothesum,S = G, - =3-§=-—
= -y 2 35 5
| +‘§
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5010 |
3 3
G:| = 9._ F=—= ',__I_ < | i C(}nyergenl
G, 9
— Converges to the sum, = = A

1—r ]__.?i
4
o N

“‘9[1 9 1
= 2= =G =—, r=—
_kzz,s zJ = g
J

= Converges to the sum, ——(i-:nl-é__-_—
1—r 1

b

2

67.  Find the sum

w ( An
3 ZZ+SJ 2

=0 % 3n

% (3::—1 _

n — 3"
=_H1_2‘+‘—§‘—3+LS__2_1_
-< 2 2
3 3
DY L= S




8,

s =

| [ 6 4
’_,__.F--—*—lﬁ = e
1! 5 5
g 4]
5 L]_’Sl[_lﬁ}:__f’__ | 17
JZ,&FJT ;2” ; 3, o 1—~]—1_ZT
et 2 3

R L YL R
"Dier J “Z 12%

S A2 )]
:; f‘_] ng[ ] +) l[é]ﬂ

1 | 1

2 E
9 5 12 4+ 16 I 2 1 _ 1

- Mgt ) gt
o | 12] 16

Find the sum if it exist
s

i) 2 cos( k) b) i e L
k=p

Ak
k=0 D

Solution; 2003(72#): D)+ )+ () = 11
k=0

" __{0 if nis even
! Lif nis odd

Since it is ot unique number

= ltis diveregent, .. the sum docs not exist [
b) ZCUS(E@ __]—~i+l——]~+..-,Gt :l.f':‘g
= 3 9 27
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69. Find the sum of the series: 5 +7%;+ -7 Famte—a

22
yabution l+—1-+—l—+ )‘i‘ (—— —-1—- I !
> - 32 T3t et -J ;
1 1 V21 19 5
- _2_ _!_L =k =
1 T 3 8 24 a
__"4-J 9 ,

. b

A geometric series for a repeating decimg)

70.  Express the repeating decimal as a fraction using the infinjte U
2 42 + 2, + 0.23 |
10 100 1000 # e
B 0B d 243
Selution:
5.
e :
a) G]—;_S_,r:_'::,sm_:_gl_ﬁ__&,_ﬁ_,ﬁ;_ ‘
10 10 =F L 10 9 9
10

oo
>0
[

-

b) 0.8=0.8+0.08+0.008 +..=— 4 4——*.

[
Lo
]
s
—
_
=
=
e i

8 1 G 1 g W
:bGI=__sr:_,+:>S =1 = L0 g E Y
10 10 * 1—»r 1__1 10 9

[0

. 5
©) 0.25 =02+0.05 + e N g




uﬂi_ﬂ' en: Sequsiea and 3 oxien

3 %ﬁﬁﬁ_

—

100 9 " 10" 907 g

91)
i 24.3:24+U.34‘0.03"‘0.0“34‘...?“}65:'-0.3,1':——
] 10
| 3
10 3 10 1 |
58, =24+ = =244 = =2441 _9q)
=9 i 1 10 9 3773
10 ] '

Evaluate in each part of the infinite series

i)

02+022 - 0222 +0.2222+. ..

b 03+0.33+0.333+0,3333+...
Salution:
2 22 222
1) 02+022+0.222+02222%. = + = + ..
| 10 100 1000
{1 11 111 ]
= 2 —+ ...
10 100 1000
29 99 999 }
===+ +...
910 100 1000
r _ 2 3 10‘"_]
52| 10-1 101 1P, - ]
91 10 100 1000 10
2 1 ] 1 ! }
2ol e — =l
9. 10 102 10° 10
" . 1,1, L L
9 + +l+‘...+l.)_ E 102 103 10.1 /
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o ' Lot T Sequenc
- E - T
r" a0 T
1_( 1 j ) :
2 10 10 2 T N
== —| R 1 =—|h— 1= [ d
J |—— 91" ol ol 11
10 v
EEEAN -4 +
2 1) |
= 9 :2”____(1_ }
9 81 10" ) :
b)  Exercise left for you. ai
3 \ |
S, -—EH——(] ——2—-] _.ln—_l_ 1___]_ |
o0 81l 107)°3 270 10
Geometric series for product of exponential form |
72.  Find the product

E 3 1 L g
a)  20.2%.2°.2% | b) 3°.3° .37 .3 for il
2 : : L S
Sobution: ) 2'+2%-27 2% | = 2139 5
5

_..211_‘2 3=2

b) 3* _3.r‘1' ) 33:3.“ _ 3x+x3+x3...+x" - 31_ - 31#.:
73.  Find the value of k;

S L
Sobutian: a) 4° . 4% . - = Rk g2

Skrk+i+ = 00h G =k, r=k
Since series convergent
.
R L k=2=k=7
I—r 11 = k=2-2k=3
b) el et .ot et =) = T —
<:>]+k+k2+k3 Fo=3 = G= L=k

T lop o=k k=224

1
-
-
3
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T
& = ik l
b) 6™ ==
= 5
,;W,;:Here
if-*mk =9=>1+e®+e™+e"™+ . =0 the series
) L -
“mergesmtheamuﬁ' Gi=l.r=¢ s
1
:ﬁ.iﬂ —=9=1=9- 9e" = —9¢™ = _g
1= 1=€
B
8 8 |
"= —=m=log? =lIn—=In8— /a9
9 9 _
b 8

m=In—=In—=In8-In
9 9

2 I
I I T
A=l

G,'I
s
1

= & - =
m

2= ()67 =1-6" = 5(6)" +67 =1
¥

S EH) =1 6= L 67 =6 @m=-]

75 Sﬂh’e a) ZI b} iyn —x

n=i

Sefugi . 3 .
El)2-"51'““,1::+}r: + X+ =—8-;G =Xr=x

G
> L X , e
l*r::’___h'z"“él?'gxzi"—?:x 3" +8x-3 0
-
| :‘x:.l_ |

3% =3 we take only x =




k=0

Selution:

PDF Compres§06Free Version %Eiﬁi@ew .
b D ¥ =l+y+yi+.=xG =173 i
— G I

:}S :——-—] :}.I:——*—:}'{'H,ty‘] ?
? —=Fr l__ V i
— ]
= x-l=xy= y= s for x=0 ]
76.  Find the reidius of convergence and sum of the scries i

Q) Y (x-2)f b) > (2x+1

=1

| ) D=2 =1+ k-2 +(x—2 4y B,
k=0

Gi=lLr=x-2
= Convergent if r| < | = x-2|<1
:>-l<x—2<:1::>l~<x{3<———radiu

s convergent §

r 1-@+D - -2

A bouncing Bal] problem

A ball dropped from 3 height of § meter. In each bounce, it reboundsr {

of the height from which it falls, Find the total distance the ball tavel
and down.

: Selution:

Down warg series: J;;ﬂ-t_m-hr'2 Fhr 4 4R e
Upward series: hr + b2 -+ he + .~ b

o T m—
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ﬁ”"‘ﬁgﬁ-
s T ——
- #ﬂ]us" ative example

——=7m height of 16 meter. Each time it drops h

‘~ ppEd ters. Find the total
dﬂl ut —nds 0. 81h me otal vertical distance
1 I
jl"s the ball.
rle led = h 1+F
e lraveled =
e Total distanc -

il

140817 . (18]
_ =16 152,
=16, =081 =5 L 0.81 [0.19J aom

| Ll s dropped from height of 10 meter. It rebounds one-half

(e distance after each fall. |
) How far does it bound up on

the seventh rebounds.
b) Find the total distance the

5
2.5 ball
_ has traveled when it hits the
| /i ground the sixth time.

> ¢) Find the total (maximum)
distance the ball trayels before
comes to rest.

2

NEA ' 10 5
=G5 =(10) [h] o Sl e s
> (10) T

" Total distance the ball Lravelcd when hits the gmund the
Sixth time = 8 —{D)+ 2hr + 21'11 + 2he + ?hr 3 Ehl‘s

Weyg,e . 10 10
Fop—y 2 19 E o)
g PR T

Tota] 4: .
tal ﬂlStance before comes to rest is

——

Wludien: 3) Gy = G, = ™', h =10, r = ('SE; A e 2

.

§)
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A ball is dropped from height ol 5 meter the haj
of the distance after each fall. Find the total distane,
Safution: h=5m. 1= 00%= 0.6

. 1+0.6 | 5(1.6)
Total distance S =3 . TN

— | = = 20m
1-0.6 0.4

h{}] i Ay

Soived Problem T Steesg

79.

80,

_ Then which of the following is true...

i:‘fﬂ:} Sﬂ =

=l

leta, =n +cosnm n = 1.2, 3, ... be the n" terg of e

TS-.‘.j.Ué];:
a) &5:6 b)ﬂm:g C)Ei-?""as:lj
Sefution: a) a; =5 +cos(dn)=5+(-1) =4
b) gjg=10+cos(l0m)=10+1=11
¢) artag="7+cos(7m)+ (8Bcos8m) = TH-11§+(1F 18
d) a—a=7+(-1)=-(6+1)=-1

dli e~ He o= ]

Answer:
If {Aq} is an arithmetic sequence with A; = 5 and A5 =21t

20
the partial sum Z A, is equal to

n=1

A, 760

B. 780 C,
Salution: d—_:i{ﬁ___ﬂl_: 21-5 =l
4 4 .

B0 D. &70

20

n ’
7 @A +(n-Dd)= 8, == (2(5)+19(4) =3

) X
What is the sum of the serjes Z 273+
=0

A 6 |
Subitien: 18 Cc. 27 D.
22“32‘" = 3 2" .32 -.—u = 2 : s
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:'I.r ﬁﬂf %
\..-\... . . q
Vi = =9x3=27 Answer:
ST L T
‘ 3
g of all integers between 30 and 201 which are
ﬂdﬁ e 3 b multiple of 7
L 5 uluplc of 4 and 7 d. multiple of 4 or 7
e A, Jandn= 2o A1
| g 3, = 1A Jand n= =20
{
_ _EEE:E_] =43 and'S,, = [32 + 200] = 4644
b g 1 4 "
! 24
3y =R h=24ands, - 35+ 196) =272
1 . nieger multiple of 4 and 7, must be divisible by LCM of 4
: and 71.c28 So, Ay =36, d=28, A, =196

5 8,= 2[55 +196] =756

"4 Sumofinteger multiple of 4 or'7.

f =sumof [(multiple of 4 + muitiple of 7)— (multiple of 4 and 7)]
4644+ 2772 - 756 = 6660

Aball s thrown vertically from the ground up to a height of 20

St % : 3 -
Meter. Fach time drops h meters, it rebounds 2 of the height,

\
i *hat s the total vertical dlSt&.ﬂLC travelled h}, the ball before it
“OMmes 1 regt?

LA
h $0m B, 160m C. 120m D. 60m
Sobugi
I 4
| 2G
28,20 _2h 2000

i L=r 1—r 3

1 ;

" Suppgge | . 4

i ”qﬁal a: ' o} isan AP such that as = 21 and a,y = 66 then a2 15
[ sy EHERCE

- 6

| B. 5 C. 3 D. .9
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51 0{5:_—=-==—!——‘—i="_'—— *“xz‘*iiqifi‘gw i
_ a,—0s _06=21_45 =
Solution: d __1;_';—__ ; 5 5 ‘.
_ 2l—u ¢
A T Eﬁ__"f{;,—_ﬂ-é :‘—'9:'}2]-—{::-’) - |
_-‘ELJ.-&O 5— 2 -, | ? # i?. :_‘h |
Q4 i [___l_}ﬁ +4l Jj| Gq'lel ................ : ]
=l 3 :'
13 2 1
A —-]— B. B C — D :—q
12 12 12 2 |
- i 1 r l 1] - ]\‘\” X [ 1 2
sa&mZL-“ +4 "= D = Y )~
n=1 2 / =l ’; J = | 4”
i
B 3 1 13 L
l+— 1—— v
: 4 l
"
— 2—k
8S.  IkM™termofa sequence is a, = ( 13;( I ) , then next tem
2R
ay:; when k 1s cyen, {
= _ ] =2 | =&
A XL 5 3ok RS D-::"[1
2k +1 2k+3 2k +1 2%-1 ]
Selution: : ; i
i+l . o
ay = SRk +1) (1) -(—n(l—.&.l:j_,l[ ;
2(k+1)—1 2e+] 2+

86.  The sequence {a,}, n> |. where ay=2and 2, =%
Thenas +a,+as+ ., + azs 1s equal to ... EHEECE

A 2460 B. 2458 C. 2442 D.
|
.Smud:_cinﬂ_an :au+4_aﬂ ___._4
n+l—n |

= Total term from 3 to 35 i§=35-3+1=133

33
= 5= =24, +32d) = —3’;’- (2(10)+32(4)) =2




3y B 1 5 ‘ID—-—_— Answer: D

S, =405, n=1.2, 3, .. be the sum of the first n ferms a
seqence {a } . Then ay ,.... UBE
A8 B 12 C. 16 D, 20
Sefution: ) '
=8-S = 8= 83 -8, = 43— 4(2) = 36— 16 =

- Lela sequence {a"} = With a; = 2 and 3, = 33;_&1 for all n = 2.

Then Za 18 equa\  ..... UEE

I=|
-1 B, - C.lea D301
| el A )

"'3613 2dz~3a,—3(2) 2, ay=3a,=3(6) =18
0 »94.. =G =2,r=3. ltisGP

= U m _
};ajz:, S __:Gl[?‘ l}=2li3 1]:320 -1

r—1 3-1
ety e ' Answer: A
A, ;L,I:] be Stquence with a 1 =3 and a4 = nay thena.=
s%ﬂ B 3y, c. @)l D. 3@

:.“-'\’]'l::.*2.:&;?t na, — 4y = 13] 3 ds = 3(1}
B <1 A24 _232__2{3) 6 = a;=6= Ix2x1 "3(2K[)
:Qaq__' 1? 341 = 39, = 3(6) = 18

33x2x1) = 3(3x21) D)

A7
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ol.

93.

1‘:’35:72:3{4K3X2K1}jan;3(n —]}I - Y

Let {a,} be A.P 20, 16, 12, 8, Then Ay

A 12 B8 C oy ]
S. - d:amha;\. :}“zim“azm =4 !
olution m—k  200-203
ST ¢ £ |
oy 200 208, Aagg — yp3 = 12
3 : Alsyygy,

— 1a-lin ! = !
Ifa, = [3 -Jg] forn =1, 2, 3 then the sum of the series
ay+ads+ayt ... ta,t... 18 '

q
A, — B 2 C. LD _ 10
3 2 2 9

= 38, 1‘212“’ ‘f"an'l' B 25(3_1): _S_
n=l| Il"“'.l

s G _3 535

Cl-r 1 32 2

3
28(0.5)” isequal to ...,
=6
A l B l 8 3 D:
2 4
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€f; 5¢qummand :
Ietey

| __-'___‘-‘—_-ﬁh:h
a1| F . 3 . 1 =
i) A bgdan arithmetic sequence with Ay = 16 ang Az = 49,

b) n™ term

Ao—A, 49-16 33

Galutiot: W= 2312 23-12 a 11 = common

giffercnce
~4

6 ﬁ’ﬁ@':g =y~ A =3 B-12)=r 4, =3n-36416

n—
I In — 20— t’lih term

| Binomial series

fypansion of (a X)_" |

A for posfrive ntegral values of n.

nin—-Da""x* N (=N —2a" >y
2! K -

| 1.
) =a" + ()a™ x+ Foid &

B For Negative and fractional values of n

Toe binomial theorem holds also for negative and fractional values of n
frfe * x)', where X is numerically less than a. However when n is a
Degative of fractional number the expansion does not terminate.

—_ Hlustrative example

) {043y = @ 4 32y 4 BDax’  BY2)(H’
y 2 3
4

Write the first four terms of the expansion.

Hasgy! < g . (harn (—-1)(—21).::%3 DB
2 3
: for |}g[ < |a
'[1~x—]“ = l+.(~.2](ﬁ_x) 4 (=2)(3)—x)* - (—2){_3}("4)(—x]i+

an L, OO ]
2%+ 3x* + 4 + . valid for Ixj<1

(ot '
=1y (4)(-x) + (—4)(=5)x* 4 CAU3)0) A B
- 2x1 Ix2x1
Sl dxs 1052 00
Sy 4 (A2 (DA
2% 1 ! 3x2xl

.
-‘g“““*x'—b——B—xz _iIJ + . valid for x! <2
16 16 32

0
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514 W i, L
Lok GLy
= — X B s
P L3 \2A2) (202 z]f
PC IS I T St ol S Bl N .
e)[l'l'fl) _']-’_2‘): 7%1 3}(2;'1 = ‘
L ltj+ | x |« |
- — —X = <
=1+ t+8 16
N Note l =(\JI4—I :(451)]
4—x va4—X
1 3y 2
-1 - 3 (—Ej(hz }4 —X)
Y. 2 _ A2 —— 42 (=x)+ S
L(4-x)2 =4 +( J (=x) o
1Y Y- 2 . ¥
—— =l = ¥ (= :
[ 2]{ 2}[2J e
=+ —4. {
Ix2x] il
1 1 3 5
=———X4+——x" +.u
2 16 256
|
3)  Write the sixth term of the expansion of a) (1 =¥ )
Solution: k™ term of (a -+ x)" (-1
_a(n=1)(n—2)..(n—k +2)a" 5" |
(k—1)! r
s = 1 7 =5
A= k=6n—k+2=——6+2=—7k-1=5F
| 2 2 2
| 1
| n—ftl=——f4]=—2 #
: 2 2 ’;I

e G T 2

Ix2x3%x4%5
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— Unit Fen: §
Wat —— ] —ﬁ::&&ii‘?@i_
e (rerm of the expansion (a)(1 + .'::)5
é £ i ) 1
[ smn=goh =4 n—kva=l gy s
i k+1 L 441=_8 " 3
Ty e __8 o
-t and 7 3 : -
1y -=2)-5" _':E
| N— 313 3 (1)~ o
-4 emm 1x2x3 . :é_l-xj
1

y 4Mermof (a4 x) 2
prcise far the reader
Evaluate the following using binomial s etics

) S b 26 5 15

Sefutipn:

o (YLD,
=417 =42 +[—;-J<4)z(1)+[2)( 2)(‘4)

-

2x1 Hes
=2+l+ 1
4 a+ - 2.24

426 : ! 1 3

25417 < (25)2 +Li25)3 +[l)[—1](2ﬂ?3 .
' 2N 2

iv -‘-—5+.‘1_+H 1

30 _ S | , )

r B+ g 17 (-l][ﬁE}gTjﬂL
, “21._}__ 1
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Question for Concept
Discuss the difference between a finife sequence apg an
sequence. B |
Discuss the difference br.:lwﬂ-e?n a sequence
What is a recursive sequence! o
What is an alternating sequence, Give an example
__Supplementary Exercise on Unit — 1

s

and Serieg

b3

A

10,

1.
12,

13.

e,
Iqu_ =3 and Gj.' =1 then ﬁ.ﬂd
a. Common ration (r) b, G . Gy
HGi=1ang Gs =64, then find:
a, ; b. G] C. Gu
G — = :
Z \/EsGT = ‘8_, ﬁ_ﬂdr, G[, G5 and G]'i‘
If x
o I:Jk~1m irtiy are 1n geometric progression and x, 15, ¥
" " PrOgtession then fing the value of x and y
X+ 1, -5% sand 2
X,

It As =8 and d = 3. then find: T
a, !:'ir b. Ag.l) C. nth tetm {'A“) d ;“n-kg
[fAy=1] and Ag = 13 then find

a. Commen difterence b. A,

C. nth term

The k™ term of an AP is 2m + 1 and the m" term jy 2k+

(k+m)" term.
Find the total number of natyral number between |
divisible by six.

00 and 14
In each part, find the common difference of A

2—Tn

& Ay=3n+1b. A, = 3
Let {a,} be an arithmetic Sequence: 28, 25, 22, . .. Then find . |
a. Qa7 — Aygg b. gamg— Az04
Find a common difference in terms of n if n arithmetic TIeans g
inserted: :
a. Between 3 and 7 C. between m and k
b. Between 2 ang 3 v

1
EG=§ r= T then find

—

. Gs b Ga
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g partial suI).
21 100
b, Z 9 e 7
k=4 k=12
10 | N\
3 2 2
€. Zk f. Z[— it
k=1 k=] il H +1 :

24
g B Su o A, 4 Y,

v,

If,qﬁ-:;; Ein .Alj == SU, then find:

n=1 n=]

Find the indicated term of an A. P:

. 1i8s=96, A; =5, then find Ag, Ay, and Sy,

p §,=60, Ag=19, then find A;, Ajpand A,

v 18,=40and Syp = 160, then find:

d b nthierm C. i}\n d. iAn
n=l1 =1

Find the nth partial sum (S,) for the given nth term arithmetic
sequences.

A=n+] b. A,=2n+3 ¢c. 3,—2-5n

- Find the nth term '(A,,}'and common difference for the given nth

Pactial sum (8,) of arithmetic sequence.

©S=3n'iamb. S,= L(Sn_n)
2
TA= 11,4 =20 of an A. P then find Y A,
a=1
hl Elb)

Fa.= - '
As=4 A =18 of an AP then find ZA"

The =s¢

*isieluince @a}s 1> | where a, = 3 and a, . | = 2, + 2 then
© Fing gy, 00 T B0 18 equal to

3 Sum of z]| number from 100 to 300,
N hare exactly divisible by 8.

ity . y divisible by 7. _
fist 2 tenf the first 10 terms of an AP is 210 and the sum of the
s 820. Find the sum of the first 30 terns.
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24.

23.

26.

Fifls

29,

30.

31.

33.

T

The sum of the first 8 terms of an A p ; s 104, N\
next (second) 12 terms is 636, Find L.t

the Etntl‘a] ’\qn. ™
afference. ey, 0
a. Find the number of integers between 37
divisible by 6. and 365
b. Find the number of negative intege
are divisible by 33,
Find the sum

iy

24 23 12
a Z(Sﬂ 5) b ,?:n(zk”) c. EW g
100 I i
;m g Z(kJrl){k " Z*
Find the sum 01‘ all 3 digil whole numbers that an.qub! ey |
a. B b. 13 = 24 4 3
Find the sum of:

a. 5 anthmetic mean between3 and 7
b. 10 anthmetic mean between 1 and 2
c. narnthmetic mean between 2 and 3
d. n arithmetic mean between m and k
Find the sum of 16 terms of the A.P -10, -& -16,-4.... W
from the 10" term.

Find the sum of whole numbers that are:

a. Less than 200 and leave remainder 3 when divided by3
b. Between 100 and 300 leave remainder 2 when diﬁd"—"? hlfi
If Gy = 24, and G, = 192, then find the sum fo the first i
terms.

H._ Sﬁ b SE C. Sl[? d S.:\
Find the partial sum of each geometric sequence.

7 k 10 (3 ;
& 23(2‘“) b. isz[l} c. (5}

Gy = 4 and Gg = 16, then find (r > 0).
a. r b. S¢ c. ZGn
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o —— Mgﬂf_smmﬂm&
5 . —"==-=-=-._.===:_=__
E/’f qu of e ageometric series,
find Co1 I 2 22 o
I—--"*‘:_"'" & Tt T
1 y 4 b 5 8§ g
2 [ B 1
1_.,,%4_,_-[“—-—-1— d —+—4+—= ah ]
b TE R K 2 3 8 9 32 27

rind (he summ if exists

SN b SO7" « S (~0.6)

=i n=2 t=t}

§ T2009) " e D10(0.25)"
fi=l

=l

. Nt . =
yy) ¢ Xethon 3(-)
pel A 3 o B=2 k=2 2
> (4 2= n 3|;.-+1 ”
Hzf@j b2 v ZET

- '2' 3
D

Find the product of zach of the following expression.
i1 i [

LO333937 . 4454543

E”pl}”"‘ﬂ 6. 6 6 .= 36, then find the value of k.
Find the value () of k if

~ ATk
0 4"&'_—:_%_ " - }_ e =E.
| ;4 15 b. 23 = Z[z) 3

mi= l} m=li

%,

""ﬂ:.”" -’T"*’H'rr mm‘nvﬂurl.’he LrizeenllO, L) Kohi

.
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T — j
F.
ntrﬂdllCﬁl]ll to limit and continuity
Lower and Upper bounds of sequence | Y
Definition: Let {an}ﬂ_.; be sequence of number Then;
i) A number u is called an upper bounds of {a“}ntl if 15 preeg B 1
. R B = . :
than or equal to every number 1n {aﬁ eies va e ol
=uZa
i

The smallest of all upper bounds of {aﬂ j :51 is called ledst iy

bounds (tub) of {a“ }::I :
i) A number £ is called a lower bounds of -{u . }:zi if £ is smala i

than or equal to every number in {un} e, fordllg

a; € {ﬂn }:‘I’_.I :—:’-—-{? < di- Thﬂ !f{f’gﬂgf (‘?.lf'ﬂn f{‘ﬂ’l-'ﬁsr hf-’lfﬂdﬂ' Ujl {an}ﬁ?
R ——

iii) A sequence of {a, }m | is said lo be bounded if it has an 1

bound (bounded above). and lower bound (bounded below).

. . - Mlustrative Example __ _——= § ]
I, Find:i) The setof all upper bound
i) Smallest of all upper bound (Lub)
iifi}  the set of all lower bound

iv) the greatest of all lower bounds (g(b]

a. {2,3,4,5} b (1,3] & ]

d {2n+[} . {gﬂ:ﬂﬂk f %*W+
X 3n+6.j

n




rolrJll

te €imig o
L' wﬂl%"{&“

L | (n+4 |
Eq | ]L:-ir h. {th6} L. Jn;l

Intvoductiy,
PDF Co pressoiﬁEng;em

i e = \\ ]

\ I <\ fot 2

il k. wos il fsin'(nyy

|L|'l, |

! b Il_ . Jlan (q})l': N nt 3
® ) n" |

M J
,Edhlg,-';mi

e sev of all upper bounds is |5, co)

3l . the smallest of all upper bounds (lub) is 5
i thesetof all lower bounds are (—wo, 2]
“ the greatest of all lower bounds is 2

b i ()& the set of all upper bound of (1, 3| 3
i+ 3« lub (least upper bound)
i, the set of all lower bounds of (1, 3] are (—co. |
v, the greatest of all lower bound glb is |

(1 ™
¢ The lerms of the sequence i*} have the patern
‘ n

n=l1

il |

] o
.i,-l—,....(}:b(]({—} <1 thus
234 An)a=1

i, the set of all upper bound are [1, )

i the smallest of all upper bounds: lub is |
iii.  the set of all lower bounds are (-9, 0]
. glb (greatest lower bound) is 0

{.:0

| 1 1 1 .‘5

d F“ﬂ]:{hﬂ ={3,1* ki
n

it

\ n)g=1 2
decreasing => 2 < {Zn: 1}“1 <3, thus
|oob s ofan apr o
; :: ;:;22] -:-_: t?:‘r.—l: ]i(;‘?e;) 2?211 jower bound
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f % ﬂ} the numerator and denominaigr divige by
130+6]),.
2 =l 12 g
as g _____l'% f: 1 6 d4s 1 — w (Very '|;_]I.E;"EJ 2
s 34~
n n | nJna
6 —4 | 2—~4n } -2
— 2 0=2=—< — ([ S—+« decreusip ~4
i 3 JL31:1+6 9 & lo T uy
—5»00

As n increase from 1 — o0, the sequence decresge
=2 1 -2 _4 |

_—-.‘__—._

fmm
. s == tHIISE
9 27377 3

1, \:r%,m} < The set of all upper bound

i lub= ﬂa < smallest of all upper boungd
4
i, —tc,~§ <= The sct of all lower bound

v, glb=— -5 « the largest of all lower bound

. For odd pumber n = 1,3,5,7,...c0then

£ 0
{(—1) et . ] ={~—1+—i— = -i = 3 — —I]
H+IIﬂ:1 = |

n+1 2" 2" 6 nal
For even number

n = 2, 4_., ﬁ, . . . =
O | & 8 4
{(-1)1[l+ ={l+—-—l—ﬁ = xg = _{,__'1_,,,,1} so that, -1%
n+l)ne n+1 n+l 35 7 '
& 3
{(*Un + pape £ —, thus
N



Tntrodiccting s
PDFYCompreswoﬁu = ta Eimit qug e

__‘='=_-———-—._.==L_=___r___ ltm.u’ ! d' 1'
& 4 T
T pper psas i e 2
! 3
I a” m.\ybr b{)]_]'[ld’:, are (—00 '1] i\f‘_ glb s -—-1

i, 1 2 3
) .’1 ,J—-—-lf 0—, ==, 1}50 ﬂml— [l‘l— <]
- n+2/

W4 ofall upper bound [1, ) L lub =1

|
G of all lower bound (woo,——) iv. glb= _1‘

3/ 3
S& 5

< — < exercise lell for you

. } {IJ?,I ﬁli{nn}q

Esplanahun: 3

i 3 4 | 1 3
:>81>64:>\/§>\/_

e

F=3E =32 =(81)? =44 =412 =64
Thus, .
i the set of all upper bound (%E,OC’) ;z_‘ (‘H” e

n the smallest of all lower bund (—oo, 1]
1. the largest of all lower bound, glb = 1

v. the smallest of all upper obund, lub = iﬁ
f- {111(11)}:;1: {0,In2,In3,n4,...}
5

t-J|—*

21 w4

j no upper bound i1. no lub
0. the set of all lower bound (—eo, 0]} iv. glb=10

s {cos n’ }ﬂaiq

n=j

Vo) i lb=1 i (<oo,-1) iv. glb=-1

1' . T

f .0 < [51112 _{n)} - 1, thus

.r lm the set of aJ) upper bound [1, ) -1 fub = 1
- fheset of all lower bound (—co, 0] iv. glb=0
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o0 s'o] |
311} {2 0 27 8§l 0} ;
m. == = e Tomn =3
n! 1']'—1 2 6 24 Ilzl

it. the smallest of all upper bound syl =
ini. the set of all lower bound are (=, 0]

tv. the largest of all lower bound ( #1b) is 0
1. For oddnumbern=1,3,5 . o

1 ’ 3 “
Ll {3”_(_1)11} ={33_3313;9"'—] (
n=] J

& For even number,n=2_4 4§

1 11
3“(—1)"} ={3:’,34,3“,.,,1
n=2

| =
. =3 i{_ﬁ(__])“} <3 sothat
n=|

W

the sct of all upper bounds are

Vi )

the smallest of aly upper bounds (lub) = V{E
the set of all lower bound (--co, —3]
tv. The smallest of a]] upper bound (lub)

!
0. — ' '
0< {n" } = 1« exercige left for you

Monotonic Sequence
e

1i,
1.

Monotonicity ; v
real mynre ¥ 18 @ property that is finked 1o the ordering o
E—‘iihﬁrpres . I; simply stated a sequence is monaloky S

CIVES Or reverses the order of the clement its CONFSEE
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' : . ig eiller INCTEASING OF decreasing T

i“ﬂic ’ x -
Mpﬂo}; quence ta,} 1s called:

- 3
5 gtrictl}' decreasing fa =2 >a;> . >4

¥ o monotoniciy il

E t,dnﬁf", equence {an} can be identified by:

i Ml‘-“ﬂ“T;lﬁren ce hbetween successive terms:
" o a, 2 () « increasing sequence

i+ | ) ) . - <1
i B () «— sirictly Increasing sequence
W, —B S0 & decreasing sequence
@ tad ‘ ’
| aoy -0 strictly decreasing sequence
n- p-
; Ratio test hetween successive terms
, Bl >} increasing sequence
a,
a'p1,+'l T 1 i
o 21> | ¢ strictly increasing sequence
an
.L 3, :
: » 2= <] & decreasing sequence
t I
| a
T+l 3 =
v = <1« strictly decreasing
a

Note: It is better to use ratio fest for exponential forim of

sequence. If a sequence {a,} is bounded and monotonic thern it is
tonyergent.

— Ilustrative Examples
| Uetctmine the given sequence {a,} is
| 1) monatonic i1)

bounded  1ii) convergent

f 1, 1 | | ‘-
ﬂ.{?;—-—-} b. { n+2 } c. { B g
_ 1) 13n~2

2n -1
d

B e {4+§-1 £ {7}
ﬂf n=
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Sofution: Let A, :{Sﬁ_} and a, , :J -ui '
n _ L N4 [I 1-.
l I |
> dy) - BT 3 _[3__)2—_“ "L~x
n+1 n N pyy” 0 |
1} P .
i) 3—— s strictly increasing
n
— . | ]
i) 2< {3 } < 3 bounded i
- |
1i1) converge to 3 because increagine b
converges to lub > 0o Moz,
X n+2 " 3133 ll |
"~ |3n-2 o b B A 3) e differene by

successive terms. 1 — 3 <0, -5——1 <)
E

3n-2

= foralln, a5 1—a, < 0. = i) {n+2}iumw
- : l b
decreasing
1i) it is bounded between l and 3
3

SN b a .
) since it is decreasing and bounded, so that it conveses o

1
b —
S 3
{J__}“:{lgy | > 1 a2 |
4+, 137577973 T30

w foralin > g y—a, >0

l-i 1 ]
!r AS n increase from | — oo, then { ~ L increase from 1 1 B
2n +1 3 -

-

thus

|
n Ly sl L i e e I PR S U ST

il LTy Sor ESilpaian viemidnis
Iu HDUT“I]G E¥iitanl[0. 1) Eilsiogria
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3’ P
R s i ot
ji;_,,ﬁ;ﬂ—r,: - ,i X0 T T
i | n = ~ .
| o T strictly increasing
I 2a+1) 2 )

l - J < - {—._ -1 is b
- e i_ .

iit) b{]lmd%}d Incredsing Sequence gre cmwcrges to lLl'.'I -]—

2

2 and 4
(neither increasing oy decreasing)
i)y itishounded 2 g_{3+(_1)n}m 4

n=i

_. I e
s {H -0 = {2,4,2,4,..% « oseillating iy

iy it is not monotonic

iil) notconvergent, because no monotonic

a3, 3 )
e. Letd = {4‘1";1'} and A = {4+ :I:I} then — B85 0~ A,

) 3 il 3 3 3
= 4411;?;1“(44-]1) ;—-l—_l: ;<:0tbr.a11n2 L so that

s Ja BT .
1) {4+—} 18 strictly decreasing
nn

n=]

) 31"
. ii) 4<{4+F} =7 «itis bounded
i . T4 o=l

ill) convergent, bounded and decreasing sequence are
converge to glb 4

L Leta, = {'f'}u=l ={1,7,7,. T
I} constant sequence are monotonic (either increasing or
_ decreasing)
1) constant sequence are hounded
li1) constant sequence convergent
q¢ Determine the piven sequence {a,} is
1) Monotonic i) bounded iii) convergent

&{sinit_} b. {Slﬂ(-r—lit—)} & {C{)Sﬂ}
3n 6 n-J
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Salutiont. s

om . (@Y O
a.{sin[—;—)}:{smé—,s.m(g].sm[g]_“_ﬁ]}

{) itas decreasing scgucnce

’ : \fj - :'
iy 0< {sin(%}} < - B bounded 1

n L

iif) convergent i

b. Jlsin [H}E]} < it is oscillating b/n —1 and |
_ 6 |

i) not monotonic sequence i) —1 =< sin K <1 he
6]~ OUnded b

iit) not convergent

cosn| , ]
C. < exercise left for you
n

a=1
4. Determine the sequence {a,} is:

) monotoric ) bounded 111] CONYeruen,

il 1Y

-5

Sefution: using ratio test

Y1, [, [
(2] - {n*} 4 f e e

w
=
il
_./

o
L | N
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' —— e %aﬁ;c“g:i!ﬂ'bj

;f‘]/"ff do T
v ! ()< ==
i hLﬂJﬂded bin LB ;

2 e
3

e

1

. hounded and decreasing so that it conyey

. |||,1I|‘~ ”,-,. n y 3 o+l
3 and .. .1 =] —

. e n+) 2

Iy tets L2
r]‘ﬂ“ .“:'jn {3\

t . LEJ N 2 3

j itis strictly mereasing 1) not bounded abovye
iii) not convergent

i n n+1
: J : 1
| Letap = {;} and 851 = Tol 474w

gES o 0

o B
|
-
=
k
]
‘._‘--r—_'--.\I
b= 1 tad
“\.____._-“’_
—

Wecr-_ir.: foralln>3::~ H

ntl a

<1, forallnz= 3,
il

' g
i) {F} 1s evenfually decreasing b/c the first three terms, a,. 1 and

- ; _

¢ @reincreasing but ay, as, . . . a, is decreasing.
’ 4] _ 64

d b/ i s ,

i bounded b/n 0 < e ] < g rSiRes it is maximum when n = 3

l convergent, converges to ()

3n+l 3 "
i 3
{4“2 B [_] (48) r = == =—<1 =1) itisdecreasing

de&t | ”)1 bounded 1i) convergent to 0
= —ZN
4y = ne , and Aoy = (I] L ])e—Zn 2
=5&L:(ﬂ+l)e‘2“.e3 s n+1 -
N e b <l=s1) ilisdecreasiny
! (n)e i

e iii) convergent to 0

—
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Remark: y 3
Convergent sequence maiy not be monotonic.

(~1)" | [hin(n)} _{cosnl

Fxample: - Il . - J_,etc

« Bounded sequence may not be convergent, For eXamp| 4
{sin(n)} etc. Plg: :{__[

« We can't find convergent sequence that is not boyy ded.
Limits of sequence ] ?

Limits of sequence describe: E |
e How the terms of sequence {a,} behaves as n goey 4 - P |
large number (n goes 1o infinity). Cittely ol

 What happen the sequence {a,} as n goes to infinify,

Definition: Limit of sequence is the behavior of Sequence 4
goes to infinity. Puj as g
[f L is the limit of sequence {a,} then we write Svimbolics ally,

lima_ = L « Meaning the term of the sequence become yp;
Qug

=y

number L as n goes to infimty,

Note: the limit value of sequence is unique il it exjsis. 4
If ima_ =0, then the sequence 18y} 1s called null-sequence,

Oi=»00

Lustrative Examiples

5. Decide whther or not each of the following seqrencc is rall
sequence.

a. { [ } b. {3._ 3 } .. (3n—2 » cosn| &
n+2 n+2 2[nZJrZ B |

Sefution: To decide evaluate lim a_

M=o A

a. limj
N | 142

} = 0 «<null sequence

. 3 3 y



(SHE— —E%M(_{ Ulﬂ;mlm
AR ( . =
B 3—— o
| n . =
=lm{-—_ n_
WLl 2 2 } s _-.,_ = (‘J
n i l+— 20
hZ njl+. = |
: | 4 \ n-

cosB . — =0« null sequence
(in infinite
. ] rl_,:p: : t e b d T — -
| _,R o petween monotonie, boun ed convergence and the Jjy

t ce

of sequen n

mhfbouﬂ ded monatonic sequence \a,} are convergent,
4 If fhe SeqUENCE 1S INCreasing and bounded then the §jmi value
' the least upper bound of Sequiuniee |

equence 19
lim a, = Lub
pE

1, [rthe sequence is decreasing and bounded then the lirit valy.

e sequence fa,l is the greatest lower bound of sequenee -
ie. lima = alb.
=

Yote: To memorize easily study the following. T

Ll}_’{_ ! }’—--J' —3 L{ﬁ—_—l—— ¢— inereasing

4" UalUne2]” o+t 2@20+3)

1 ] 4 .
b. =%, . , etc all such forms are deerzasing
g n) {(n+2) {(n+5

y 1] 1
O ’*,le— . .. etcall such form are increasing
. I n+2
b Uy, 1 |
Fd Jde= ’{Z—F ! 3 - 1 . . oete all such Torms i
. I n+ n +1J
decreasing '
e Wt___t ______IMustrative Example —

nfify those sequences that are:
ii‘I] Monotonic  ii) bounded o W
1) detﬂm‘line the limit and convergence point in ermis ¢
' and lub

{ the gib
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— —— ’Iif.'q"d /
(- 3 1y Lol o fn Y
5_ b. 2—0——} c. 4—— L
A 1 Il"l'l}"-_a, 1 n n=1 l?"u—‘_ljnl
3-2nl" pI
[a¢—13" ! { ] } o {_T:El
© { ( ] =i 15“4"6 u=| En‘f"lJ
Soluticn:
3
d Ll'.:t {l“ :5— andan-i—i = :j_
n+ n+2
3 (5 3 ) 3
g =5= |8 — |=—
R n+2 n+b/ n+4l ngo

2
1) 495 ——} is strictly increasing
n+1

n=1|

: 7
ii) Forn = 1 the sequence is bounded b/n — = { 5= 3 } <3
n+]

iii) ]jm(S ——3—] = 5 < lub, converges to 5 bie

s H+] nCTeasing yq
bounded sequence converges to lub.
B. Let
. ! 4 5, 1
an = ‘Tn a8 E“n+1_“+;ﬁ'k1:}‘"n+l"an

1 5 11
= 4 “|2——| =———= <0 fora;; n> I thus

n+ 1 1 n+l n
. b, |
1) {2 + —} 18 strictly decreasing i3
n
) . 1)
i) Fornzlitisboundedb/n 2 <424+ “L<3
n/
: 1 L
i) 11111?1 2+—1* =2+« glb, and also converges to 2. Siee S
i I

decreasing and bounded so that, the limit value, 8%
convergent point are the same. ;



2 2(2n "I‘—l_j

v | — it andl Continngg,
-’.i/ a | l -
i ¥ { ===x R thus it ;

e (
one
a

| 1{{ f }{1
m — = -
} (8 lmunde-d b/ i CIYTY

I | e 118 increasing and bounded so that the limit vaje lul
SHIL™ =y,

»ount 1s the same — | je n
r convergent B 9 ; 111;1% . s
En 1
_ 1
4 sonvergent potnt= '2"

fH + con

| n i
o division ‘-—~ = [-' 1§ decreasi
p. By long 4n 14 4(4]1 -1) ng. Henee

- |
" | o 1 {l + m} 1s decreasing.
| pn_ﬂ 4 4(4n—1)

S 1
Bl ) pounded between — < {— ——} <— forn > |

41 —1 3

VETLCS,
4n—1

i

j

t 4

L) {4 } is bounded and decreasing and hence it com

n—=

: n o |
| Also, hm( = glb=convergent point= —
' 4n -1 4

5 LB {2(“1)n} =12, 2,2, ...} it is oscillating b/n =2 and 2 i
ﬁ- does not tend to unique number. Therefore,
1} not monotonic ii) bounded

i) glb = 2, lub = 2, it does not converge, does not have
limit value, so the sequence.

: ' {2{‘1)} is diverges ® n_‘_}mfz( 1) does not exist

1§

I *
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DIF e ———— agd 4
L o o M’ 1----.- . |
divisi 13-2n -2 5 -
: , ivision A m— == . 7
I By long Sn+6) S ool

¥Sn g, Iﬁ |

__E —-1- is decreasing, thus
sGn+5) ]

e 2. 27 | "
i) {5_1-1_+6}1 3+5(5n+6}J 1s decreasing

5 l5n+6 |

2 3=
iy Foralln = [, it is bounded b/n —- {j 2"} . 1
]
3—2n
i) Also, Lim [———1 glb = convergent poin( = 2
n—>0

-_—

S 4 ﬁJ : Sinica il
decreasing and bounded.

a9 3
291 + exercise left for you!
2n+1

H { e ise left for youl
i L £— EXEercise g af you!
n+1 P

Note: To memorize easily study the folloying.

1 L. 1 i
a. {2"},{7“},{&“},{3"} -« ete all those formy aﬁ'

decreasing, bounded and convergent also limit value = glh=
convergent point = |

n
- » n | '
b. —is strictly decreasing after n = g4 — | h’mi“ﬂ and:
n! n—o pl -
n a—1
a
Or—x2

R note that is positive integer.

e Mlustrative Examples

Determin L
Fullowlrlg(.: o monotonicity, glb, lub and Hmit value

1 ) 91«
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H }
Fak |\6.
g fiat” .
i .'.4:\\,»1 decreds gw*uth n <JL
y 1 l
' glh:l.lllhr-‘il- lg];]oq,n :4

‘ 2

3 n

g
5

5 < 3, so that th

ends

I\"?Cﬂ{

denominator 5 =
therefore the imit value t

I_B)}
thus it is not b
' lb—5 - Jir
"E‘ _3 Lo A1m

n—o0

_( |

d ¢ tl-"} is decreasing within

|

“Tub=3/3, glb = lim

n—edH

f s ' _ |
'3} \ ¢ decreasing with in 0<

_ .5
is increasing with gii

ounded above, but bounded below.

0
(—5—) does not exist = it diverges.

n"

4n

3

— tor all

3

3

5

Bl

0, and lub = —5- since the

e rate of 5 is faster than 3.
to 0.

:

> |

< mwfor all n
3

}S%@fﬂrﬂﬂn > 1

L)
13{'&“
1-__1

1
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536

h,

—_— ==iri‘_fiﬁ’dlﬂu b0 1 gy
—— q;--._l il farg;
e 2" 1‘ _ | n om g sl
l I B e
' le” e ¢ ¢ J Ll""‘"TLl If
1
|
ﬂfz{ne“li——.'.lub:ﬁl— -
[ el a9 hm 1N |
2 e | | :'..-,i
(4 o
even il the first thre
il € lermy ire Micrey,
"y
n = 4. the scquence is ey B

enlually e

) . 3 Ve

show this use S
4n+l il 4

ap  (n+lmy 4t

To

: Tdly,
“nel ‘

nal o Orallyy

£ R

n
show the sequence -
—— ¢ 18 decreasing ¢
S SCrCasing s,

8[]
d _{! even though the first seveq terims

:; quenbe t_ T e“‘cl‘liu:l“l\l dgl.‘lL”'.'

within g<d5 | 8 g’ "
—(= Slub=C g ©
- n! 71 >

TV =

Ui JnLr

n'

10
{ > }*’—-_exemse left for you.

)=o)

311} 1L 1§ decreasing ¢

D{{i}{‘L‘:-andi} 32 k'“'*'"-'a': .
n! 31 L“! luh%
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- exercise left for you.

i U*
| L J— la,} 15 said 1o converge if there i5 4 nurnbet

o WS L. 1 there is no such number, then the Sequence

[ a
¥ it
isdi""frge' Mlustrative Examples
\ ﬁ{gnﬂtne wheatear the scqux_:nw converge or diverge.
& = J In+l ik

E b, c. (~D°
g fﬁ | \2—4n ). 21““1)
| i b o

| | nil\ﬁi C. 2 (—l)n f {]D(n)}
| (D R

ml. h (211-‘;—1)2 )
{8-dng B _31]2-1—211—1-1 e

giation: To simplify finding the limil by divide the numerator and
denominator by n.

g lim——=lim- = =]« converges
now )+ 2 leJrl 1+0
T n
1
v g Sl 3+; 340 3
i . lim = ¢ converges
; n—n@2 41.1 Simgin __4 0 4 4
n
0 ﬂlinu;t I)B(‘—E— = lim (—1)“ = :_l mj{{——di\-‘crgt
g n+l1, n—w® y 1 2 2
+_
T

b up; | —
Ulique. . iy (—1}“ n doesn’t exist so that diverge.
2n+1,
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538 L —u_?!lfwd_g

wlivn to 1
——— — -_‘——==_—=m__f__£:__u_‘f=—aﬂd P -

o | 1
d. lim({=1)" —=04«——converge c. 11111-{2+(H})n} .
[ ;

M= n W=hoe

e«  Fornis odd term, liln{?_-i—(h”%:.l

n—n

B For n is even term 11111_{2+ ]} =3, since the [
: 1 Iyl
IS 10t unigque e
M2 1 (=1 dossit i

lim {-.. + ( 1) | doesn’t exist, ko that di.\"li.‘l'ge_

T

In(n)

f lim = |
e o {) — dwerge

:t- lj {- =] : -‘I : _ L] - - .

g H_EBS 2nj 9, SIce 1t is not finige Number
therefore diverges,

. o Cnep? poodn”ean

I ——= lim —— "7 g

155 3 2 Ban i 1 —— - dividing

307 “2n 41
umerator and devominator by 5,
| )
44—y 1:]—
= Tl u;hf1+ﬂ+0 e}
-0 Z : e i
3*"—'*‘—1:? 3+0+0 3
n n°

converue

|
n oriinl 1AL L MCA Y SN UM A B TU O TS e Dapstas Libawmty fn—u.llllllﬂ-.t“hldsﬂ-llnYu“T“he Erigninanl T 1] Eoglibaongpeda




-~
PDF d\pmpressor Free Version

Jntx
adduction to Cirnit ayp cﬂrrfunuu,r

. —— S5
o |

ot fa,} and {b.] bc convergent qeqm

Lund lima, =Land limb_ =k

]|1nﬂ';| - ¥ =2
I"

a, . )
" —_— :lt N ! r # . )
i, (3500) and : ,forb, # 0. for every 1 are converpen( iwitly

i

neg I"‘"].ll

thﬁn a, 2l ]l” . |,\

lim(a, +hn)“llmd +lmb_ =T 4k

2 |_ AT —ea N—z:
Ly hm{a"ﬁbﬁ):!lina -limb, =L -k
o n ¥, [i—3oy
i lim(ca,)=clima, =cL
3% O
o limfab )=lma_ limb =
. n=T n—x =y
Y lim a
O I o E: 5
2| by, ny Jim by ok
11—
\m
“ e 11
i _ M
n!_”;__‘n[‘*n} (nl—u;}x 1“) -
— Wustrative Examples
Evaluate each of ¢ of the fol lowing limit: o
TS n+4 _ 20 1Y 4n -1
e S ¢ lim| —— ]
“\3n+4 /) Tn- |
b hmﬁn +5n+? T
3y 3n - 2)— = o
A0 8n 1 -1 e N3 & 2= Infpu =
. — 5 . : !
€. llm——l_if_ll_ £ lim 20 +(-1)’
Zn” 4 8p° R n
Solutips,
Divide the numerator and denominator e lavew
CXpenmen| of . |
3 34 4
a, lip20+4 n-+4 ~ lim n_ 3+0 -3 1
“-—px.s 6“ 5 '~ = — _-H-:.'

=y ) -
5 ¢ 0-6 6
n
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_ " . Y iy
e Mg,
5 3
6n° +5 6+ i
n°--+m+7 I NP T |
b. lim -= lim -~ & nﬁ;_ 2hfy |
_ =¥ B . s :
e dnt =841 @ 4" =047
n n- -

: 2n+1 4n — A . 2n + |
C. lim =lm-—— Jjpy 57

—————— e e

il 3n4+4 ) 71:1+1/ bt Ry o W o, e
1
. . il 2-+0 "'4—1_1
=lim 4 lim 1 :[——— = .
== 3. n—» 7+__ '.;_1_0 s ) \|
n, n . !
d. IJm[Ln(Jn +2)=In(5n+6)] |

= lim (311—!—2}_'“[ =Ini-In?
e A\ 5n+6

r’l

, 1
e. im— \
m—az 2114 + n n—-rL

£ hm[&if:_l)_ = fitia 3+(_'] = 24=2
n h ES n

J —

e

Limit involving arithmetic and geometric sequence

The limit of arithmetic and geometric sequence atise ffeviet il 4
The method of finding is first determine the nth purtial sui:
the sequence, then evaluate the limit value.

E M . T 1 .1_.._‘]1.'
B =5, _;[At +A J¢ nth partial sum of At

sequence

G|t
a, =4, —1 < nth partial sum of G.I. |




Nlustrative Examples
Jimit it of f each sequecnee:

3 fndlh

(74+5+8+..+3n— 1} 1+2434. -
. LE]}W 1'—1'1 n—-w e 4n —
41'_ . -‘;k

. ¢ |m 2 , d. lim +2

:‘; | " 3 411 M= 21.1 ——l
I:\ i1 2“— B +2.—+J _r_ _Lrl_
fi 5 £ ¢

- “Tz ’4 61] n——r‘"[

E—ar g s
=5

. n 1 i |
E{;Lz)} i Ezw*l

-5 lm [___ o,
; ﬁ—’n’.‘{kz_;j ‘zk 3l< ]}

Sabution: First determine the n't partial sumi.

(5,5, 3 5
mg S+ =+ 4.+ — ...
1 4 4 41

e ———T— i s
= e

..TEC'I a -
_ n -
alimd 25484 +3n—1 5 ot dn—1)
i & = =lim =
I& E 1"—11 N=—3: l_-n—
g |
.--"; 1
i AN 3+~
g whps T 3 3 .
Wi ey o = lim ——0_= D 2 D b
ll‘% __2___2 0-2
by 142 N
nl ' EE{R&J&} i n({ l+n } — lim n -+ n
el = 8 _ fim n
[ 3""4{12 na% |9 .} 4“ . 6 -,‘:n
e 0 |
e lﬂ_g—_tl_ ==1 = ——<«—dividing by n”
# —-g 0-38 8
53

pe

Intnaduction to fimii aecl cottincity
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Trteoeiectiog H.
____=-=___

413 1+4n—3
c. lim —=lumn (—————}
Ti—pi2 Z 411- =50 2 ‘;_4:“ /1 Var A i L ,-7\5_:1‘:_4::

{ﬂun‘, “!H".

—'—-._ h E#

f. Renu,mber that: 1%+ 24 33 — . .+n +

_ n(n+l)(2u+l) 2n2+?n2 +n

6 &

=
¥
L

ug
3 b
i3
e
n
.._.l_
5|
+
+
.Jrr
+

[
=
|
oy
Il
| &
e
|I
||H
[ S—
I
Lh
|
| P A
_;_;_I._.
.“Wq____..-“’
ey
=
I
——
. |
S o
da =
'h..____._.-‘.
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N =

' n

. gi-r1_ 2" \2)] _ 1j [ 1)“
A== J=1 L4+ — 3 2 )

. 2

| i 'l'l ) , 1 L\"n 1
cdm Y| o] = limoay = lim (= A 1- ——-J =
0=l 2 n—poc n—»wc| 3 . 3 3
1 4 4 4 4 4 i
0 S R e e e v .Gy =4r=—
2 11':1 2‘[-‘] 2 2 2.] 2]1— 2

3
'Tﬁdéﬂ(“sﬁ-—h_]}_ ; 'l 1 Y 3 . {, l}n
S04y 3¢ "nl"_;‘&; lﬂLl—[zj | _nllr;lw?_j__ kﬁ
w.d 1 B
)
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. i imal sequence

i+ involving non-stopping dec

Limit involving " Mustrative Examples o
ﬁ:—mt ol the folluv. ing chunal -

———

a, 405, 0.55.0.533, . b. {24244 2440 N
¢.-3.6, -3.66, —3.666,...;
Sofution:
- {05,055, 0.555,.. . = {0.L, 011, 0015, .,
- : 10.9,0.99,0.999,
g

5 l I
:i 1‘_ : 51_ l-.- '!1_ Al ‘“"l_"-_ f
91 100 10°7 10 0
5 Sh— 1.3
=5 {13 imd ,

1k 10*']"“

b, {24,244,2448, =244 (000100111
4 4" L
245109,099,0999, .} =24 1l

10 10
4 1 _ 4f 1 | L 2
=~ The nth term. 2 + l-— = lim 2+ d= g
91 10 n—=¥ Q| G Y
€. {-3.6,-3.60,-3.666, ...} =-3+6 L 1010l

-6
-3 +—9— {0.9,0.99, 0.999,

-6 1 | !
e R R T
9 1 2 10

. L
» The nth, term, -3 + —E{I——Ll = IIITI[ 34 ; I 3
9 | 107 | '
._-3-1--—..;: :_]l]_
9 3

Limit involving

' square root of sequence
2. Findth

¢ limit of the following sequence.

n’ Xn 4
a, lim—— S et
LU

?n b, hnl -

n o= |1
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Tatvaduction to Cimit and conii é

F/”?;:T

Vo' +2 -4

fim d. lim .
l n=—rx n+
,,J,ﬁ’q 2n’ +on -
' . An*—dn+42
l'mé‘f—] f. lim s
!H..‘ 18 nl.-p'::-,‘/—[_]’——[ = n +4n _4
i I;I = B
| Jan® +1+4n lim \J4n? +1—+n’ +1
im—7——_ 2
| g n—pL m+ﬂ n—r 1
; nf"(n +1) £ , i Vi+n* —(6-n?)
L im——— 1 “1__1;&: >
ﬂ“*\&n +3n+1 n
k. lim~/n® 4507 —u 1 llmvn —3n-—n
Solition: Here, we treat e =g 'and c'mcelling.
- s & ‘-\'
=+ hm 14—
‘uﬁ? Jﬂh—n)]’hn L n—*"r FJ |
a. lim - = =
o] N—o0 Iy M p)
| " ;
4 . (3 ! )
1 B im n + —
- on . - = =P
1 of g 2( 8 ]
n 1-—7
] \ n
lim [3 - J
+ox
n—oe 3 \E )
| L i 3
o 2f 8 1—0
n
2 A
— = | R |___
¢ umgj»lla\-l-!; N (l+n3) Jre0 4t
o I R, S . e
2n° 4 5n in_m BL 5] 2+0
n 2+ T
n
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ﬁw -
* /411 Fik= \fn
i h. nl-]—?ﬁf— 1
| O jaf.
}EE 41__?1_ ﬂi-Ll-FE)
' v n s o
= }lm - i I
A 71— il
! *

n I

e - S N - P, QO T O, T
=% n
L_; 1/ 3 EU‘:; _

. i3 + 1y u"n\’n +1 i yro o=

L i ——muou = M -

| A '\‘2112 +3n+1 n—}cc. le'l i3n+l 7Pyt o

o) [
i i
= n-
=l = " 74 . lim (n) -

[ =y 3 1 [—rx / Y1

2T ml2=

|l noone \ n =

(af 1) 2
t 1 B 11'14(17' 4J-‘ﬁ oo
| l "“-I-Il -—fﬁ = V n -
1L R PR B R
* n’ n=3 n-
1 G \I

i l "'l wl_r;'—_—n‘]—_‘_lj — 1 l =¥

| | i =g l=1+1==
" 11~—t£:~n o =T VI .

L i n a . o | 111:[_"&" l'rl‘
e treay each sequence a fraction denominator and fabs
Wheraior

I 3 K 6 _,_‘\11‘ |I~

Il ‘Jn 3 —n J\D°
ﬂ->« Wy O 57 BE

. n—sac \n +5n° N

6

| 2l ™ +5n7 0

| Moy, r“?;"‘ =
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bEL - _ Intvaduction to iy ol
1
: fn” . 5113 5
= lm — = lim T —— . =3 _
—3 Y 3 I \ o
n—par %Hn( e +n3 n—por s ‘-JJHUL[
n 14+ — 41
Vo
n !
I lim Vn* —3n — n « exercise left for YOl Answer: —
= »i
. - " - » ___‘_-_""—‘——.
Limit involving telescoping series

* The series of the forni: (a; — a2) + (a:—a;) —
called telescoping series.
Note: as is canceled by 2" term
a1 is canceled by 3™ term, and so on
The nth partial sum of telescoping series is S, =

(43— ay) +.

-un. ,

— — — IMwstrative Examples
13.  Find the limit of the followin £ sequence.

=
no o 1 n l
. gy 2 | ———— b. lim > =
I—=%k=l| k k4] n=x k=l| gp= _

n ) 1 l
C. hm Y — d. lim ¥ =
N—) k“—lkakirZ] H—$ k=] (L,_-r:‘ {k_*-l

Sedution:
n_[l l ( Y (1) [ ;} ;
a. Ll == | === || === |a s
k=I\k k=1 :a,J 2 :J 3 4
| 1
h}' Sn:ai Ay = 1‘_‘___
n+l
b A P
o lim ‘/_". = lim ]____ =1
n—ok=| k k+1,4 n—0
_ n 1 n .
A b7 I:—;_-,——:l =¥ | —" _—‘ usimg
=1 — 1] k= -k |

decomposition.

4 A0,
U 3
"
ol
3 - 3
D fad L=y s Eifiirg o sride ks nVﬂ“TUI]E I riradlony] Erhiopis
AT AL LEIfAMY Vul r=nidfias ST ER TS = 2 ST _ ..
e —
L
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A I tbrodductio o o Lt curtel comtimmss

{ " - iy
r 1 A B o 1
| == === A== B=-_

” { n [ 1 -1
e R T T
1 k=] 2k =12k +1) | KL 202k -1y 202k - 1)
: n ﬁ( 1 1
N o= lim X |- i

1 n=ock=l) 24 2k 2% 41

1 i
nbySp= &) —dn+1 = —(1—
2\ 2o+
n I 1 1
. .. fm 5_‘,[ 5— | = lim ] === :—I
I el 0 | [ T =% 73 2n+1/ 2
1 s w2 ]
; dm 2| - —— e exercise left for vou | er:
C I A B
w m—— = + =A=1B= -
(k+2)0k+3) ka2 k3 ’ 1

] 1
| =

e

- )
I{IHQ].EL(_P}.J k“él[k+z k+_3,v'

I N 1] Lo .
3—;) l_. ;-— +..15 gliven by S, =a; —a,-

k

5
¥ =1 !
3 n43
.' i . n ] 1 1 I
. Solim ¥ i
, _ —— [= lNm - =
. "*mk:l[(uz)(mz)} ”—*"'L “*3J *
T i Limit of Function
.ﬂl'{iepend. of function describes how the function behaves as the

' ent variable approaches (goes (o) certain a given value.
The limj( ‘L“T"l of function at a point
3 EH;}F bh-“lﬂticn at a point
. eith“:l ng th‘f behfwinr of function vear o particnla puint from
' Tivi s N o a paint but may oot be al the point usolh.
THEAte the valye of function near particutar pon:

|
1
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Jeedeoduction to Gt qud cnoss

S s ——
Definition: The intuitive definition of the limit 6f 4 funclion a( 4 DOing : : i’ﬂ
_ £1 cht_!.- :_‘/'[_ﬂ be ﬁ-inc-tiﬂn. and £ R IF{(’L}E&M 1 m

21 closcr and closer to single real number *L7 454 '

i gets closer and closer to *4” (hut may not equal g a), |

_ f then we say that the limit of /(x) as x close ty g jg L’ ,

e svmbolically. this written as; I
i f(x)— L + |
Jy i :

One sided limit
Limf(x) = L is called two sided limit because il requires the value of i

L=
7 (x) get closer and closer to L as x get closer and closer o "¢’ from |
either of the sides. However, some function bchave ditferently on the &
two sides when x close to “a’, il such cdse we investizate limiﬁng-_
behavior whether the value of x near ‘«’ from the left side or on the |
right side bt “a’.

Notation of the following terminology

| Notation Interpretation Classification  |{
| % —a | ® x close to ‘2" form the right | e right side limitor f
' (slightly greater than ‘a’) (one side limit)
— bhm_ f(x)=L !%
L xX—a :
X >a e x close to ‘a’ from the lefi | » left side ]imi1_ ;
. (slightly less than a) (one side.limif) b,
= lim f(x)=L 0
I | x—a” A
|'r —a * X close to ‘2’ from both side | =  two side limit |
= lim f{x)=L
! I—a '

Existence of two side limit ( lim f(x)= L) :
X—a

The two sided limit of a function f (x) exist at -a” if and only i
of the one sided limit exist at ‘@’ and have the same value, 1-5-1'

limf(x) =L < lim f(x) = lim £(x)

N=rkn

X— i
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Intveduction i .
- = MMNNW

' <& _ .
.‘;/“"/ [lustrative Examples

______-:____.———

= Ein dlh:- ilm‘t 5
Which side of the limit exist?

1iﬂ Docs the two side limit exist?
1 | x—2| :
A llj;%[x] b xl;[-;’Lg X=7 % 11_1]2 [‘1’]
4. limy3—x e. lin} =4 £ limJ4—g
¢ lim J\/? —1-x h. lim [x]

31
b

Sufution: Uere [ ] greatest integer function,
3. Im[x]=0«limit from the right exist {x slightly greater than

="

0)
lim[x]=—1¢ limit from the left exist {x slightly less than 0)

=T
—1 two sided Imrll |x] does not exist b/c 0 = -1
. =2 . x=2 . —{x=2
‘ im =1 and lim L —)-=—
¥l x—-2 =2 vy —2 y=2T X —

L.
”’i hmlx 2|
1}

d'oes not exist, since the one side (lefl and right) are

A G ilig[x b=s hm[x] 2 and llm [x]=1

L
Since the one gide limit are nnt equal
/ The two side limait, lim [x] docs not exist.

x—22

d, h-]:? \/3‘ =0 lim~/3—x

but =¥ Joes not exist

._;:_* e .c-n\h ~4 = lim a\( _4 =) hm md@t‘sﬂ'[

- -2 and 2
off 3 = .\sidﬁrhimiiwmmtﬁiﬂ

£, llm\r\

{4 ] A side limit exist
2 = hm \4 = =0 nnl:,' left side It

X
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___:=_:__..25.—-ﬁl——
g ———
e

a"‘f T”i

——= -
. /3
g llm \/\Jr —l-x= ]lm.\/\}x .
o o tues not
[im \/\:1 —1—x =+0+1 =1 (only le side lirnis ;. .
x2-1

Limit of piece wise — defined function
Sometimes a function is described by using different iy
different parts of its domain.

~ Nlustrative Examples

x—=1,x<3
[5. alet f(x)= '{\ e . find [i_ll}f{ﬁl

-7,x>3
Sebation: lim f(x)= 1M 3x—7=9-7 = 24 izdusice i
: read T oa¥
| lim f(x) = lim x=1=3—1= 2« left side linii
r—y3 X=33
2. im f(x) = 2 (since the one sided limnils are o)
'I_—.—.‘P
| - af —6,x23 |
| b. Let g(x)< then find lim efa)
-59-—4,1' <3 "
Safatien: lim g(x) = lim X' -6=9-0=3¢ -mis
x—337 ¢ B3

limit lirq g(x)= lin_‘;(9 —4x) =912 = =3¢~ lef ide L

|
|
{ hmg(l)dﬂﬂs not exist since the richt and ihe |zft s
{
|
:'
|

are not equal,
T . | |
e Let fi(x) = 1 EsE= then find limKex)
2x° —x .
{ Selution: hmk(r)__hmz\ r=2-1=I
sl
‘ llmk(x )=limy2-x=2-1=1
T

P R -




x+3 it x > 2

L

lim f(x) i) lim f(x) i) lim £(x)

-1

g Le f(0)= T +1,if ~1<x<2 then find:

sdution: 1) m f(x) = lm} ¥ +1=14+1=2 and
x—=—1" Y—3—
2x+1 2-1 1

u:fhm = -
Im, f(x)= fim,— 2 2

= hm f (x)= lim f(x)==2+# -;— lim_l f1(x) does not

3|

st
i hm;‘(\:)‘lunz +1=1 and limx*+1=1

07 x—]

=5 hm 1 f(x)= hm f (x). .hmfu) =1
i) 11111 f(x)-— hm(x+3) 2+3=35 and

fo S

hmj(;b)—hm(t +1)=4+1=)5

v—l

= lim f(x) = lim f(x), - im /() =3

x—2*
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.'Tn!mdm:t&m. Liv

UIRL gy, Gl
et e (4 4 [

R E ]
————
R

Difference between lim f'(x)and f (a) T

(=¥l

|
o Lim f(x)is the value of /() when x close 80 B i g -
-2 oM
o / {a) is the value of / (x) when exactly
CasCs may arise.
1) lim f(x) exist but £ (¢) does not CXISL,

A=

X =z The follonwi,

i) 1im f(x) does not exist but /'(a) exist

A—Fa

i} him f(x)and /' (a) both exist. but urnequ)
w) lim f(x)and /() both exist, and equial

v} Neither lim /' (x)nor f(a) exists

|
Limit involving Rational function o

i 0
Indeterminate forms of type —

When both the numerawor and

the denominator ¢ rion i
fx), | . . . ,
have a zero ar v = @, m which case f () and g () will eacs B
2(x)
a factor of x - ¢ and canceling this factor before evintitiing the Emt
= _ Ilustrative Examples _
16.  Find the limit of the [ollowing,
%" '—0 Y —3x--4
_ . — . X" —3x-
a. lim——= lim——
=3 oy 3 ST —bx + 8
C lim X —x—6 I A=
2o — i, m-—-——--—-
= =
% 33 x° __9 X2 _‘j;‘ — 3.\ - j
7 = = r
i xX* —40 N AR R
e. m —— f. lim  ——--
-7 x =1 ﬁx =7 A= A +X
, .
. X =5x+6 . 2x L1
a, Iina*———i————___ h. lm —————
X 32 X __8

H e T e

—
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[N clicu kg E'mui and caulmmtf;

| 4 Jerd
i

(x—3Nx+3)

1"‘9 =lim—"

= 11111(1‘+3):3+

hfu 1= T"‘
i_;fl,l-,z;_ (r+ Dlx—4) b STl 441 5
BT G+ 8 144(1——?1(1( 4 ﬁl-lﬂg-- b
M 6-l‘+' ) .‘l—-z 4_2 2
oy—6 (¥=3)x+2) . xi9 3
A 9 ‘]EL (x=3 g P
S X )(JL F3) 23 x a3 343 6
0 q_hm -—hm——l-— L]—u—]
ey -dx+d vl (x— 2)(;1—1) wekx~1 2.1

A

L = = - S :
_,Iiml,, 9 :Iug('1+7)(x 7]__: (x—~7)
eagr=7 U7 ETx-1) =7 oy
T T
Il 8 4
N =3y —41:___ lim M x+1)(x—4)
of b () (x+1)
| oA =—1-4= 5
! Pr“mﬂ the liniit of the I‘Dllnwing-
1]
tf'ﬂ?"i““—‘—%ﬁ—-—ﬁjb lim\' : ¢

A T T ' 3 -

. ( I)(x ?.)J 3| x—73 _¥(I2—5_1'+6}”_
Wl ¢ “ I
["gﬁ_%} - s[ 2 1}

e , 1m- T
%fﬂer $7=5 =0 x| 245y 4
lipg| |

i (r—l)(t-&-l)_‘

e 2
‘_*‘*-HT«—_}*h 1[

xx—=2)x—

s
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6 el nd

th{fl~+ — }fhm o

M T=3 W& —5r+6) | v x(x-3)(x— 2)
. x+1 4

= {1IM T
o x(x—2) 3

ol 6 j—mn =3 ]

. lim — = 1 et | |1
(& pc o _}:2 _9 ] T—=3 (‘t‘——r:;)(x—]—:}) T3 3 6
= r ]

2 ] 1 8=+
d. lim}— == |l =~ e ﬂn
vl oy (2“?'1.)‘ 4 vl x 4(2‘1— .\_)" J
) 3 ;
:‘;llm 8—(x’ +6x° +1..,1+8) ——hml{x ~ 6 +]2y
i} x 4(2-—'—1) v—nf] X | 4124_1:-}1
I8 Find the limit of the following.
IR, L.
i limXtd 6 b. limX+3_ 3
=2 .x_.z =l X
11
e limX—1 d. lilnu;
—7 K= 7 v x—? — -2
Salution: Here
b1
a.ﬁmﬁi&-éudm1 4= = lim 4_:
= Hx=2)6(x+4) -26(x+9)
11
o iifgﬁg—iﬂim g =i n—_} -
x 0 x(x4+3)3 —63x+9 9

€. & exercise lefl for yoy

—3 -1 —

. X —a g S “.'_rlu

m i ¢ - x Na
R TumES. R,
“X —ua =34 - l St (a A“)(ﬂ' =3 }




R?{\i':»fcompressor Free \lersion Tntnoducting ta tinit and continuity
oY = . -
i, Véﬁ‘:;ﬁr)(ﬂa'*’a'r%x-) :g_t‘:i_tfz_l :3'?2 _ 3
i - lrljg "E;:x}(g + x Y ax) 2a’ 28 2a
! it involving greatest integer function
) fat 10 = 7] denoies the greatest ir}tﬁger that does not exceed x.
| g;:shﬁng e limit of the following function.
I : - _ SO i 2 . 2
o il b) ?\_l_x;rg.[x] c) Ltj;_g[x] d) ﬂ“{x |
E S . o e ; :
| glimlx}+{=x] O limx—[x] g hmlx} hy Tlim{x*]
=5 =2 g ¥
‘ lim[x] I} 0 b) hunf x| {4} ]
Gtz 8) lIM[ X ] = | — | = y 1 =] —|=
et EHE
T 47 16
T 9timxP=|=| =1 dy lim[x?)=| = | =1
[ X3, 3 Xt 0
| - -
\ . 5 -3
o) imfx] +[-x] =} = l1+| — |=1+(-2) =]
T 2%
fD ny—[x]=2-2=0 and lim(x—[x]}=2-1=1 does not
=33 gl
et
B[ 3T _ s T2
PP =i =1 =P = h) im[x” ] = =D
{N  La s 8 |
| Ote; -
*Ifa 2 , _
/‘fi S n0f an integer, then im[x] = lim[x]={el
. %’[f&i i . 3=ra’ A=l .
TR Ainteger, then 1im [x]=a and hm [1] g1
ﬁhﬁf&fg . | v-xg' Vs
A 4 lx]}ﬂ[x ] does not exist if « is an integer.
o
7
n PR AL AT TNE = T O AR ST T e E'-'“r:‘-'llj'i'_'::I'-'_::_’;.':'-Ii‘:';“_'_"l'_l_‘_""'_‘h nvﬂlﬂ'-“hﬂ Digirad{00] Echiopin

S—_—
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5S \ .'T (el H y
s-—:",'_?f- - IR ... {L:"f"'f Y bimid i
_ e = il '__'_L'I;;'h‘_l
e Limits involving radicals TR

- In determinate forms of type . When bois .,
Rt

and the denominator of the expression /() - '\‘_'_"f.l

My
at y=a. In this case N(x) and Dix) will caely havear, .. .
x —a, after rationalizing the radical and caneeling 1 - ;;_ _
may result in.

20.  Find the limit of each of the ollowing i
. x=1 P S
a)  lim b) -2 ==
! oy Fal )
9 _— — =
; X" +4-=2 M e i
¢) lim v d) ﬁm‘_l R
v—={} 1- L .‘._: .
. — —= |f
\ ; a+h —~Ja— i1 i L,
¢) lim ‘J h JCI h ) fim: LT g% ‘
x= f? v_a' I !
-2 ol |
g) lm———o h) lim-" - _\" = ||
X l-ﬂ- = 2x bl \;_‘f _.- 1
| | '
. 3x ! EPN
¢) lim e N p) liu = e
=33 2,5__4__\5 A {
2~-x ] o
9 lim | bl Lo
F¥ 'f————.—’_ r} ”]l i i, N
R S O fil i
o TP
x—4 O
) Im—— ]IIHL':-"'
RN TR v Wl g
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.'}Mwm te imit arted ﬁrﬂi Pt

"1.; Vg;,
D gt

4

§
WX =
Coalhm T ¢
{ L&l vl
| \.1_—1 I‘H_ lim x—1 = T | L
1] =t — = N ———=
| o0 x=1 Ay ‘L‘%’lh—l)hnﬂ} == Jy=1
fys2=2 Yu+2-3 yfys2 4 ¥ -2
‘:il bl'hm_’."_l:“ _=hr1]. —— X = lim ¥
" = a2 =82 e e =Dl 257
vl | 1
[ = hm =
- =r240x+2+4+2 4
R T , ——
- T HA=2 L N4 -2 Yy eao2
E o ehim = _ —_—
~ casll \ w—sl) ¥ St e 3
' !' i c44--4 " X 0
T = ilm = 11T — = 1)
q.f Powil .Y\.JHI"I—“-,’ {_2 P _} 0 “J.\"ﬁ' 4 +2
‘! {l 2 ‘j‘]—? | =5 - - -
vl4x - x BEE 3 FAT
L &) tim - i lin YE+ ¥ ¥l H_" '
- 1=l 12 Y30} 3 =
,..-* i K v+ ow i
: 2y 2
‘-'I =lig—o = .
J A -al) .:! s o oy ~
) vy +mfl+;r“) -
:"l*- :-— - —_— PR—— —_— =
1) gy YR Ao~ b Ja+h—la—h Na+h+-4
R = —r 2 — ==
i [ h =i h \J({ -+ h' b i W 4
; 9 3
i =lun- 24 =
H P
f — h'\'\j_-}-. J] - 1f — X " ;‘\H'{E
b N29:3 e
hm 31 v" 3x \14_11 o e = _ G
y =11lﬂ-—;——."‘ =
: 2 F3x+4/2 P a2 AN T NS
4 ‘imﬁ: 2 \x+4/2 x—2 1
My T = = lim- = Toy iyl
‘_‘2" VX +4/2 =2 y(x—2)Wx+~2) +y
b W 3 ~
| Jig N¥e 15" .y Wx-tpo1 o Nx-2
e | - = Yim = hm. r —===4
VX~ =4 Ji_oa xdyy -2
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D B T [mh'ﬂf wﬂ(‘fhﬂ
0) lim T e~
: Iiww- -2 - \Vaan 7o | | Y
— . _'___i Y ;
CBx-2)2x—4 4 !':: liin 1""—1]. Iy E.‘-l.u’l ;}_:E V2 .'l
=i Gr-4-2)(Y3x 1) S x-3) 3 3y s 2 6,
{ |
-'uH+_t_L3 I-VI3+a
p) lim S = I
4 44 (x+4)V13+x)3
. f =%
3- 1342 31y13+x
= lll'II r————~' N  —
[_'["1*4.](‘) 1+1‘ [3 Jr"'g13+l'j
9-(13 +x)
= |im —
L T 4)(1)(qn+r)r‘3+v11+1]
i, 2 iy sl i .
= Jim — WM =+ lin = — TR
>4 vi4 oA 3fi3aw 43441355 Ea
; 2—x Ty 3
2~y < =X ' P
QD im ———-—~—,——-._-:11n'{—‘——'— = lim —=lim——-=
=27 Va=dx & T2 V(l—x'll e | —x| w2 (2-x)
However. (i - = lim o Som. W

x_jZl‘z_':"'l a2 ‘1 -x

r) lim -1..( ) lim 1‘_3_ VO r3+a~,'{9+h“
.z]—"}o-‘ri' \jg"l".‘l 3 h_}DhL 3 fg_i_h ]_31 h}‘l"fJ

~ lim —[ o)
h=04 G+ GO+ i)

I e
-—h[]l‘— llm"‘— __‘[ l\}"—*:_’-’
1=l h hi=30) (3‘\/9 ‘i‘ h J(3+(+ h" i? 6 ;-141’ . .

3 = i
e \i'!z—r—‘q —-«jl\‘-—- .\1—51 /2 — J]'\ =¥ \fﬁ'T'—"‘l -f—-\/_h'
lim =4 2x -4+ —4+4/3x 3 8! (x— 4)(J'>1_4+Jﬂ:ﬂ 4

S L TR (3x—8) s T 45
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.57ﬂtwdz_u.ﬁau to bimit and copg; ”

e LB
\fx —1

| Iﬂu J1; = 1

1o s, (x-Dx 4
:ijr'“ﬁT T+

Iim[ | ] x—1 | 0 |
— J = = ——+4 =
=1 x4 1 \/_x+1«4{;+1 #E A2

. Find the value of K so that lim f(x) exist;

: x _"}3

"% —7.forx < 3

where ”:‘)“ )
=3x+k",forx >3
Selution:
Here hm f(x) = lim(2x-7)=6-7 = -1 and

2 w3

th f(x)= lim ( SBx+k?)=-9+k’

x—33*

Smce lml f(x] exists: lim f(x)= 1111}_ f(x)

¥ 3"
=k’ —9:-1:‘ak =-1-9 -8
k= +J8 +2:/2
12 Evaluate: hmx 1
] . x-31 logx
: Sobutign:
: ofl + X
Recall that fim(l 4+ x)* =¢ and luftrlflﬂ—{——)"-1
x=0 x50 %
| firn X —1 — im (x=1x+1 divide both side by
o PHlogx x5 jog[l 4+ (x ~1)]
o x—1
|
11 + 1 [
! = lim X+1 xrﬂx =——=2
‘-I X—4] ]05[]1_{)( 1’)] ) 1{) 11+(1—1]] \

i ,——

X—1 x—»l -1
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23. I lim f(x) = limg (x), then does it follow gy
S I um e —
[(x)=gix) forall x7
5 Aswer; ]
Flay= -2 i glx)=—" = |
24, Let J{x)= ——and g(x)= — ien find
x=3 x* + 4y |
) lim( £.g)(x) b) hm( f.g)(x)
=3 =N
: " 3 ,'2 = 9 : g1 ¥ -
Solutian: a) lim( f.g)(x) = lim e 12 = lim- B E’_ﬁ L)
e St e T ol
. x+3 343 5 !
= |im = =— I
=ix+4d 344 7 |
. . . X+3 3
b) lim( f.g)(x) = lim =— 1
x=30) | =l y + 4 4 \ -
Limit involving absolute value |

The absolute value funetion y =
J xifx=0

formula. | x|= '
]fx 1fx <0

Hzre, we investigate the limit value near 1]

— —  ___ Hlustrative Examples
21, Find the limit

x| is defimed piece Wisaly by iz

e given yalue of te demi

(left and right hand limit). Does the o side b |

B |

exist?
. f 4]
o X . I | X o
a, ].'”r}“" b. 111'11:?’_1“*__'___l 3 l1m| =
i I X | ¥=0 Iy | X | 1= Y. i
1 . = |
N s SR =N
d. ]“nf““--h ¢. him -'1—1—'1——91 Lohm—"
.t—h—_'rl x _I_, 3 ‘ 153 ,)L L 3 i T
' |I'—2‘ r‘] 48 _!L]-—-_“_'I:"
g limg—=_=| . lim = i him L—"““”
X3 I__Z -

Selution: Here

. X
4. lim-—_

L= X ;2

o X V) Ll e
. s : g - =
=0 ] =hm==1 a9 |y (—— =| sl

e

notexist, since one side limit are not equal.

x=3-7 l 4D \ ' )3 = 3
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 ——

. dx 3x=I| x 2 |
- lim =2and im — ——
e, oy =0 3xr—x 2z A 3 e s
b '.1-}[' Eig v
3t Y does not exist.
i —
30 3x—| Y]
. * 4 (x=2)(x +2)
2 Y . : x
[ *i!_:} fim — = 1.1I11+— 25 1=4
¢ E“;"z > 320 x-2 x2 x—2
Ax—(x+2
also, o g’ ) __ lim_ ¥ #2=~(242)= 4
o TJ}:'. x—2 X2
2 c—A)x
“ 9 r—3INx+3 .
i hlll-‘t_ o= lim £ ( ) = lm (x—=3)y=-6 also
;:—%3"__;-5—3 | I—}‘3+ (x +3) ==
2
— ¥ =3 =9
(I__“_r__ﬂ. = Im - [:_1' — 3} =B II.TI"I = =
e T s x——3 =33 |l x=3;
does ot cxist.
9 7
.1'2 |7 =9 X (x=3)x+3) . 2 : -
€l — = Hlm = fif. % @+ -2+
= ye3 x—>3F %1 ¥—3
2
A%, fim_ A -3 —3) = lim (-.113(.[+31 = =54
=] A3 T,
= 2 "}
(ie ! |Inl -9 )
X~33 — does not exist.
Xs B
41 .
'P*L fehe exercise left for you
i . | .
L iy L T X6 o (y=3)x =2 )
:c-fg. === lim = hm, y+21="
j:;,m =3 x 23 (y -3y x—3
|
" Alsg v "{_1"'3)(.]: + 2) -
‘f ? h.ﬂ.'l —_— I. I s i o o]
. =— lim (x% 2)=-—(3+2)= .
01 x-_}r x-3 =3
AF L
b Clig LT T ¥—6| )
| 3 — does not exist.

x~3

Fing
the one side limit of the following.
i, l-ifl‘.l -7 XH

[
|
I
‘ 333 5 b. llm —
|
f
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S64 - _ _ »"ﬂj'iﬂ-dild-mﬂ t‘,a&m_‘gm B
—2x-3 yx —2
e lim k - d. 1.“_“?4 e
¥er=] J.I.F +2v+1 N \J’.\' -4\,1;,1;‘ + 4
x—4

g. him

'*’4\& —~81+16

Selutian: Recall that: +/(x+a)” =/ x+a|

a lim—— € :}lﬁn—ii——-lim e
t-bE 4)1. +4 i—=2 "(1—2)2 -"'"3|'.,Y-—-21
. xvl . x—=2
=3 lim-———=1and lim =—|
a2 =2 x—2 X —
- 3 _I_‘a e
b. Iinal o =5 Iun 1‘_#_; =5 1_11111—;—1'-
sz-k&r—k? \/(1+3)“ ix =3
J ; x+3
. hm =3 =1 and llm—(—r———-)—:—-—l
>3 X +3 =3 (x4 3)

? - 2x=13 N _ 4
o i = lin (t+—)(—t— —= lim (x—3)=—-4also

c. lim 1m
—-] ﬂ{x_}_ 1).’ x =1 ‘x_j_‘” a—=r—1"

(x+l)(.r—3)

xliE]|l _(I'!'—]) i ll_'(\._:,')-——(—-q,} =4
Vx-2 L x-2 s

e. lim . < Exercise left for you.

Limit invelving quotient difference function
The expression:



PI%F ompressor Free Version Trivoductinn Lo timit and centinuity

4 |
fx ;f‘)_j_@ h#0
b h
f(x)- f {x,) _x #x, is called the quotient difference of / (x).
i ""Tr X
| ~___ Tiustrative Examples _

3 1) Lgtf{x) = 13 - x, then find 1}{1_1;1’21 2

x —x—86 — tm (x—2)(x"+2x+3) _11

dime. 1t
Sel =2 x—2 a2 X— 2

(x) =4 —x" . then find Iim - oAl 1) s (1)

oy Lot f{x)= i ==

m—f 0

— - —— ¢ since it 15 a form

[ Seftioer: 11

=5l

vi-x" -3 «/ 4—2* ++3 (4—x*~3)

=l ——

o ol ] (\[ 4= 43 ) = o 1)_( Tt 4 ﬁ)

F %lim_w__{-_l___:x)(l+x} _ “(1)(2) .
-1y (J4~ X +3 ) 23 Af8

then hm~=—"_7"""
~x"+4if x < 2 e XS
TE . . . _
ting; FTLLO ~ lim (x—2)x +12_), =2+2=4uand
_ 7 X — 2 v-p2T x—-z
&) 4o 2-a)x+2) 4
[ e e = i e
X 2 51 xr-— 2 y-22 X== 2
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500 _ _ Jutvachection to limit anel oy igd A

Selitiasr:

M —:c)[r“'] +x" " N
= lim———=lim
= p=X = {—x

1 i~ a2 2.on—3 4o

oA
. [
s " r_’C“_] g ok W e Mas st = ! “‘;:l
. o =3 ; ;
e) Find m— — ¢ Exercise left for vou (Ans. .':er}
=% t_ X
Limit of exponential function -
A) The number ‘e’ expressed as a limit ,\
- The number ‘e’ as a limit: | i\
. i 1Y i
i) PIP[H_} =g i) himn (I—F”J ,11
T e ) vy s _-f_ .
1 1
iii) Lnﬂ!—f—x) =v iv) 11_13(14—”1
=—» —  Mustrative Examples L
24, D:a]uatc, the limit of the following. )
T
‘ 1Y v )
% E(H ) b. ﬁm[l_i s Bl 2*%]
\ X, X—¥in X IR EAND 3 ._.1/1
4 lim (3x+4\* T ) I . }
-~ 3041 €. iimL — f. llm( |
e\ 3x+4 ) | ¥ +3, ;
7 N3x i 3
Sebutian; g) 1i 1 ; 1 : j'
clutian; a) 1{11}1:1(1 +—1 =lim l-f-—) =e |
- i X-vor X/ kil
dx 3
by I ! . R
’—‘f»"m[J ~ o ( -H @ =
! - X ) ’_J

3 Youlube iiaion) oo
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% _ _ J M ta Eirnit and congirru; by
! L. _._____‘—-_—.-5'—:"—__::_ - N S
oM —
— ¥ \X+6
\ x4+ I+ 4
. el lim ¢ 2
T e — = eaeal 4 e
L
. 7 4 5 2x4d
n DX+ ‘ |+
i lim | 3x
d lm | — = M )
e\ 31 T
3_‘: i
b 1N2
— —~2x = —ll ( 4 i
4 4 3 3
R - [+ — l I _-_'- }-\____
".‘.1: ) 1 3 .I K\ E 1 =
= | —— Cdim | —2 ) = Sy =
AT ] _']_'—sb'.')f' I J I. e :—
1= I+ - - 2 .
3 3
' L 3% L B (L’ }
e —"_l"
g =
e] | 'S | 1 i E
im | —— | = lim — | =g ¢
S X— L 3 o | X—00 = i
= ] 4 3 & 3
| Jx
= v — R
|
- 3—5.1' i | |
X
] D) b - = lim |- lim -
bae s X+ X—3a0 3 X —3r 3
L+ — I+
& r'j_ L L5p

1 _q -
AT 5
= lim |1 3\ 2 ¥4 15 15
| w9 1 A= tim {14 2] | A=Y =#
! x N—o K .
4]

e

If 1 x4+ k
lim {‘-—— =4, then find value of k.

Xy X — !(
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563 o 5"15‘11&’::;:4‘4'&4!'5& Cimit nd ,
| x+k ] . kit
Svbution: lim =4=lim|—EL| =4y
E~goc .‘.f—'k e | - {f
L x|
(‘.'k o Ir
=i =4 =t =4—= 24 =nd4d=k ____ni
e 2
wk=In2
26, Find the limit of the following,
! !
- = B & I
a. lm‘]ll(l +3x)* b 111{{}(] —4x)* ¢ lim{6x ]y
X3 = e
I
Salutian: Recall that: 1) Em(] + x| =¢
x=al !
1
i) ]1_11'}{1 tex] =", forany, c € R
L k
a) lin_}[l +3x]* =2’ b li]:_lr'l{l —dx) =¢”
X—=3 il
[ i
¢) Iing[l HOX[™ = ()? =¢°
=2
Limit of a_-l
X
. . ﬂ'r —l o ..-l
1) lm =Ina i) lim ——=Ine=!
A'-#H x .1'—!‘” l.

Toproof: Leta’ ~1=f 54" =4 | =5 v = log!™, Asx=20=4=0

x
N s |
= lim -
¥={)

h |

h . s=cgo
= hiTﬂ] h+l = | -
“Cq lim — Ipe

X

=0 )

(A+1)

=4V

——-—-'—"-.--_-’.
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il I I
' e —— —1 = =In'f1
! . ”h log,,
‘ gan® | loga lim (1+4
'+ um[mh”) 8 h—-a»{]
D
)
. Pl
ol s T |=ina
| : _|‘-—}'} x

Find the limit of the following.

2.
X ___1 3 ¥ E’r =i 1
im—— b. 11m —— [1m
m‘_{_ k
d. lim ] d. lim o

i =] X x—>f)

i . . 2" ] ,

. Salution: a) lim =In2

r—al} X
) lmi L3t 1) 4 I3

] Sl 4y 40 x40 4

L) limg_l:_l_ume —lzlmg:l

i =0 Jy 3 vou g 3 3
A4 |;m5’x  lim ¢ =l+l—e"

E =0 X —0 X

_' e B

' =lim +1im ,-l_-z[ng-l—'[ne:]-}-]:?.

. i 30 X =0 e"‘

’ .! 4 X
j/ll . 4:'.' ___';I ('_] ‘_'1 N
i . 1133}}““—" =lum-= d —=n (iJ =In4-In3

| .JC x=0 x

{ ME[hD(][L lil'n (4;':____;!_}_-_ [:3"— = 1} _ I.“_“ 'L!':l :l.i ~ lim r_i_ ._- =in 4 - in 3

=0 X x=0 5 v—0
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570 ‘?'Wf" !‘ “’ Mel cone i
——— = = e, J‘--!'Ii
. sinx
Limit involving
X
311'1 X i ltiﬂ Ny
i) lim——=1 i) i ——" = |
=0 T
.. sinékx ) . Sihky
i) Inm =k iv) lim =
F—3U X LSRR ”'I; Wi
_ Hustrative Examples __ 7
8.  Evaluate each of the following limits.
. sin3x .. SIn2x . A
a. im— lim—— ¢ lim——
0 gin Sx =0 fan 3x sy

Safwdion: Here

sin 3.x
. SIm3x 2 3 , |
a) Im———=lim— ="« Muliply saelh by -
= gIn 53.- =l ST S){ S T
X
sin 2.x
. SIn2x 9
b) hm ——= lim S
=itanSxy st tandx 5
x
¢) fim——s limg— -1
Psmay 0 sindy 4
X
ln( X —a) 0
Note: lim— = |
i gy | ¢« form —6
sin(x+a) 0
! m— « still —
ke B | _x _|._ fI 0
29.  Evaluate each of the limjl
' t— 3 b llm = =
: - l 6 r—3=i 1“' ! + I
C. l”'n .___1_1_1__ d. hm bln{j XA "'“
_pﬂ_.r +.2‘E i;u-r +"L'L"‘6
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s of them have the form —.
Salution: Here, four 0

»

sin(x-4) . osin{x—4) | 1 i
h.l'll ___’)_—-—- = 'IIITI — . _]II’I] =), — =
il) .‘,_'1)4 1- = -I( ,\7—3'4 x— 4 ,"i_)'q' X 4 4_1_ 4 8
¥ sm{x2 +3x 1 ;,‘1 sin[{(x+ 2)x + l‘l]
= fim — hm
¥ o) y-3—1 _3—_—— &= 1!:?c-klfj(x -x+1)
-~
= : si'ﬂ{'ix F2he+1)] (x4+1)(x+2)
= lim T ™ N "
-"“""L (x+Dix+2) (x+1x —x+1)
ool 2) (=) (x+2) 1 1
= hm — ——. Im — —={| — 1= -
=1 (1+1}(qu 2) X'_}_lx ¥ -1 \3/ 3
... sinx . sinx ] (|
o) lum Jim ——. lim = d.—=—
g 307y 220 5 x50 2 2
Y. Find the limit value of the following.
Co8 (x - ?T,r’f) . : )
: . SInTx . ST —X
i “”?*_’—'--2—— b, lim—— ¢ I —;
- % =l x —1 7 SN X
. « B
oS X SiN 77X '. sin” 3x
hn; > e lim——— f hm -
eF Y X — T =y —xy1—X
4
oty Here. fr, 0
. €. from (a — f) has — form.
E 0
. Gus( 2 ) v o
i | 72 . —8InX
E’_Eﬂ} L= lim =1
X x- 0 X
: b) Lety=,_ 2 1.1:—0
i— y=x 13..1:-y+1,asx-—+1.,1- +;r)
. Ri . - {7V
[ =y = im 30 A3
t X - 1 =30 v ¥= -
i
o limnaycosz tcosmysinz|
{ V3i)



PDF Compressor Free Version

572 Juteodicctivn to (g dnd

— e

s,

4

: . =S8N
since sin 7w =0 and cos T=-1=> lim A s

1) v
¢) Lety=mm—-x,x=m—asx > v->(
T y
= lim——=> hn1—
vz sinx 0 sin(ar —y)
m ¥ . Y
= lim— —Jim——- =1
14 8in 77 COS ¥ — COS T 8IN y =0 5ip

R COS X ) COS X
d) lm———==>Im-—r—

3 i f
.r—-_s'—T-, 2 gr f x-—b'}’,_-' T T
i /2 ‘.‘:-— 5 l..‘H-—
AN

T 7T
et X—— =)V =2X=)y+—,3->
2 Z

7
cos( e+ } :
;. . —SIny . I 1
= lim - _2——:>11m———’-h1n - =
o () L T S

Sif x 1

¢) 1‘“_1““—‘—,-;_ 5 & Exercise Icft for vou, Ans. —
I—¥Fa X ._?z- -~ 21,[

| a
sin” 3x : sin” 3x

=i :
.Il?f}-r(l__ r'l____‘_)

1) lim
r=0 X

— X | - X

oy
< sin” Ax Tt i 5 i,
= iy ’ . sm Xy I
A “H—.I I+K“'-.'t' .‘.‘[[-—[I-—_T‘H N—n

-

. (sin3x)°
= tim S5 )= Gy 2y 15

33.  Find the limit valye of the following
a. lim2xese i
lim 2x ese(3x) c. Him xSy
b. lim rcot ]
im rcot 3x d. limn v tan—
B A
Solutivn: Here
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R =
—

ot — e ===

M =

. ?¥ )
! R ERg B - ___.. — copl _ e
Iyjescl3v) =» him—
X h[l!_‘ } voetogin )‘\ 1
. X i
inveol 3 S him——m—=

S vt 3y 3
| o
) bt ‘ = ——= = X == == s N e i
iy \
<IN )
= lim =, ==
e '!“
) | |
ho Lety = AN U0
' L
[} ! tan v
Vb= by v otun f o him I
L \ . ,’ V- ’r] 1

U ] T : _
L I . =COS'X . ol =cos{ax) .

, ey lim-——=" = 1) Iim =

g_”* -t .. h “':-

b':* ,"."_n.: o1y s s o
“SEfitthas — form.

- .
m—0lar) 1 cosax 14 cosax
=y ) - = ) e
X v 2 | + cosan
H ;Hm'i 2.2 fim ]
"ol 4 Y -
}f | % Y cos ax
2 [ 30 , : J '
lim 21 ax 1 sinax | | u
B e mE i ——— | - =
< e ¥ 2 2
g
L
-
144
Fin g  Mustrative Examples
d L valne of the Fotlow iy
'.'
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574 I _%fiﬂfiiffm" b limit ry, g
. 1—cos3x . lan®
2. Hm——— c. lim ——_2
v—2{} "{“' v | -+ 8ec 3
cos4x -1 , : ¥
b. lim = d. hme—__
F—=0 s =) \/ — o8y
| 0
Selution: All has — form;
()
1«—{.0531 309
a. lhm——— = — = —«¢— from (ii)
F=+{) X 2 2
. cos(4x)—1 cos4x—|)(cosdx + |
b. Imm ( _ ) = lin ( . ( )
w0 X~ A ».r X (cosdx+1)
. cos” dx—] |
= lim > i ——
¥ Ny (cosdx +1)
: sin” 4x |
= im-— = lim-——
At vl gas 4y + |
: sm 4x 1 -1i6
- _([l \ — = — -—-8
\ ¥ :{1 J 2 2
. tlan‘ x ec” v —
c. lim = lim see” 3 ﬁl
“alisecy a—wr | Lgecy
. (seex—1)(x 4
—Tlim x—1)(sec x H}:—l—l:—Z
=31 ] -+ Sec X
. X : '1+cosx
d. jln-l e hn‘l . v ____
Pl-cosx 0 f[_cosy /I +cosy
a X
= lim I FRT—
N I+cosx
—Ccos” ¥

1 X 5 _
= lll-m‘\/-‘__‘“‘* lim I+cosx =lim ‘/?—:

ﬂjn ¥ x=al) R J Sln s l

= him = \/__\/‘

U 8in
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= P —— — ,____3 iliﬁll w ﬁfﬂl—t— m'dc’ﬂfmtg
s Efsf'f_,ﬁ-;#"—r;:'f - ==
' f sinx, x>0
o lim A2, since | sin x |=
. s t.r_m' —5in X l* sin 2 Ly < ()
£}
| ' fim H!___:i_.;_ doesn’t exist because the one side are not egual.
| "l \}1 cosX
v
L lim ——— doesn't exist because the one side are not equal.
: =l \ 1 =05 X
I - -'{' l'— “ .Y F
} lim ———==-v2 and lim —= ~ 2
A | = ]l —Ccos X =0 ] —cosy
\[3 7. Find the limit of the following.
1 . sinx . COSyXx . 1
¢ a lim B.  Tim —— ¢c. limcos—
‘ £l N X — Sy vl X
. Solution: Here
"' I
f . SINX Sin X
. alim = lim~fx ——=001) =0
! r=sll JE _\,_1:‘ T—)‘H x
" eacfnt
. GOSN/
. b lim — Vi :-GPSLO ) _ ] =0
| B Y| S
f h | 1) . — N
LM COS — = Cos - 1= cos(=0) it is oscillating letween
| w0y ot
T and |,
(8 o
| Find the limit of the following:
5 . an y—eif ¥ | rsindy
| Qg BULE C Hip———
osl) e : b | —cos4x
b e SN —2) 4% —4 (T
i I =2 4T 4 d limn .rsmt-J
Y32 X—"2 i =33 N
n
| SIN 11:_
I Sm :
| % ]rlm (21) f lim | -—;[—]‘1"
o | " i
r " sin(4x’) o a
[
(
n GIGFAL RIni ARV PO CFIOELAL U kT p"'":' ‘j '-""'_"l"g"_:"'"' “':"”hlnvﬂuruhe Dsiagian O, 1] Erhigogria
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= :L,,g

—_—

Salutian: Here, all has E form:

sinx .
tan x —§in.x cgE e
. tanx—sn. - COS X
a, lim = = lim R
30 X r—0 X
. sin x(l —cos x) (sin x){’l COS X Y]
= lim ( = lim Lt s — 29
) X COs.Xx X -*” X7 cos x| Tu;, ¢
sinx)1 - cos” x) I Sty
1 _(,,,,,”ﬁ?_ ~ = lim-— _' sl
pls X COs x(1+cos x) I
. sin(x—=2)+(x* -4 . sin(x—2) <l |
b. lun ( ,,,_,( ) = lim- —|lII|=—-——_
i X -——2 ¥-rd X = : ) -—:
= (Nlim(x+2) = (1)(4) =4

. Xsin4x : xsin4x(l+ cosdy) :
e. lim—— = hm :
01=cosdx =0 (1—cos4x){l +cosdv)
. xsindx{l+cosdx . xsindy |
=> lm ( 5 ) ==> him————. limi] +ees 3
50 | —cos” 4x RTINS 5 e &
X
— lll'ﬂ—'——‘——'——u =+ 1) = L—‘(z) ==
=g 4x 4 2

b ]

: . [ W
d. limxsin [-—j < exercise left for you
X

-

sm 21 l
sin? hm& J |
e. TS 2% _ oo | 2x _8_5 |
s gin 4x° . sindx’ 4
hmd—

457
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. x]
s =
n

I

N B S S T mnr =«
\l‘. 1=l X
'y Find the limii value of the following;
' . |smn9x
4 . lim (bsin2x- (G +3x) b, lim
. ¥-30 =3l X
; . _
N . Sim ooOXx , 31_5]“ 441'
e bm ' d  lim ==
e x ol Zx =0 v+ 8Sindx
. c08(5x) —cos(3x)
o B (5x) “Lﬂb(_ 3x)
a0 X
Solution; Here
alimfln(si 2 . sin 2x )
; imfln(sin 2x) - In(x” 4+ 3:x)] = lim In| —
=0\ ¥ +3x)

ol SIN2x R 3y
_hj(hm l'_—l—‘J:hltgjzh‘lZuln}

2 % pad 3
b g %% [ s Ox
EIE} =, /lim = =J9=3
- X =0 x '
o o | sin ¥
Lety sin3x = SINp=3x=>siny=3x == T
- sinT' (3
' ::’EI_I:I}%-—._@_}Q =l et :_3._
! : 2x 1) sIn p 2
} 3
d 3 . 3x—sin4x
i 2X ~sind +  3-4 -l
B s =lim A =T
SINSx <0 x+smdx 145 6
X
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Intnodicti Y o
e | R o it e g, ”
1. COS(SI) 'COS(B"-) _ hmEEb(SlJ "‘I + —COs -‘_‘;‘ |
c Tm_ T 2 K= xE T —
X
. _cos(5x)—-1 . (l—cos(3x)) =25 ¢ _ ( el
:':-"'hm ( ..') +IIIH 3 —_—— 4—-—5_.—_-__1._:1______‘3 o
x—0 > i T—l) X 2 2 2 ;
. . COSX
What is the value of lim
=0 X
figy SOS% 1 i COSx _ 1 o
o =5 %, and Bl =——= == =npr ) Midicates yu,
g = X U
small negative number niear to ().
COS X i , . i
JIm——= duecnt SXI1SL, sinee it is aot finile,
=Dy Al
40.  Evaluate:
. S8In3x . COSx lan 2
a. lim—— im—— [y |
L L X N—3m x Tt 3\ J
Safiction: Ters il
. 8in3x 0S¥ o
a. lim = b lim o _ 144
A= .x' T _‘: &
e i AN X | :
= A . = exercise lefi for you L
Non-existence of limit ,\L
?e mﬁ‘cﬂndjﬁc’n for nomexistence of the Jimits. %
' the one side limit oy dded Hmit 47
. “1€ not equal. then the o sided Hmil i
doesn’t exist. . - 18 =
For example 1i \.t - i . X i L 0
Ple, lim = doesn’t exist e hm—=1and im—=- {=
1) Someti x = K = X “
Elim h - =G . -y fi LY
the ’v’alueejfﬂt?le sided Ortwo sided limits wil! tail to exist hF-‘”;: I~
called j o e.ﬁmchﬁﬂ ncrease or decrcase without bowd 07
called infinjge limit
Infinite limits 5 |
: nd vertica) asymptote

e B L
tool and symbol for describing the b[]ki : ;
" COMe arbitrariv laroe positive vr ezt i
Definition [Infnrmalj ME arbitrarily large positive vr
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\“\‘r it

N (afimite Jimmi -
5 glose 10

Inteoduction ta Pimis aad contingite

=

i If the value of /'(x) increase or decrease withour

. RSN
from the right or left, then we

l.'."ipl-ﬁ ‘\fk'.r.;‘q_l

bl mf (1) ==
P od infinite Hmit T

E
i Two sid _ |
; ﬁﬁn}f(x:l:fﬂ' and 11111_ _f(x):gg

P Tt
!

2lim f(x) =00 <= two sided infinite limit (f (x) inere i

T30 LGS B

i |
f,. without bound). Example: lim% =
I!' T—=0) _-rl
|

(A lim /(x)=—o0 and lim f(x) = -2

e I |

|- E!E f(x) =—e0 <« two sided infinite Limit (f (x) decreise
|
|E',_ i Wilhﬂl_[t hUU.TId) Examplez lim_z_._ﬂ; e g
L * 2 x—2)
Ir—-___,___ -

One Sideq infinite {imit |

U Vi o
. ot T =0 and lim f£(x) = 100 or |
i f X)=<_ . 3"—3({. ‘
I‘n‘g ()= 4o and Wim f(x) = —w then it is called one =ided |
Mite [imjt e l

Note: T
il hﬁ i T .
Mches SESE ' (x) approaches oo™ is best 10 say that 1 1x)
1 “approachable or 1 (x) goes to infinity.” |

Aling X=ga: Vertical asymptote
! = 5 z " - .
lr!‘r‘."--’“"f(x]l-fehh 4 Vertical asymptote of the eraph of functon. |

er | ; . . |
o REJ(I) =Zxx or lim f(x)=+x

i bﬁ A—ru
d L 5{“"1—-%__ .

Ji E"’ﬁlu.ale and die, MMustrative Examples —

Yerticg] o, discuss the one sided. the two sided limit +alue @id

] Iln] <] Ymptote, of the graph.

R . a4’

e b . : _bi . | + D

¥ 2 5. im ¢. lim

W r—2 (1—2)1 3 ¥4 3
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ESU - Jutucchmtﬂfmfum; :f_’d Wﬂﬂn
oy 44 . 2% ~4x45 ) .
a. lim - e lim ‘ L. lim X1 g
= x=1 ERE A ‘“"".Y‘+E.t~3;:,. _
3_"'.1. i .a'f_.‘—“."f ) . X = x i
g lim— h.  lun = | lim ﬁ-—}__ i
kT =2x ¥ = (x—1) =21y |
.. d—=x . x—3 i
J. llm— e k. lim 2 I
r—d (x--éi)' T3 (J’."‘_3)_ .
Safution: Take 0 means slightly greater {hyn 0 (very ,,;[‘_f |
positive number) -
0" means slightly less than 0 (very small negatjve number) gl
1 I
——— ——— =iy
07 very small positive numbegr
[ 1
0" very small negative number
- =] =] _ .
A lim——= 9 A e o % s—right side infinite Lmi
-2 22 @
— =] -1 o
hm. - = o T <= left sided infiniie limit
=t x=2 =3 @

“X=2 15 vertical asyimptote

l 1 - '
o Jen T P ¢two sided infinite limit, Limit from eah
= x-2) 0 ,

side is c0. = The fine x ~ 2 1s vertical agsymptote.
. 2x+5 - -
c. lim — = "—téj:—i = -—-.1 =0
0 x43 ar 0'
. 2x ~ -
07 243 0 0

S x = -3 s ventical awmptme

§ .
d, limf—fi—-bi S = oo, lim x+4 1+4 LR
=X~ 1" ~1 OT .-.n _.__| ] -1 0
O 2l vemcal asymplote,
€. ]1n‘1‘2 —Ax+5 lﬁ:]_.?f_fj !

L 3___:,(

_.-“'-—-‘_.‘j:.

3-3 0
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j\ }.xl .4543 s 5 — — =00 & X = 3¢ vertical asymptote.
f TRy O
!I.: L :+} i x+1 _ —2 B
B —= 1M - ——__—:
f [ﬂﬂﬁﬂ =3 (x=INx+3) (-4)0
i+ -2

~0 & Theline x= -3 and « = 1
T3 (40 )

4 vertlﬂa] ElS‘_‘,'mth’tC

Yo fism 3—% 3-4 _—‘I___’r
- 2x85oF (M) (x+2) (O NE) O
3~x =1 =4

l"fw Nx+2) 0N O
-hh'mr_.‘r .mx(x-l] i > 1

3 = = B2f)
Al (T—l) 31" (x—l) =1t x—=1 ()
. :
I
i ll!l}‘j——-—'t?Z lim—— = -1_ = —og
il ‘}:"—1)‘ =51 x.._l 0_
]
by o1 1.3 g & =3 =3
STy === lm, — == -
+ (x+1) 0t g x> (x4 1) 0r 0
2
e iy ¥ —2
'“'“(x+])’ ~90 4 two sided infinite limit (limit form each side
].i-m)
j Iy -
. o 1 -1
S PR S T i 1 8
R (x-4% of
xll --:1-‘1 —1 =] l 4__\ s &
i Et‘.’.’u [x—\q"'j X—3d (\Z—lj{? ﬂ]- x4 (\_"l"'
¢ Side ) [
i liy _¥-3 'inite linit. 1jmit form gach side is —©.

X .
e (x- 353 Exercise left for you

e Dwried Library {oe wuimpian i noto nvﬂu'rube Calgitnile
b = | i

L Ethaopia




PDF Compressor Free Version

582 Fudnacluctinn g ¢ »
— —— — Wty
Infinite limit involving logarithm o
42, Find the limit of the following. :
a. lim In(y—1) ¢ limlog, (v - 4,
e paad | e :
b. lim In(x—1)" d. limlog, (x--3 F
.'n'—}] 1.__’3. e . . =
oobution: |
' F |
a, hm In{x—1) =—»
y=sl” ;
. 2 9 i
b. lln}+ n(x—1NH —cand lim iy =19 ; |
=2 =l '

: 2
2o lim In(x—=1) -

i
. limlog,(x"-4)=—= 4 limlog. 1v-31-4 [
43.  Find the limit of the following. |
a. limtanx e. hmcotx
T- 5'.‘ S JT1 5 |
b. limsecx d. limese
T .}:: N="FIT
3 |
Sclution: |
a. hm_ lanx = —w and [im tan x = ¢
. T
3 2
b. }Exn cotx=o0 and lim cot x = —x
¥ A=A
¢. hm secx=—w and lim SeC X = |
L .
d ,111}11- CsCx=—= and limcscy =~
= A=
1
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S _
mnrizontal asymptote
|_' |

TIntraduction to bimit and contittity

- ﬁﬁﬁ_ B

o7 of a function tuwarc_l the extreme value of its dorain
o5 called end behavier. Here we will use limits 1o
he end behavior ol the function as x —eo. 11 the valye
loser and closer to & number L as x increase without

|

‘I']ﬂ hﬁhﬂ_v
& sorretinn
prostigate ¢
of ) 1) B4 © i Fla) =1
: write Im f(x)= L.
byund, (et St ()

itthe values of f(x) get t:_lusBl: and closer to a number L as x-
ferease without bound. then write:

lim [(x)=L

X-n®

pefinition; A line y = L is called a horizontal asymptote of the
auph of fuunction it lim f(x)=Lor lim f(x)=L.

{ 3= T
. Wustrative Examples R
#. Find the limit and horizontal asymptote.
. S5x*4+6x— Inx—x
. fim J:GA 3  im SInx—xy+3
e Qx4 9% GOs X+ 2X
. =2 -t :
3 +6x° —7 ¥ 3y
¢ lim i +6
X3 3x = 10

S » » r . L]
elutipy: \‘?E can divide the
highest power of x.

. 5 6 3
v [y t6x-3 0% T3
T = < s ivi merator
k=3 43{_ 7 xﬂ 4 . 7 div ide nu
8
aNd denominator by’ = M — § «- horizontal
. 440 4
Symptote

lim 22X +4x +5

¥ 3.3 Divide the  numerator
3% + 61

numerator and denominator by

and
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S e o

::. S.Ll jfl—t"lﬁdﬂdiﬂi’?- fa &'Jﬂfz tified mwﬂuify_
4 5
2 bt
" 2 P —2+0+0 =2 o o :
= i — =—— —— = - — «horizontal 2 5
o 6 7 340-0 3 at
. o
. Ax+6 . ,
¢. lim——— Divide the numerator and denominator hy X
= 3x—10 f
6
4+
=5 lim £ 30 44enl izontal
= = —+4 honzontal asymptole
ey 107320 3 e
X
sin x 3
. SiInx—x+3 . M 0-14+0 -1
d. Im——m——-—— =i % X — L PR
T RS X+2x vex COSX 04 2 2
— —42 = -

(23

45.

% 3%

S = —2 -~ <~ horizontal asymptote

COS Xx

lim =0, ~y=0is HA.

Show *_chal the graph of f has two horizontal asymptotes and |
determine. )

. % %] 357 -6
a f(x)=— : iy =22 =2
x*+1 - Jx) = b4
: V2+4x 1=
b. f(x)= d. f(x)= ok 1
X | V3-x
Selution: Recall that, | x = Lx2
X, X< 0
I X ..'l" A _;_'1' . 1 ]
a. lim— = Iim =lim—— =1.y=11HA

e TR

N—pixy

2

X
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g -
ir| llm j-:"' l :-—1 e y:‘—! iS HA.
hm Sl -“‘1‘+1 hn11+-——
4+— X 4-{——
o i es \[ | ‘\/

fiy=—"— =

2
LRI 4+—:
= im 5 = =2, ~y=is HA.
| x|, |4+ 2
x’e'l.l.hﬂ' ]J]Tl_ l —_—2? ,‘.y:_z 1s H.A.
N—F— x

| 6
;s 6
, f@-pm:\/ ( x*..) 1:\&3 °

e S

, lx] (3~ f}

:, Fa

IITTT_‘ \/‘ y—\.ﬁ is H.A.
1+ }

X

g, i 2
"*rpmh‘_""'—zﬂ—":— 3. sifice x < 0. L—l-—’
x[1+_) X

Y=
_ V3¢ Horizontal asymptote.

y
| hmf\a a3 =3
V:s._x =tm |x __ 192373




PDF Compressor Free Version

586 .?n_:'.m&ﬁwﬁlm ta Einit and coptis ity :

— e —

46.  Find the limits of the following.

a. limvx*+5x—x c. lim x/m“

e —_— = =

KL X~

b, limyx® +3x* — 27 d. lim 2 34+4x - 6

X- b0 X o 1482

Selution: Here
. "
(y/xz +3x —I) (V’}:E +5x +.t)

: 2
d. m ¥x +5¢-x= lim —

o Yo J 2 L5
X IxX'H.X
2
o Y ’r_Sx-—:cZ . 5x Ay
-.r-fglw 2 T _l'““ - == = lim ——_—.'”-1—4 = :
X +5¢ 4y OO TE 5 | x>w "oﬁ R ﬁi
V‘ I+~ |+ x o i =4
X V x
b.  hmx* —x ci ' »
m X @X—x % Excreise left for you. ff\nsi)
, Vx' 4357 — 2, 52
. 15;1\/1 +3x° —y? _hm_(____ﬁ______1i )r“/k F3 4 )
£ X—Fz 4 3 5 — 3
5 g B 1
X +3x ~x 2
= L - = 3x
: ; 3T 5= lim — & 3=
.\—9#:\11._1_'_31 2 v | Fooo——————=0tm - :
3 X +x ¥ / 4 3 } 5 !.'—.—l-'.(* f_ = 4'.'
- il ¥ * T T : 3 2 8
yl l + Tt X ,!-a- -;+l
a \ =

= .
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i _
of function

T. mlg}? confinuous means without break. The graph of \

. UoUS function has no gap, no jump, no hole, ]

N ntmmw of a function at a point | |

< [m;j won: A function f is said to be continuous at x o

| onded the following conditions are satisfied: |
Ly fla)s defined 1) 11_1;11 S {x)exist

iy lim f(x) = f(a) |

|

e

" _ Tlustrative Examples .
4. Diseuss the continuity of each function.
i B.

y=fx) A

¥ / - y =f(x
L sy

Ay AV

¥ = fx) y = f(x)
= I'ix
,-H?'r_'-—j ,lj

‘! X
| :mt"““ Here
i s et
5: ill‘n f(x.) does not EKISI violating 2 e condﬁlDﬂ
_*_ y  COPtinugus 5y x = 4.
- : v = o : i
* ) {’}E f(r) exist 1n) i (;i} 15 dsﬁned. bu
| L )

e

i‘. i . = i tEy
. Iilmf (x)# f(a) « violaling 314 condition
¥

Snotcon. at x =1
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e

e. lim f(x) exist, but f (@) is not defined, 1y violtgy

V=r
condition. - y¥=_J (x}1s not cont, at x = ¢,
d. lim f(x emat and hm (x (a i
L] I ) f Y=flayny =1 i5 Coy, g
X=a.

A8. Determune whether the following functions are continyoys 444
indicated point. s g

Jx —4x+06,x<2

a. f{x)= atx=2
[-,1 +4x—=2,x22
x =Tx+12 e
b glx)=1 x-3 77 Tatx=3
=1l fx=3,x=3,
[;(x+2)]_r+4t p
c. kix)= x+4 ik
1~2, it x=—4
3x+5,x< -1
d.  A(x) —«[ : at x=—1|
|27 44,05 -
& R{x)=[x]-zatx=2
8N 2x o
1. f(j'):- x I Z# 0 at x=1(
2 if x=0 A
1
B, f(_Xf): (1_‘_3.}:}; ]f I#O atx:o.
; 3 it x=0
Selution: Here, yse the three contmmt}r cenditions.

. To show continuity at x =2, 1) f(2)=-4 +8-

1111:1 JTx)=2= llll'lf(l) = £(2) jherefore a
mx~2 &

. crlghiioy (Mereny for Scivimpine oot ﬂv T be
BARNER N PRl LEORET M LW FUM B s iacammry g VIR TR & 5 I ,||  § 4 |’I‘
n e < OB ouTu :
e




- (

{

—3)(x—4)

g(3)=--1 and 11mg(x)~—l1m s

x—3

X—-3

— lim g(x) = g(3) Therefore. ¢ is cont. at v — 3

g | %3

ki-4)=2 and limk(x) = limk(x)

k——47 ks 4~
= lim &{x)= lim L +2)=-2and
r.__-,_4‘| }\,—’}—4
im A= lim —(x42)=—(-2)=2
hm  Aay=  lim k(x) =
(—r-4 k——4

~kisnotcont. at x = 4.
h{-1)=-3+ 35 and

.}in_ll x)=2 = }nn hxy=h(—-1)= h
=],
R2)=[2]-2=04and
hmR(t) = hm Rix) = limL[ZJ-]—E—U.
R x—52+ x—2"
= hm L R(¥) = lim [2 1-2=0, also
—2F x—2F
I. s ¥ [q o
SR lim (71-2=1-2= 1 = T, RE do
NOt exisi.
“Ris n0t cont. at x = 2,
l““f(x) hm BHEY e lim f(x)= /(D
=
*Tis cony ﬂtx 0, therefore, fis cont. atx =0.
hmf(f} =lm(1 +3x)‘ =e' =

r=3f)
0

“Tis “Ont. not at x = ().

lim  k(x) doesn’t exis:.
k>4

18  cont

l1m fx)=J W\

HS
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_‘_E____::_‘_

One side continuity
« A function fis continuous from the right at y =,
that lim /(x)= f(a).

A=

o A function {18 continuous from the lef}

that lim /(x) = f(b).

Provideq 1

A2 = b provideg {8

R _ Mlustrative Examples .
49, Examine the continuity of the following:

a f(x)=v2-x,atx=2 b, f(x)= ,Jg;_l.z =3 @
d. f(lf) = \}4__ 2 , at x = ’1,._2 c. f{“ =|x]atyr=4
Sefution:

2. domain = {x:2 -x 20} = (-w, 2]= im [(x) = f(2)=0

“ f1s cont. from the left atx — —
b. domain = {x: 9 - ¥* > ¢y = -3, 3)
= lim f(x)=7(-3)=0and = lim F(x)=f(3)=0
Iy 3 e -

C. ) Ex}m4+ F(x)=4 and xiﬂé“ fix)=3 and f(4)=4

=%

—

Airg + 10 = f(4) = 4+ £is continuous fiom the right ar x =4,
d. Exercise lefi for you,
Continuity on interval

i function is confinygus on an interva! il” and only if 1t

contiiuous at every point of the interyal,

A T E“M““_"t}’ On Gpen interval 1

fMelion fis continuous on an Open interval (. A) il it is conlinuobs®s

each number ing; . : N AN Tt s

_ﬁﬂ;rumde the interval, Le, lim f(x)= f(c),forallc€ (a, "R
A 1

5.; :

2, Continuity on cl i
- . ity osed interval :
{3)& ﬁmcn_nn fis Lontinuous on the cloged interval [e, b] provided ek 3§
%. J1s continugye on (a, b)
1) fis continugys fromithe right [im f(x)=f(a)
i T . =Y '
) [ continugyg trom the left |jm f(x)=f(b)

N -afy
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——

((inuous sunction is one that is continuous at every poinl of

'-f‘-’ \ cont
< 0 mﬂm
I' u(g.Wll't

g Lypes qre CONUNUOUS function at every point i thee
L omial function are continuous on (—oo, ).

Polyt
Absolute ¥ alue function.

Exponmtial furicrion.
L.:}gmnhmtc function
, Rational function

e

L fllustrative Examples ___
?[Tfﬂnd the mammum possible interval on which the  Bifietion 13

| Conminuous.
[ 2 1 o ___—‘v :
L f=a br+ % b. fﬁ)_\ l c. Flx)=" X _f
4 X’ !
=5 e f(x'):anzt ¢ ) =-o-
! r | '1_ r
&3 f LT} = k. - _ x _ _ -—_ :
= = W=y

W _ _7 7
b i0=finds k£ =1n| 2 21} L fw=x ]
€& —

o P = 2
=X+ .
6x+8, Domain = [x: x€R} -~ fis continuous on. = @)

r'b' ffx)-]_ﬂf__'{l_ D _ L . i
: omain — {x: x £ 2}= fis discontinuous at - -

*fis Eﬂ-nt1r :
A e on (o0, 2), (2, ©0).
[ 2 X =Sx46
f is C{JE'II sy
mimitson (-2, 3.0.2.
Us on (—oo, -2, {_27 2)., (2, @)

4 ¢

| " My X
' 2 oD

X 19 omain 4x: x # -3, and x # 3}

Domain= {x; x# 2andx -~

2figg
H
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/18 continuous on (=0, - 3), (- 3, 3), (3, ), “%
e. [f(x)= Jx—4, Domain={x:x -4 2 0} =14, ooy
= llmj(\]—f(fi) -Oand a € [4, ) = lim f(x)= fta)

My

~ {18 continuous on [4, o).
£ f(x)=+9 _4x* . Domain = {x : :25 <x< %}

_ _ -3 3
~ fis continuous on | —,—
- 2

Domain — {x: x> 34 = (3. o)

e f(0)= J‘—

/ 1—
flx)= -, Domain= { Y Ull =110 gx<l)
X J

i3 continuous on (0, 1],

3 _ ax—3 _ | 5
,Domain = {x 1 — - T:GI il PRl R
; L x4 4

3
= f1s continuous on [—ﬂ:;-) U (4.92)

J- flo= \)lﬂ\f_ Domain= {x: x >0} and [n\,\_}() [ el |

= fis continuous on |1, ).

K f)= L} -

Using sign chart, critical point x = 2, and x— 0
c0o 0 2 o

X'—=2

J,Domain-—' [,1': ==
e' —1

x—2

X-2 - = 1T
e — | — |+ |+
x—2 + | — |
E *l | | l

) 50).
~ {is continuous on (—2- 0y U (2

f(x)=2x— [x], Domain = ( 0, )

;0N
oS!
Even if the domain is (—%0, 00) but it is not con!
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W,
N W Cubinuity

ﬁmu@l.]b on oL o _ ‘—I) [—-— {J) lﬂﬂ l)- [_].. 2) .
e ¢ +1), k is integer since hm f(xX)=k™ —[k*}1=0= F iy,

dight side continuity. The greme'-:t integer function has Jofi i e
fiscontinuity on x =K where [ is an integer.

/) =tenx, Domain = {-“ FXF —z'k .k is odd integer}

/ 2 =
i =2 —n —7T T T
| fiscontinuous on: . . , s | —— ‘ __ﬁ:m: '

ifinding continuity interval on piece wise defined functmn
llustrative Examples

5. Find the possible interval on which the piece wise defined
fmtcm:m 15 confinuous.
s
=i O +6x+8 Fay®
; Ty [ : = —.xaf)
L=y x+2 e d.  fx)=1 -1 B
2 if x=-2 3—x,x =0
=< 3 - 1
f¥)={ 3 e =2 1 Ef=2
9, if yx=13 l-x, if x=5
";ﬂxa.:rL if x<4 L if —4sved
| r—4 f. f(x)=<x
| A=4 if x>4 -[1 if x=0
2]x* —¢g 2(x +8)
b . L £
X)= lfx;tz . - < o
j %) x~2 h, f(x)=9 x+2
. 6 if x=2 16 it =
“lay, Here

b
r..,r{llf(xj-- hm (I+2)(I+4} —7 3 d}f'(_r ::2

18 ooy T x42
Mugug gt each x € (-0, =2) and (2. ).

i
:mf(xmlm (x=3)(x+3) _ _ 6 and f(3)=9

¥-33

xX—3
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o

— lim f(x)# f(3) = [ is discontinuous at x = 3,

A3 ,
~ {15 conlinuous on (-0, 3)and (3, o). ! ;ﬁ;
¢. To show centinuity af x=4. o

1 l -
lh Y)=——=—= andf(4) =0
im0 =370

— lim f(x) # f(4) thus fis discount. at x =4.
o ¥ i
~ [1s continuous on (—¢e. 4) and (4, o0)
d. To show continuity at x=0.
o x(-x
lim f(x) = lim i(-——) =0 and f(0)=3
r—{ ' x—0r xX—

= lim f(x)# f(0), thus fis discount. at.x = (0 ", fij=

y—ll

Aq
) Mg

— continuous on (-ea, 0) also, li[B Flx)=7f(0) thus f J:_
K=

continuous [(, ca)

« {is continuous on (<o, 0) and {0, o). N | sAi-
e. fis continuous on (o0, 1) and [1. ). Since 1t is coNUNUOUS at 3=l
[ [is continuous on [—4, 0) and (0, 4). Since It 15 discontinuous at ¥=
0, lim f(x)=nc (limit is doesn’t cxist). 1

r—i) ;
g. To show continuity at x = 2. . e

2(x ~ 2)(x +2) -y

= lim f(x)<e lm —I—l———wz'}.(ﬂzs and 3
XU x—2" =2 | h]
2(—~(x=-2)x+2 . R
hm Hx=20x+2) = 2~1)}4) = -8 i
x—=2 =2 g? 3 a

: . - : (x

=5 lim f(x)does not exist, so that /is discontinuous .

—2 ) v

~ [1s continuous on {—o0, 2) and (2, 20). l
. To show continuity at x =-2. .|
. 2 _ Byl 1 4= 10
s lim f(x)= fim 20+ D 250D _ g 444700
i =3 X=ax=2 X + 2 el ,L
¢ 1is discontPEg

ndf(-2)=16 = lim f(x)»# f(-2) sotha 3

X~r=2 L

|
=
L

alxy =32,
= [is continuous on (—en. -2) and (-2, @).
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) FJE
' ining the value of canstant k, from th
(m

: function )
pied Tllustrative Exampl
Iﬁﬁﬁluc of the constant a, b and k

2 L ;
' etion is continuons on the entire real

e continuous piece wise

es

so that each of the given
line.

{r Z.’f—l ]f .\'i:l
X, x<2 ‘
v flx)=9 | b. f(x)=<ax+b if l<y<?
ca e 2x -3 if x>2
2x -3 1if x>2
| L
l 2 2 o
i X' —a sin Jx
|. if x=a ‘ X >0
i¢ S)={ x-a d. f(x)=¢ 4x
1 §if x=a k- 2x,x<0
iy_- r'{.l.} 31._'_4“\:5: o) ax_ +hr+d if 2< e
- ol =% , f_ (= Lk we=3
|_ f? 5.2 Jixy ay + !I X
T f _b.r+61f x>
i
g— ”l‘}-_» VJT_‘JF‘-‘-I‘— 3, it 1 Sx<3 J'ﬁl'{‘:—l“+[| iy =2
T he f{x) = ’
. ) ¥ o=fxkk, iFxel Lh' if w<2
TPy
: r<a :
L d6y—a S5xcotdx,x=0
Ailasy<p )=
i ’ A 2 " ==
248 if >h &% +1, if x=0
X4 B}
+ 1. X)=<tanx
Bt x—2 s F@) ﬁlk”?—f}“
IR lLHIHEI'«‘: 1
C iy gty =g
b Si *H?f(x):‘“f(z):blimmz=23::~4a:8¢'—’>a:2

=27

¢
Tl Continuous at x = |, 2.
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596 _ _ o mlmd‘unmﬁmumdmm% : r/
SLES - ',I

:>l1m/[r)—lm:1 f(r):>hmarJ-h_hmiH?_ - '-“

X a—=l" 4 4 4‘;

3 9 ]2 _ h
=g+h="+—=—=3..(%)and K

4 4 4 '1

lim f(x)=lim f(x) = lim2y=3=1lim e+ b= 4 3~*‘%‘|

_'I.._ &= p__ 1—» .1_ L R

Eﬂ+b:>2df'b**]‘..(**)

.[(i' +h=3 _ %
From (¥) and (*#):- —a=—"2andh—=35
| |2a+b=1 ,
C. Since f is continuous at x = 4. E | i
x—a)x+ :
= lim f(x) = f(a) hm k¥~ 2L FHd) = f'(a) 4
Y=+ __)l-'_a L
< limx+a)=8=2a=8,..a=4 ¥
d. Since it is continuous at x=0. 4
Ly
= lim f(x) = /(0) & lim BRF 1) |
a—l} s
3 ) £43
<:>~—~=;’q:‘—0::-_k‘=E Ly Sa.
4 4 2
e Since it is continuous at x = 2.
= lim /(x)= lim f(x)}= f(2)
232" =27 i
13
= lim Jox" ~5 = im3x+4<> 4k ~5=10=4k - I5ek=7

f. Itiscont. atx=-2 = lim #(x) = lim f(x)

¥-2

& da-2b+4 :_'}ﬂ'_l_b also cont. at |.
:*»Ilmj(xjuIm1f(.1)<::>b+6-u+h+4::>ﬂ E
Now, putaﬂ21n4a—2bfﬂ——?.d+b:f8 b+ 4="4
16

Fr 16 ~
ﬁléhjb;bz—é—-.&a‘:;’_mdb'— 3

g, Since it ig continuons at x = 1.
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) Jabroduction o Gimit and continity
o b o =

\ E _
J\"/f; lim S ;()C}IIIII\/—X +4x— 3>‘—l|m\[\jr .
! ghm.f{ ¥ =1

f&a ,4,\,‘1 4+k =>2Vk—3=0=k =3

o Sjace it 18 continuous at x= 2,
) k2 —2x+1)
N ; - lim fl(x)= lhm G = = hm 3x
Y ?.'“?ﬁ flx)? s I x—2F xX—2
P R
Hop -3 -1 =2 -3=1oaF-3=1]

=1 > .
k=22 —xﬁ, J‘Z . The solution set = {—2, 21_.\/51 \ﬁ'}
i Snecitis continuous at x=a,and x=5

2l f(x)=lim f(x) &> 6a—4=a" +4ea’ Ga+x

T=it X—4a

la-4)fa-2)=0=a= 4 and a = 2Also,
1mff3.~ltmf(x}<:>26+8 6b—4=hH=

e 'Jandb 3, rejectg =4,
3 ‘rlj_i.]_,fb) U ES lm} Sxcotdx=Fk" =1
U

; . Sxcosdx g
i qkﬂrﬁh—_‘“‘“k‘*lﬁz}hm——b——hmtos—h =5~ +1
- SN 4 x 50 Sin( 1) 1)
d \
‘:3’:1*=k*% L k7 :E_lzljk __11
| 272
Sil= A andkz-l_
g i Bgar: E 2
| EreIse lefy for you.
4 31 f(«"-)-- li kx :
g I f(x) < lim I, PN S

-

ki~ ) a—=0" {
- an x
ol Cunt, =4 Dk+1)=~0<s k=2 or k=1

Theg, I:Y]j cumpnsﬁlons of function
Hu Mg(x)=1L and if the function fis continuous al 1

ey

_—— =

|

wl-) that is lun fle(x)) = f(hm g(x l)
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___ Dlustrative Examples

51 Find the maximum possible interval on which f_“:'ﬂ-;lmu;f
8.

a f(x)— \{25 . [ ) = \mz -4
ndd ]L‘.:l = g(.“\ ':l]:l., g[l) — \/; ﬂnd k (\) _:I-:-f l’g‘
Selution: Here

——

-
=

8 F(¥)=v25—x" ,Dumuin = fv, -5 o i
continuous on [-3, 3|

b. fe) =N1-Vx" 4 =Domain={x; | - 420 g _

4 - b2 ) and 2

Y -4z0={nx -4<]. _

| | i X X =< | and Li:'| = 2}_. {J.‘: < \E E 3

and jy' 2 2} i

e

e ) I
=WV Sx< S and-w <y < o U<

; <o}
=fx S <y 2U2<ix V3

e TW=gk ) =g (-2~ N 2
o I{ummn =iy -k >0 = W) |
<1 continuous on (=%, 0] and |2, O_t;)

Intermediate value theorem

IF/1s continuous o the closed intery

IJEI.\’."EEH f(ﬂ} al'l.d ; b
i , { :

and x 22

al [, A) and & is any number
al least one number ¢ in [a, b

The intermed;
Y ermediate valye (| ' i
‘ LEorem ofy v ! B e
:‘j ——— [@. 6] for which (ﬂ)ﬂﬁen can be used (o locate the zetosof
|

o [ aﬂhdf () differ in sign.

M. Use 1h?jﬂfé;=ed=imllustralwe Examples o
| be;wean & and b, © value theorem 1o show that j"llzﬁs# e
; s s TR |

: 3 R

L‘..f'(_g}{[? ;x + 2 - 6" + 2t~3. a=1 bh=7

sttion 11" @< Oandp=
d. f"l.""_3)= 5

~54

~-16420_3 - . 3
L =] =-0 ool L (=2 N |
b o Such that £ ?c?jnf( N and 842 .
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___gﬁ.‘-""';fi—._ . -
Vﬁ)il_rg_ﬁ_yzﬁ:%=—4<Uandi(2)=32+32 48
b I 7> 0= (1)< 0and £(2)> 0 4 ¢ € [1, 2] such
LL]E[ £ (C) = ﬂ .
Exercise left for you. .
EJ' thg‘biﬁeetm“ method Lo find (approximate) the square root.
i Use
5 b. J3

Ve . | | |

T ﬁ - 2=0=f(x)=x -2, f(1)=-1<0Dand/
| :j,)_n .,:[]::} /'has real root in (1, 2) so that usimg bisection method.
Pzl =

_ ngﬂ n | Midpte | Sign of f | IL

) | f(a) | T(e) | f(b)

5 il L5 — " * «(a, ¢}

ﬂﬁr_ 1.25 — t (. b)
125,1.5) 1.375 = + «(c, b)
1375, 1.5) 1.4375 -~ - + | ¢(a.c) |
{(1375,1.4375) 140625 | - B ~ | ef(eb) |
(043635, 14375) | 1421875 |- |+ |+ |«fac)

V2 =141
b Bxerciee left for YOu.
Gontinuously compounded interest

ﬂ r ni
t ' { ‘ |
¥ tompound interest formula is 4 — FL1 ¥ r) -

: n

¢, "=krand st = o, so that we can transform as

\.ikﬂ , Al
£ 4= -(1 Ll o .
£ k) =F L! ) _) , as 11 —>00, k —»o using the fat that
s }J k .
ll-l---]-..ﬁ.'ll 1 kY
Vo)) TPeask—seo, s Pl = P(e)", where
k
o = b a
.  Puncipal

I'= . |
S ES :nnua] interest rate expressed as decimnal
‘A= tmber of years P is invested

!‘ = Mumber of mterest period per year
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~_ Tlustrative Example
6 S ppose birr 20,000 18 deposited 1 an aceuii Paying g

Intzuduction te (init g1 e
T ST oS .!fl'.llt_{."-_.

56. Su , :
Qo4 annual interest compounded continuously  Degep,

iz,
U the
balance in the account:

a. after 5 year b. dalter 10 year and 3 — |
Satution: 2. P =20,000, r=008 and t = Svear 5 4 g
20,000 ™5 = 20,000 ¢ : |

3
b. 1= 10 year and 3 months =10-'r-1-é-=1l}‘(-]_;5 T8 4 |

Pe’t = 20,000 >V = 20,000 "
57.  An investment of Birr 10.000 ncreased 1 Birr 200000 45 .
If interest was compounded continuously. Fird the meree - -+ _'
5 5 [
Salidion: A = Pe" =520,000=10.000e" < ¢" ~2 - - =

-

L' Hopital’s Rule
L" Hopital's rule is used to calculate the limit of the finciop - ¥

determinant form —.

Theorem: Suppose that /(@) = 0, g () = 0 that £ () aud &)

exist, and that g'(a) # 0. then lim _fi-_‘i - f ()
e g(x) e gl)

4

~ D _ I . Ktk Ulbeney S Bisleplen stiidesrts n 1
TV b TP A S TR AT TV Biavatio. 1L Bk ionin
n e e e 14 YouTube | ;
T e I

e T - 2 } [:I !
Note: L' hopital’s rule applied to himits which gives tw unly at‘“"ﬁ'ﬂ‘
Er____l SIS Hiustrative Example
- Use L' hopital’s rule to find the limit.
5 ) tH
) X —4 — X
v e boolim= "L o him -
»2 x+2 =1 % ) S
2x
d. . e~ . sinx . COE
lim = e. lim £otim— "
=8 s x e e ey 3 X
T 4 _
. tany—| inzx A
. . 8i o AL
& EHE 7 h lim 22 dim el
3 " Y=l x—1 vl 3 ’




Jﬂtmdfuﬂ to Eimir aiied wm‘u}y

Ipl’eSSO eFSH61T —
w 1

e ; COS x == SEC
Y —gin X ; : X
nni i L k. hm-— L bhm—
i i 7 "_'E:-: . E =0 ] 4 tan x
3
sulutioa Here
. <, 2x 0
]imi—-'i —— form < Im —==2. Not —, limit is found
N = 0 e 0

M-l 10X 10 5
— =

s
I
I

im m —
) A .\’ﬁ—-f w3l GXS 6 3
.'..ll1 =7 $ BT T
= limni nx
& 1=T x_.t 1-¥x
" Ax T
g =1 .. &7 (2) 2
L lim = ]J]II ( —= =2
= siny  ©¥ gcosx 1

it

lim =cos 7 =—1
X~ X~ 1
*r-"l'. T
g — —=sin —] l.
=8

ok 7=l TEL A2/ 1

1 _’sz-—{.. t——b%— 2% 2 K] &
/_T 4 2

Yop fany— 2
it hﬂ:"""“‘l =it X 2 1

5! HE _:[-...?_r_ x-—}—1- l 4 2
:"-‘”'; _ 4

g S0z x

L S~ 1‘

= I, = ilm ) = —

A gl (cos X))

" i l Slux CDS x -
damp = lip ZOS X 0 = lim =%
Ll rEI{ll' AL Not — limit is found -0 23X

o X 0
1 ing lim Cos x

I"—-Hj" 2 = ~00
X
0 li 310 sin x
Ty TN oand i —— = oo
' e L
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602 _.‘?rﬁwd:m:e {o. €t —L:E W
—gin% .. = 0
lim L__”E_ =him— still —
=0 .‘L'J x>0 3.1"'
i x 0 cosx cos(0) 1
o lim 2PY L still —= lim ©_1
= Ax 0 =06 6 6
x—sinx |
Sim——— = — <= wonder! L' hospital (Bravy)!
1+l X 6 !
o —/3
k. Excreisc left for you. | Ans. 5
|. Exercise left for you. (Ans. 1)
_ Solved Problem _
-
39.  Which of the following is true about {2 + Y } . (UEE)
n+l '

- The least upper bound of sequence 1s

L;J]'x.'l

1.6 18 its lower bannd.

1

= Is term of the sequence.

15
Sebutien: For odd number: g — 1,3,5,. . w

=] (2a+1)" (3 |
A Lo &L 7 T -
{ ,1_|_|J> { gl } —{E,E,...E}e—lncrﬂasma.

Foreveu number: n= 2,4,6, .00, |

:?{2_}_____1__}:{2}!4"3
L A+l n+l )

-l 1 2 .3 =) LT
l}" 5 s *‘“decreamng:;_.g w : £ — A
| : 2 n+l ) 3

A
B. The sequence is monotonic,
C
D

2

=
2 greatest lower bound of the sequence.
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lfii.',

. ————————  — -

ol _\\'_ |

Tntveduction Lo limit and Cantinusity

=% least upper bound of sequence.
= b
P

sequence is not monotonic (varies).

=i 131 1
n When n = 14, 2‘1“11-_1:15, thus 2 - ’E 1s not term of

Answer: A
6“ T ]

s_gque_nce.

w  Which of the following is not true about the sequence {—-—} ?
#=1

ntl
3 The sequence is increasing.
b The glb of sequence is 0.
65
¢.The Jub of sequence is e
d  Thesequence is convergent.

- ; . _ i
Sebution: To decide the monotonicity let us use ratio test —"'% let
u

[

N
6 _ a,, 6" n! 6"6 nl

GH:.__I._-—__,___: _ T —= so thal
nea, (mrD 6" (n4+Dnt 67 n+l
=l when n = 1, 2, 3, 4, 5 = the sequence is increasing

73

n

0 4 .

Nlyfomn=1,2 3,4 s However, 2L < | foralln = 6.
a

= The

=¢>0<J’6H}£§i 6

Sequence is eventually and sirictly decreasing.

n! N = — since the sequence IS

]_;1{ SEﬁglhoand lub = since the seq
G.uﬁ:grw ‘nd decreasing. So that the sequence is convergen! and
The E%5 1o glb which is zero. Answer: A

=1 gr Ealteﬂ lower bound of the sequence

ool 1444y | (UEE)

~13
aﬂ — -
T{r B. _lf’_ . 14 D. ~1.3
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62.

63,

(4.

fpged A

AL

Poensei.,.

L

L VIR

Anxwers(

— __f_"__{"ii:d‘_‘f_f:_‘j’{ . finiy
Selution: {-1.4-144-1.444_ 1= 114 4p L
:_[1 2 (0.9.0.90 \ f‘( $f

{"l". }J ‘——~~1—ﬂ.I- u .
2 . 9% w0 2
that the " term of sequence
4
l+—+ 1——i— . The sequence is ¢, :
0 10" | quence 13 (e Casing ¢
=lub=-1.4and glb = —(l + 4} . A5 11 Sin
.9 o
(Jrii=a]"
. I Wn+1-3
The sequence i | J-—— converges 1a: (1 I}
L o i n 2
d.—wo B. —3 C. ] [ !
fr ’1 b e
, . Nm+1-3 _ 2 (i
Sﬂ&lflﬂu: ;-;[l-':lm- ST Inn v_ _)'_ 'E'” :
1. Vi H—=o 1 -
= =
v
1=
Let a4 = the: !
; v i =
3?? +5 u—-kn&.t l'.?”
a2 !
= B' 0 C 5 D_ i A
— 1 Vn
Sobution: Vi i—NR . T 7 -0
obution: im— " _poon a _0-0_,
A —%30 3;2 _J__S R 3 + S_I_l:]
4
li 3"4{; ~6n+5
m——__+>
3 5
2. _E B. 0 . E D, ::

[~}
e e e

. {
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Yo —
' G
b / -?irf—f__—_é-ﬂ .+5 EJT _6:+ E 0
n T n i —-6+0 3
e fim — o = Mm =
Sobubt n=x  An+l R=9ee 2 1 440 2
a n "
' +7+.-.+3n—21 ,
i lim I+ 4 - 15 equal 1o
e g B 2’1‘_ J
3 3 13 3
wE a—B — C. - D. -
' 2 10 4 4
Safution: Since it is standard arithmetic proeression so thal ntl
F. i ri n 3}]2 -
pashal sum: Sy = [4 ~ Al e S, = —[1+3a-2]=
2 2 7
i ) , 1
. no 3k-2 InT —n S =34
. ~;,hj;1§k 2) him — = Ty =2 = "
# SINS=2n7 ) W 0 - 4y n— 10 4
= . e =}
o2
S| Answer: €
lim 2X1* =2 |
:fg‘: “‘,;j;—— 15 equal to:

a.-1 1 - ' {
=10 B. 10 s 0 D. doesn’t exist

Sulutins- e i {IHE fx=22

so that
~“(x—if x<2
g ;
b 2X1E=2)  sgx -2y
My, T bhmo— - = lim S5{x}-1)=-0
x 2% -y x—2*

Answer: A

Sl ! 1
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———

J pr——

-

|
Vi—-x—| S LN

Safutiva: lim itjil: lifh, ———= 1i.m;1 ' N3

x32 -2 X2 x-2 =2 5 3

I-x-1

= lim iy
] "}{ J—x 1)

2.2 _ —1 - | I
= lig —— - —= lim == = .
x—2 (-" = l)'\:l — o] Y=ra 15 D ] Lol :,

Alsw ez B :

68. hmi— x

e = &

x+1f)
} is equal to (UEE)

4. E B. 'E-l C_ eg D.
Sobutiosn:

x+10
: X . I *
lim | - ~ lim | —— ] bm | —
Tr—»n T+ ¥ X—aar 1 =30 1
1 + '_J I F—
X

X o

= : {ivl=.

Answers B

(sin(2a+1)x _ |
JX<H 1 |
9. If f(x)={ X | .

tan(8b—
an(8b I)X,xbﬁang{ ]

L 5x _
if i‘_{‘}} f(x) =3, find the value of a and b. J.
Sﬂfaﬁnﬂ.‘;

lim f(x) = lim SRZa+1x_ 2a+]
x—l x-w' 3% 3

mn(gb—l)x _8b-—1

\'—J-U' SK 5

z+]
. X
70. lim|—_ ‘ |
p,1|ix_2:1 1s equal 1o -

: |

a.c = B’. Pl C_ &,}4 i }

s

=3=ua=4

-

limi{x} s b2




) .?_ufxﬂdudmn to limit. and Corrdintnlty
\ . -—ﬁfﬂ;ﬁr__ S
[ T
\ 1 lim : I LA
| = — T =€ TANSwer B
E.j:]& 2 -3t -2 i
|- = s
— 1 _] _t .
ST
_J is equal 10 (UEE 2000)
-1
!-Egh B 0 C‘_ ES D £4
[ (. 4y
t+4 | th1+—) "
: X=—aE ; e
; Sefufion: Yim| —= = o e = ef’:Anmvr: C
1- o ].'_1 - 4 l ol E’_]
— th‘l -
Lox X X

, S x=2
o P im——
8N A—"‘ _= x

A B. ] C. 4 D. doesn’t exist
Solutian:

is equal to . . . (UEE, 2002)

A
D b2 2 L x4 2
ip S $x+2) L XD ooy
(x—1)(x) =M x

lim X ~dxe*
w18 equal to;
1.0 ]
| B 4 3 D. ==
Solutipy,: —xif x<0

' ~|I|:{ . 50 that

Xexz=z0)

= hm:M———__-__{Ei_ = lim '_I(]. e 46"\-)
x—={ X

~ (D1 +4) =5

¥~ 8€qualto. .. (UEE)

X t
Slutig, | m C. 0 D.
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- = e e ﬂﬂd f“’?{mﬁﬂ[’
sin(2y + 27) sin 2 ¥y T
= ]1113;['(} +7) v - “1{1‘]1}3 ¥ SLAT Answer A
. cosax—coshx
75. lim — is equal to -
=0 X
g BB g B,
2 2 2 3
Answers ¢
. bx-sindx
76.  lim . is equal to
=0 2x +3sin 2x
| 1 3
A — B. = C. - 0
2 4 R
6x—sinda
. . bx—sind. B
Salusian: lim s Lo —lim — -
0 2x+35in2x  rof 2X+3sm 2y
X :
1113[6_%4*) | 7 |
= 'x = 64 = = . _]_ " Answer: B |
nm(2+3“‘m25] i O |
x 3} X i
. 1 _ x) - f(h
71. K f(x)=——— then lim S - :
o " 4 - XE y—| Y — 1 |
I 1 i | |
Av—=B. — €. —= D _ |
1 i !
T _:_ N Z.I!r“- :|
Selution: 1im G f(l]_“m Va4—x r_l{: ;
x=%] X — 1 a ] ¥ =

= lim— V3 Va—x* \/_-f-\/'?':_
B (1) B A

Ak o i L P e )i, Sk o

n UNEET A1 Eribmerv il 0 miie v La L iy e Lghin| & flewsery Pt E£RIAIAR wTrads nﬂ‘nvnumhﬂ Dzirnl {0, 1] Eviaania
— A P T —— -
o Srd o - "
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| Jﬂhﬂdudmr! fa-‘.’irm! um.i .:'uufnm 0
:t"\- f_,..-f-——:f'—_;#_;x_-_ -
N 3—(4—x°
l‘“!\'!";‘ —_— - = 5 -.—~ —_—
: IER“#]}(\4’3)#4-—,1'".(-#‘3+\f4—~x2
L J
(1:-—1 x+1) N
|2 € aneing —
3 .HJ *J? \!\[_ ( 3+~J4 x° ) A
q i x+1 2
2 lim—— e
: c-!!( ('\,‘4 X )(‘\.‘3 f‘\/‘i’ X ) \/g_\ffllg‘,} 54 \‘3
-
| “E s
" Vx-24+4x -2 ——
r 3 al 1Q
Jxt ~4 "
I
- B £ @ 1
| —= b
| 2 7
' Silas B
.rk iion: Note Vx -4 = '\/(‘C 2)(1 | “)‘) = \."1 _ 7
" | o
| Pl Y52 o3 (Vxe?)
T Vx+2 _ o= —
l ‘J;%E J;_z (J;+w3 i
I 5
Bk X=2
| ﬂ_‘,‘l[ + 1
|| 4 152 hﬁﬁ+\/— (14—1111‘13(1 ) :
o - 1 3
U =+ U0==
' 2 4 2 ’ Answe o

1

7 4 2

‘ hrn(i:j

I b ¢ i

Voo v [Snx s equal to:

A
Sof . B 1 C. 3 D.  doesr’y exis
50 3). E‘Jir&n—-—t = (=3)1) = -
ANSwWer o
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aard oy,
e e
——— e s

B0.

31.

832.

-1 x#E -2
I f(x)=4 x+2 then the value o L

- 50 “l’cﬂ ] Iy
fx+5, if x==2

continuous at xy = —2._

A 2 B s SIS 4
Sefutian: Since it is confinuous at x= 2, — i /(x) = fi-2)
3 ) ‘
L X = : —2)x-2
= lim = 4=ﬁ2k+5::>hmu"'_ﬂ;-’_
¥Fd Fah 2 *2 X+2
=—2k+5=>4=-2k+5= 2%~ gy ;.9
2

Angwoer:
J'a —cosx,x <()

Let rf(l'.) =

=" ] i
AL if I

: » for what va)ye
' —a, x>0

continuous finction. UEE 2002 EC

3
Al B. = C. 2 D i
Sefutian; Let fcont. at x = ()

=2 f(x):lh}!f(x)ﬁ lim 3e* —
L X3 =0t
= a=2
3a—x,if x <]
Let f(x)=3b+1 if x=1

a@=hm{a—cosy)
R =)
=3(l)~a=3a- l=4=2 Answer: €

v What 1s the value of b il 15

ax if x>1 |
continuous at x = | |
1 .
— i o
. 2 B, 5 i =] D. '
*6lidlen: 1137! J(x) = 1‘”? S (x) = lim ax = lim(3a - )

1" 7okl
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3\.,{ ;

——

I-Ll

Ja=-1= a=—, and
e s 1 3

i fi)= /(= limax =b-+1= a=b+1 sothat

:-ﬂ_

| —1
L A Answer: A
2 iy .
9 ‘ 2 2
. g which of the following intervals is f continuous, where
'||'|.!- i
I (.2
.|-|"'_| ‘ ! x Jt =x {: U
Jier=y x—1
3—-x,x=0

A=, 01 B, [2,1] C. [-1,2] D. [0,o0)
Selution: To show £is cont. on (—oo, 0},
x(1—x)

"y =l )= £(0)= 1'1113————1— =3-0=0#3-fis
i &% X —
net cont. from the left 0,
o 1=-x) 1=
latl g (~e0, {)j hmf(x) = j(f) = 1Iim 1(1 ;) = (r 1 .
x—st w=th | Xoes F=s

=118 cont. on (~ec, 0) but J 18 not cont. on (—oco, 0]

To show f is cont. on [0, ), let € € [0, o)
=lm f(x) = ()= 1lm3—x=3—t= [is cont. on

-3 Ty

(0. ) - Answer: D

; —— if x<1
et ()={* +3 , what is the value of a if f1s
—}1 if x>
T“tinunug at v = lt_]
Set,i: 5 ? G 5 > 1’—18
“ution: Tim, 4 _lim——

¥—l=

foy =1 - *
(x) E‘Eg}f("c):}il_{? 23 s yYx -l
)

[ S
[

-
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612 -  Tntsaddaition ty gy and cange. . .
- R
G _ o X=1 ~a+l o ox—1, ~
= —=lium T :hm-—-—(vi'.l)rz
4 =" v X _l .\/I 4 l vl x—= l
a
—=2=u=38, :
4 2 : Ansﬂ'er: D o
—__ Supplementary Exercise on Lnit— [] I
1. Find i) the set of all upper bound. =

1) the smallest of all upper bound (lub)
ii1)  the set of"all lJower bound
v)  the largest of all lower bound of glb

o A e N
a. {(ﬁl)”+—|} b 47 “} . {143
n+2 .. a3, An—5

He]
= 4” ) Y l " o
d. {l”e }:r:! €. .{rj!}nzl f-. { E_. ) +l }

3
2. Determine the given sequence {a,} is strictly inereasing or
strictly deereasing.

#+]

R I -

a.{zti} b. {4+-—1—{ 6 L
B n+l),., B+l
2-3x|" ; - ' W

d. {-————} e. {sin| X | [\ CDS(‘I‘]
2n+l), 3n)), SN LS

: l y r fzn—-llm

L L A et S T P e
{ 0+ ]j =1 {( lJ }- l}u"[ ] ‘ 2“3.’?-J..=l

Determine whether
limit.

a. J’_—E——ly b. I:__ I)r! -ZRJ ’ |. ((”"‘n_giiz_ll :
]_H+2J”;j P+ N ¢ 1 " J

- . o - 'ts 3
the sequence converges and if so find %2

HSI



PD.E ompressor Free Version Jﬂmdnwﬁin_m&mﬂafdm@fim
ﬁ\ W =) - -
N ‘n+3Y . n" 1
) 1o S

21 <. L ' FJ
d. { Y gl ' H+I " =l

=i
b piod the limit of the following scquence.
W .:Tlt‘il"m' 2777,...} b { 1.2,-122,-1222, .. )
I F.i-ﬂd {he limit value:
3 S | N3n 4
. A + 20— ) : + O
o lim—s——— & h_m >
H—13 6}[;J+7n +4 e ‘4—‘._",,7
6—5n . 2n -5y
b, lim——— d. hm— — —
<] as dp+15n7 noys |50 —1
4 B¢ Find the limit;
(1 2 3 n) . (2454845 3 1)
| B il =+ —+—+..+— | b. lim =% T
- mon on n° B a4—35n

i}  Find the imit:

v | |
2 25 X ZI— - = N
1 IE’}““"‘———- b. lim : 2 = e T2 L
o X '—3{—10 =3 _Xu‘l‘.r‘_z a o Y — 0
S L | 1
3 3 ==
d |I X =l ) _I" ___'J . _
§ o e lim £ lim2—2 2
il '“I'J F—34 _x-_t T3] Y
1 _
..ﬂimm‘3 x* —8 x+3) =
g Hf""_“:“* h. Iim i ]_im( —
: ¥4 =2yt —4 2 v—2
l‘ ”m(JHZ)E -9 x—3

H x* -9

i the i,
i EEHUL3+4J; ’ C(x+3)"
! e S+4x c 1!1‘“ 2
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jﬂiﬂ‘ﬂbfm ber Ciarett and sntinash “g

% \;
3w ) e P
[s lnnl' r—ﬂ—} hm{/ x-2
v 3-‘-'__4 ) ”'Jn_ 21‘
| irind the value of k:
Cv=Rk" ' wdr
; A = 2_;!,_
i, hm’ —4—-—) =D b y Jl =4
e x+ ke L 2x
(0. Find the [int:
sin(x—2 . COSX ,'
4 lm-——{—w———) C lim
2y —4 A
I X
2
~ sinfx—=3) . 8in2x
b, lm— ( = d. lin——
3 3 =X —0X ear xt ="
x4 fanvy ) ~ 4x—sin3x
e lim——mm { lim——— 4.
=0 3y —sin4x -8 x +sin(zx)
G cosdx—cos3x I s sin’(4x)
A 1 ) g
g x—} _r}l xH Sln(sxq)
] (x)=/(1) .
1. Find Iunﬂ )/ }, if
=l x_l )
aflx)=x +2x b flx)=A=x
of(x) =x *5x d  flo=e
12.  Find the limit: 3
o ox=3 , 2 Cytele-d
a, lim—— h. lim ¢ lim—3 s 1
=2 x—2 3 =9 v32 X HXT )
2 2
. i +x . - B
d. lim—s; e lim— f Im——"~
) (.7{' -H)(_I -I) T8I X =l JI"-]
2
X =3x : .
g, lim h limlnx i SE€CX
o p=1 130" s
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e the maximnun possible inferval on which the function
Determiiis =

I is c@m][ﬂiﬂl]h-

—— . x—2
a'f{j}:_-_\)_:fl -—4 2 f(‘t'}: X
'{__j_ |'f1*—3
o f(¥)=v9-x" b f(x):lnk 5
o f=— i £(x) = \inVx
x-=9
3 4—x"1
-'-2 lf.‘,Cf—Z
LofW="T0 0 fWey X2

-8 .
o i x#-2
cfi=yln(x-2) k. f(x)= x+2’1 ’

12 if x=-2

Ef(x)=x +3] -
Determiine the value of a, b apd ¢ such that the function 13
‘omimuous at each x € (—og, co).

a f(sz{xz__'z, if x<2 e, f(x) ___{

ex+5, if x>2

=Y i i)
dx+ag if x<U
tmﬂaﬂixio

b o X +Lx<?2 4x
ﬂﬂ:{ , d. [(¥)=1,
ax"+4. x> 2 1__ if x=0

C

Diagiial Librmey tur Eihbepinn studnmis n V h
TR A R LA Y Y W A S ST UERTN Lrieetad 1010 BEelatergsdm
ﬂ e ey b s b= ouTube Al i
e — g

T

e




PDF Compressor Free Version

T

= —_—————
—_——
——

=S

- — Unit Ty,

1 T e

—

ntroduction to Differential Calculus

What is Calculus?
Calculus 1s the mathematics:
s of change, velocity, dcecleration
s of tangent line, slope, areas, volume
Caleulus arises from four major problems these are:
i) the tangent line problem
i)  the velocity and acceleration problem
ui)  the minimum and maximum problem
1v) the area problem
Introduction to Derivative
In this unit will introduce the concept of “derivative™ which s the imain
tool used to caleulate rare of change and the slope of ciive. slopz o
rangent line to curve and ete.

—

Average rate of change of function

Definition: If y = f (x) then the average of change of 1 %ith |
respect (0 x over the interval [a, xq) is:
A Sx)-fla) :
® Ly == -= slope of secant line
Ax X, —a

. f(x)—= f(a | o
* L= lim ﬂ) f( ) . . . 8lope of curve ar (a. fta)

S —— ]

Note: The limit of the slope of secant line of y= [ (x)atx = s thesiet
as: o

slope of curve at a point x = g
slope of graph of function at a point
slope of tangent line at (a, f(a))

the rate of change of y with respect to x ata = «
e the derivative of falx=g
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\EI:W
~__ IMustrative Example

T —

J?

:}' = Toly o= I 3y, Then [ind:
1 The average rate of change of ¥, w. r. 1, x over |1, 3].
The instantaneous rate of change of v, w. v tx, atx = |,
c.l The slope of sceant line passing through ( 1,-2) and
(2, 10).
i  Theslope of tangent line the to curve at v = 1,
Solution. Here, Let y = (x) = f(x) =x - 3x

Ny _fO)-f M) _18-4 _

= 7
A 31 5
R ¥ { (OE S i
x—+ X —1 -] x== 'l
| ; D (x+4
.' = lm](—x—)(il—@ = Iin}(x+4) =5
| L == X o»
| (N — £ o
en S@IC)_10-(D) 12,

2~(=]) 2-(-1) 3

d. The slope of tangent line at x = 1 is:

) ‘ )= (-1 .
‘ M = im UACY A GR), < slope of tangent line
| A==l S o |
, X #3x+2 . (w2
' = ”Imn'ﬁ = hm ———— =lim ( )( )
- t S 4 ==l x4l
¢ | Ciarype = 1 ! ——
m(x +2)=—142=|

{ « slope of tangent line

mﬁﬂiﬁun. Derivative as rate of change at a point
.' “L %) be a number in the domain of function /. Then, the
Fitig I(I)“f(xﬂ)

/ \:? is called difference of quotient of fat xq.
: 0
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"N s
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Definition of derivative r
Let xy be a number in the domain of a funcion £ 1afl”"

Jx) = f(x;)

lim exist we call this limit “the detivative gf fatxrl
Xy X — xu LB 1
and write it [ (xy), so that , b I
L)~ L) S G+ — fil,
;‘”(xﬁ]:hmf( )~ S . :hmf—(——f* J A *J)_ g
Wl x-—)_;;n. X —IU fr— }f | -
If this limit exist we say fhas derivative at .. That is /s B
differentiable at xg. -

e /' {xq) is read “the derivative of 'l xu" or /' prime of x,.

' (x) is the slope of the line tangent to the graph of fat {_xﬁ.'f‘(an: g

Equation of tangent line ;
| The equation of tangent line to the graph of fat (xg, /() 15 i .-:-_]
} given by: y- fxg) =71" (xa) (x — x). L
v
B —__ Nlostrative Examples ]
2. Fmd_i_) the difference of quotient E &
1) the Slopg of tangent line at given point 1R
i) the derivative of function at a given point a
v)  the equation of tangent line at the indicated point of i
| . tach of the following "
. .‘{ [x:l = xh = :f, at .ra.]_ — 3 I‘_‘_ _’“{—T) — 3{1 _ 53' - 1_ al {‘1_, "—3).' I.’:' )
b f@)=x'tx+1atn= 2 g Sxy=yv2—x,al (-7.3)F
‘ x+1 E B
. ftx) = cal x, =1 Y=y + Mgt =23 15 5
gz’ ® R Pt Bt E
d.  JF(x)=2%atx=3 i fley=1-3x%(1,-2) 4§ ]
e. f)=catx=2 : Fov) = coscat(m =) .
Sclution: Here: b Iy =app ity e o
4 .'\- . 1 3 4 ;-.._'
a) i) ACIRILE) X mx—6 (x-3)x+7) 5
=x+2 ¢—— difference of quotient :
o S - f(3) =2
i) hm—" 227 _ fioar o
Pk -3 J_t:(}(.x +.2) E |
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slope of tangent line

PDF

;3 $1=3
@) -/6)
Illﬂ e _T—

= hm(.v. +2)=5¢—— derivative of fatx =3
} 1!-—1(” f 3) [I ‘3)::’}"_6_5(,]:-3)
— 5y~ 9 « Dquation of tangent line at x =3

3

!h) fL-'P; & Fx 5149 - x3 +x+10  (x+ Y =Fa=3)

X+ 2 x+2 X4 2
=y - 2x + 5 « difference of quotient

4l

e = lim
H—l X472 T X2 x+2 x—>—2 Tt 2

-hm; -2x4+5=4+4+35 =13 ¢slope of tangent linc

i Sazail (e W=D
him — I S

rin . S e __2 - A .
S12)=lim Jx)=f( ) = lim x° —=2x+5 =13 ¢« denivathe
. | A==l x-|_2 r——2

VSED=f 2 (x4 2y = p+9=(13) (x~ 2)

=4y=13x+ 17 ¢ Equation of tangent linc at (=2, /! 23

B s x+l 2
- E’M x+2 3 3p+3—2x—4 g1
¥ -1 3(x+2)(x— 1) 3(x+ ’m—h
1
3(x+2)’x¢ ~2 ¢~ the difference of quotient, atx |
iyt L) = £y
i H]_-_‘;:'E")_:Iim—l__:‘];(—blopﬁﬂtld“gkn[]m‘-’ atl
I=1 x5 3()54—2) 0

LW e
'] 0= limf_(f_}ig_)_ =lim _--———-1 = l & derivalive al'?

atx=1 I S 3(:H 2y 9
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I 3 ; - .
op=— X ——+— Bquation of tangent line ut v = |
i 9

J(x)=f(3)

d) i) < > . Alternanively: lelx—-3=f=>x -3 -y
x_._

)

fosR-rey Mo 2ty

= e S == - = =2

h h I i

2 1
i) limS[*h }zglim[“_ - 1=8In2

==l b3y _f?

=
~ 8 1n 2 « slope of tangent lmc
iii) f (3 ] 8In 2 « derivative of 2% a1 x = 3
iv) Equation ol tangent line:
y-I3)="3)(x-3)=y-8=8mIm2ix 3)=>y=gIn2

2N 3) -
i , = Fi(2 gt 7 _ p { ¢ .

— = | —

h h L inol

|
i, < i
= . 2 & —l 5 e __1 (K
it lime™ — % liv B - |1 Wy . o
) limet| —— = lim S = lu(e) =

h b= h

Wi} /M (2)=¢ <« derivative of ¢* at x =2

iv}  Equation of tangent line at.x = 2 ig v - £ 40y = ¢ Ehr =20
v 3 W=7 .
==y—e = ¢’ -2 =py=ex-2d 4= = & '.
f) exercise left for you _

g LE=SED V253 \/:z P

x+7 x+7 =43 x+3 M'E_‘-"'E' |

iy O 1 ?
~ ¥+7 t_’qm+3 3_*'; *

—
—_— —

Elhe slope of tangent line

i) [Ty =t L =77 _ 1

X=—3_7 e

x+7 6
\/rl'at.tz-.?

i lL"l"..l“ I ve
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e

l (ob of tangent lineatx — =7 151
) Faua i
\ _7}(.1'-3'7]::}}:_-‘3 6(-'1_!_7)

- fE7) =i
| jle— equation of tangent line at (-7, f(=7))
o S

“The difference of quotient:

i A Lif x> -3
" f{-"]_@:%lx+3l=’[ . <
=3 x+3  |-lif x<-3
) :
N — (-~ x -+ . 3] ¥ ,
Iim—r——w——"ﬁj] [9) lil.nlmf 2| = him % x+3
233 a3 =3 X+ 3 x—=»-53 X4 3 X423
i oy SIEX Y
§ e x+3 a5 x+3
i R . . . i ) .
.} =lm /)= () = fim =1 +3] doesn’t exist

-1 x+3 -2 x4 3
“fhas no slope, at x == —3
* I 'has no derivative at x = —3
E .Exgrriis nﬁ‘ra._ngent line equation
Werise left for you.

Py L9-7(m) _cosx+l

X Jdetx—mm=h=x=m+h
. —
| 5 7 +h)+1 _coszeosh—sin(z)sinfr+1
8 h
=, 7C0sh+1 | —-cosh
R e

) T L~ cog 4
ﬁ*"L‘}l—__‘ =0 « slope of fangent lienat x = T

:iigf'(njzzo
Eouasi ..
% yﬁ fa(t::n““itangcm line at x = 11
w341 ? WO )= p (1) =0 (x—T0)
i:ﬁng gnyots )= p—(-1)=0(
|

ar i i [ iqell\f
heufu“ﬁionnd ®Quation of tangent line of the pieces Wi




B wr
-3 i p——-——

e e et o e e .

T R o T T T WYY WM gt .

g vt

-

|
|
|
!
:
i

'. .fl'
_ ______ Mustrative Example ) !
.Un,modt_brmal definition (limit concept), Find the equatmn of i
line tangent to the graph of 7 at the indicated poiny forl
following fimction:

f( } [.k’ +2 b x=2

a )=

YT lax 20 152
r—.-_.,\‘—fg if x21

b, =4 at P(1,7)
S H-x i x<1

PDF Compressor Free Version
622 Tnteadaction te Diffeventing Cq

.:: == == = - T T _-"'—E-_:;___

-

at P(2,6)

_, J4x: +7x if x=-3
e f(x)=1_ ...
3x+24 if x>-3
Sofution: First determine the slope of the curve at given point, ‘ g
. ()= f(2 3

=22 x=Z

al P(-3.15)

Note:
¢ Right side linmt implies right side derivative of £

write £, ().

o [.eftside limit implies left side derivative of F'write [ (a). |
- j (2) - I]Ifﬂ f( j f(z) = e dx—-2-6 = 4{.\'—2) ‘EE-_E
¥ —»” x—=2 x—2 '

S (2)=1m f(x)“f(*-) = T X 42-6

¥ X = 2. y—27 X — 2
i G 2E+2)
o x—2

~ ['(2) =4 « slope of tangent line
y=f@R)=f'2)(x-2)=>y-6=4(x-2)
=y =4x - 2 « equation of tangent line
) r= i E=S0

.I—F] X -

provided that thc liml
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=1y ~2 (rigit side lirnit) and

fim——" ¢
X g '1' -
- (1= x){1+x) e
'_1:_- lirni‘l i ~ = —2 (leit side lmm)
el A=
. fl)=S)
Thescfore h-fﬂ f 1_1 =f )=

Lo theequation of tangent line v = (D=7 (-1
sy -y =) p==2 +9
& fyereasa Left for you.
- [4x if x23
o =1

¥ +3 0 k<3

liné to thie graph of fat the following point.

al-1,4) b. (3. 12) C. (4. 16)
Selution: 1cre

T-:

find the aquation of the T

L]

f(x)- f(- 1)_ im:‘k+3_4::lim'l'

x=x=1 3= i

.. f(1)= lim

x-1 = | x+1 =1 x4+
::,fn(_l) = Tirmi (}E“ I)(x+]) _ —1—*‘ =,
= x+1 ¢« slope

 The equation of tangent line: y — f (-1} =f" =117

VJ=4=2x+ ) =>y=-2x+2
b. I!B) = Ter J(x)—[(3)

7f35=limf;(ﬂ:_f_(i)_l- 4r-12_ A= _y

7 x=3 o x=3 e -
N x _—
. f?’)”lunMrlm_x_jle—z—#llm |
G x-—-3 A=) A= 3 v X
-!-+3 x___
equal

Tight side and the lefi side limit of /18 not

oA L Lk ADRY SO0 Ersiioeoal =Tt b s il e n I uluhe
B s — ————— - n e o
o ot

a1 ) EEatsdeagsbn
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— lim fx)=76) does not exist.
Y53 T—3
= [ (3) does not exist.
Therefore. the graph of [ has no slope and hzs ho funeen: fire =
(3, 12), )
‘ )= .. Ax—=16 . d(y -4
C. 1(4)—1 f() - { );l'lﬂl—-—-—-—::];[“ (% __j -4
vk x_4 B _1-_4_ W e 4
— Equation of tangent linc will be y — f(4) = /" (4) (v 4
= y—10=4(x— 4]:>1 =4x
% Iff(x) =2 x* — 4y — 4 then find the equation ol ungont line
at the point where f(x) crosses: _
a.the x-axis b. theyaxis c¢. thegraphof 4 - 3v-4
Salutien: Let [ has slope/ derivative at «. so thul: -~
- . Jx)=-fla i
= ()= lim LB =L@
A Xx—ql ~
= lim (.JC + X —41 —4) {u _'—H —]'“jj_l
roa x—a
¥ 3 2 2 i
) £ X = X - — 44y ——!-—1—-]'
= f'la)=hm by e e
X=ru X—0
, . (x—a)(x* tax+a’ )+ (x—a)— (v + @)=Hy-a)h
____}f(a):hm( )£_ ¢ ) (X i) X Ha )= |
r—a A- — a ‘ i
s f;')—llm[r +IH+-£?+?.+:J—4J‘ " =% 4 e
A= |
Then; 2
a. The graph of / (x) ="+ x% = 4x -4 meets the v ax 1
when y =f(x) =
SO+ -y —4=0=x x4+ 1) -4 (v = 1) =0 1
= =) +1)=0=>x=2, 2,1 i
~ The graph intersect the x-axis at x = -2, 2 L. y
Since, /* (a) ~ 3a* + 24 - 4 S = 32 <2247 '5
~slopeatx =2 is 4. ;
Ly=f(R)=1(2) (x+ )=y 0= 4{1 2 :
. The equalion of tangent line y ~ 4x — §&. 3
="2)=32Y+2(2)-4= ll<—.~;lupu atx=2 4;
y=f@)=f2Q)x-D=y=12 2)=12v H 4
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- Jntroduction te Diffevential Coleys,, .
X ‘ﬁ:ﬁ:’:‘— T N
3 é’ssl- yation ¢f mngem.- lin.e ‘rl*f i :12}‘5 1 = ]QX - 24.'
i:"flumieﬂ L])flangi‘ﬂt lineatx=—l1sy—f (=)= /" (-1)x
;;';mh ot 7 (x) = Y rx —4x—4 mn:etjs the y-axis when »
_;ﬁ‘é,::t] +0-0-4=4,(0)=3(0)+2(0)—4=_2u
. Fquation of tangent neatx=0isy—f(O)="(0)(x 7 —
=4 -4 1 n
Th: intersetion of y=x"-1 X" ~4x—4dand y = X+ 8% 4
A —4 - X+ 5x—4= ¥ —9x=0
spir-9)=0=x=0and x = +3
»The equation of tangent line at paint (0, 4), {3. 20) and
-1y is given by: |
Ar=l=y=fO) =) x-=y+d4=x =y I I
tAZ= 3oy SN EI) =+ 10=17(@ 1

Explamation: /' '(-3) =3 (3)> + 2(-3)—4 =7 |
*Atx- e Exercise left for you.

For what v | 1 : : |
: "']‘-”" value of x, is puirs of each of the follow ing fLneiois
e the same slope,

:l F o "_

{5

)= 4 ax and g(x) :lx2 +6

.

Ef(x i-('l =¥~ 8xand gx)=4-x’

' jﬁx'-l‘sx_'ﬂi amd g (x)=x"+x" - 4x 4

S\ X and g ()=~ ~x+ |
Ty= g '/ @ and g (¥) have the same slope then
a-f‘[ . 8-(:(}, S0 that:

JAY) = A 5

)= g )= 3, = s B v D

:3(3):—}-4) (JC—— ]) =
b f'(:rﬁ)tg

D=o>x=——andx=1

=3 =2y = 3"+ 2x—8=0

{3y :
=8+ 2) 0:*)::% and x =-2

cJI{I):—.. |
= .g %) =25 + S=3+2r-4 =3 =9
4, A:ﬁ"\/inrxz \E

KEEI'CliEe 1ﬁft for Yol
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26 Frtraduction b fé);ﬂm[ﬂ Cut ‘.': F’
Relation between limit and derivative 3

| Mustrativeexample
7. Letf(x)=x -+ 6x +4. Find

i &
——
——

a. lim S+ m)~J () c. lim- 1)~ f (2) -.
li—0 h ¥ i X— 2 1
(52 ¥
x=(0 h
Sebutien: Here E .
f'(;;):li f{H—ff) j( X) ¢« Rate Lhdﬂgu ofyw.rtx
i =
o A
j'{.x;]‘x’——t’-x Lﬂf:‘a_;i" (x)=5x"+6 4 ﬂ'r
f(r-'_h) f(."]")_f (J:) 5-1 _l_f' .L
.-;—)l']' fr]' 4 !_'
. Ny — (1 .
b. f'(l):hmf(l_l_};z f():S(IJJ’—J—é:]] _
¢. lim- fx )_‘;( 2) is the same as f'(2), so (hat F
D x—
= (2= 5(2) +6=286 | I
8. Let f (tj =x' _ fx. Then find the set of values of x for which the
tafigent Iine has: ;
a. slope 0 c. slope positive ';
b.  slope3 d. slopc negative

Sefution: Usef(a) ¥ =g () — mx"~ Lthus £ (x0) =y —x
= f(x) = 3’ 6, so that

0./ () =0 = 3x% — 6 =0 =y = 2= ¢ = +/2 «Horizot5l
tangent line .

b. fx)=3= 3x" —6=3= 3__1'2 = 9_—_;:-,1[-2= FaxSs f\@

C. slope positive means f'(x) > 0 = 3" - 6> 0

=3(%~2) ;»ﬂcs(x—ﬁ)(x%ﬁ):vo l
s e e

d. Slope negative means that at each x, such lhalf (=0 2
=3 ~6<:0:>3(.r -2)<@= 3(1— ‘](T'\‘Jz .-
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2 the slope is negative.
. Foral _1;-5(—-\#2,\5) ks

. .2
R e R d g (x) = cx —x have the same
, . X) = aa +bxt can
% g The ﬁmcﬁ:r;{)}nt (L 0)_ Find a, b and ¢ |
e gipee (1. ) is on the graph of fand g, so tha' =» F(1. &
N it : _ L
> -‘L{_.:ﬂal.ldg(l‘):c—]“nj{- l X . L
+ a+b.+]__0:}a+b_—:—l,_.('\] aﬂd{[l & ()
He?ib—_—:c—l.put c=1=2a+h=1=-2"-1...0°7)
E:ama (=) and (**) solving together a © h=2a*b > U
lb—_—l 2 - el B
fﬁg,b;r],g: 1 that is g (x) =x- £ and fx) = 2

i Kfm=-2and'3) = 4, then find the equation of tangot: lineta
| thagfaphefy=f(_x]alx*—*3. | o

Sefution; Equation of tangent line at (3 f(3)N1s .
y=fB=r'B3) (x=3) =y~ 2 =4 (x—N )= 4=

Vertical tangent line

: x)—f(a) _
Let fbe continuous at *a’. If lim A AL —oor

x—oa X —d
! iim..f;..(_x__],_f{ﬂ)

— —20, but not both then the verrical line

1=+

i-a
F=uis vertjcal tangent line to the graph of fat {a. f(a))- |
"""..___-__-__.
—e—— TNlustrative Example — = al tangent Line
Show that each of the following function has vertic £

t the indicated point and find the equation of tangert 11

1"-,‘:'

} | 1
| 4 flx)= xs,(O,U} d == 3 U0 |
| | - 2 (2.0
‘ h f(l]: (x“2)35(250) £, f("')_' ": 2+l
: e (0.0)
cf(x)'_—.xs’([)‘f(ﬂ)) 'F. }(‘(x ‘15’L(

l
Wi a) f(x)= x5, fiscont, atx =0

.
N .
LA |
R Briggltnat € lkmeats p Biar ®thlgilani stoabeks nYﬂI.ITI.IhE P it 1 Eabiassts
TR — T
]
.
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618 _ Juboduction to 9'#%43&&@ o Catyy, |
R Rl A () I
= lim ACHPAC) :IIIHL‘—'IHU—-:—:U:.
=30 xX— 0 X aaf
%

: fhas vertical tangent line atx =0

Note: fis not differentiable at x — 0 since the limjt doesy
1

SO7L eyt
b) f(x)=(x—2)}, fiscont. atx=2
|
o FEX)—=S2) .. (x—Z)_‘— 1
(1 ~2)
= fhas vertical tangent ling at x = 2

Note: f'has no dertvative at x — 2

4
€) J(x)=2"

,fiscont, atxy =0

4
" x)—= (0 , jjg . |
SN TGt C) BT I
T y—0 x=20 y v !
X
=3 llm——oc and lj_m—l-- ~= %0
0" T =0 L
e x:_’

Since both side of the limit is not the same sign: f(x)= ¥ has 10
vertical tangent line. (the graph

has cusp shape and corner).
d) /' 15 cont. at y =

3. However, the one sidled lmﬂt?:
— lig LSO _

=3
v—=3" m . — l
Y—- 'c—s'j’ _x-_3
= lim S(x)=f£(3) | N——
L —2 x - _3 N=p3 .A- 'g ‘l‘ \ . .
the right and from the left are nof equal and (). 50 {hes SO
tangent line at , = 3

= f has no derivative at x = 3
e) [isco

nt. from the right at x =2
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V" -
IS NP S
S L e wall e S

. fhas vertical tangent Ime at x = 2,

iscont, atx =0
) /i ,

fx) - /(0) X l

= lim = lim—=1im—
30 X— =0 x e *
_T"'s
- o .1
= lim — =1 and lim — = —o¢
Yo = {1 1
) x3

The one sided limits are not the same sigh.
- f'has no vertical tangent line atx = 0,

| ~_ Derivative as a function _
Tlhe domain of /" is the set of gl x at which f'1s differentiable and
Whose value at any nurnber x is given by:

M= timd (0= 7()
.' ‘Ex:;_iﬁ X

= .

15 called the derivative of / at ».

L o ——— lllustrative Example _____ _u
o ilng W concept, find the derivalive of function with rexped
MR d.  f(x)=vx
b fix ! X4 2
f(-l):—-—-_,,r;t] - f()=——
“ Flx) 3I—H ' 43y
M=y £ =
: Wlitgn, Here A
L ' - ' 82 pp—(=5x ~x]
| )=l LO=f () _ -5t 7
5 3 -3 f—-_,'[ S f_:t‘
Mgt ~ 52 i 5 |
‘ g = —1)(t+x)+ .
= f=3y i P f~x
> s Tx=(x)y= 10x+ |

.
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—_——

—_——

|
- {.‘J.‘.‘.l-\" I’“':‘-'-) e ] | - -._
b) 7 (1) =lim— — = [im- Sl
: f—1 f—x =) { —x
x4+1—=1—1 , .
= [im -]Im———f_i_ﬁ___; ;
e (T_ 'L](f ‘f‘”( x+ 1) Py (_J‘—__\’)U _[_1']'(.‘,‘._%1) ‘,
. I ]
I S .
) (x+1) (x+1)
_ | . = :
= f(@)=——= )= = for x %
x+1 (x+1)*
) . ! I g TR O S
2y f(x)=lim- VAL k.2 N0V )
r-rx L= 1=y t—x :
C=x . =2 Fix+x A¥
= lin _ —Ilm( o i )—hm(r +iv+x =308 {;
d—ry e‘._x- I I —x T—a

=f)=x —4= (=13
d) fr(x)::limjj[t)_j'(x).:Iirn\f!;"'\/; - '\.'!"_”\“L "'-I'F'l" A

=—= =

= f () —llm————hm forx >0

s I““\/_Jm/_ (

e) exercise lefl for you

1Zb. Let f (x + y) = fIx) f(y) for all real x and y. W (4= :
and /"(0) = 4, then what is the value of f*(4)” ]

A. 12 B. [ & 7 p. ©
Explanation: Here
Fi(d) = 1‘(4+h] f(4) _ . P - (40

h h=s0 h
Since f'(x + y) =f(X)/(y) =f (4 + h)=fid) /(b
f (4)f(h) — f(4)f (h) - t(0)
0)-fro) _ f(4)[t{1n ]_L_

= lim -
=im
h=20 h b=
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=R
—— AT p@a)f (0 = ()4 =12

W=+ 1§
Answer: A
' bt Function - ; Se 3 .
;\M ' E@tfab::iqble at each number 11 its domain, thien /18 differentiable.
Iy, gsditere”™ f function at a puint @. We sav @ function f is

? e TUX)—fla) .
frentiable at poimt X = a if fim exist,

dil e —a
Differentiability over an inte rval,

WWe say a function [ is differentiable on (a, by if [ is
 differentiable af all number inside the interval (a. b) i.e.. a <x,

F)= 1)

151,

¢<h= f{x,)=tm

) T—ay X—X o
i We say o function f is differentiable on [a, b} if | 15
differentiable at all pnmber inside the interval (4. b) and if the

e side  limit, im fx)— f(a)

) x—=ru’ xX—0a
lim L= SB) .
,_,_133 P S ex18t.

Afunction f'is differentiable on [a. o) if fis differentiable at all

Number in (a’ D’J) and llm f('x) e ..f{.a)

‘E"'ﬁlﬂ(j’t' ) . s X—a . |
o0 £is differentiable on (- <o, @) if fis differentiable at all

Tmber s ; (xy= f(a)
tiber mside the interval (o0, @) and lim f (x)— 7 (
lfp. Nﬂﬂ difforcr o r—yi Xx—a
* Sy crentiability oceurs where the graph of /has:
ert: corner (Eﬁpe_cially at the zeros of absolute value).
: Y ‘cal tangent line.
fé’-M:cun%uiW
s 1 P I | o
S b Teach oo lustrative Example ___ . —— £
g Such that- the f{:‘“UWing functions, find the set of yalues @t X
ll L t) " .
'ﬁ Py :‘-f %) does nol exigt
U/ (%) exist

cxist und

exist.

oyl

gxist.
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632 _ Intueduction to Dif ferentiat Cateys,, ¥/
o flx) =} . SEO=F -4 e [f(x)= \z I
b fea=k=3 4 )=V L fm=p
| : . X2
g f{x)=(x-1) h .f(«"-f)=-.::j L=~y
Salutian: xy is likely or possibly is the zeros of /" angd potnt of  §
discontinuity. ' G

e 1.
. x)— f(0 | oy im ===
4. lim Jx)=/10) =hm-i—r—i-_:a-_ Im—=1 and**" X -
x—= X = G e b 'u('- () ¥

=>The right and the left side limiis are not equal. Therefore:
(1) f'(0) does not exist (that is £ is not diffeventiable at x; = 0)
(11} fis differentiable on (oo, 0] and [0, o2)

e Jx)= (=3 N I
b. 1) him f(x) S ):> lim Q—*I—: [Im —L+—J—:] and
13 3 x4+ 3 -3 x4+ 3 w3 g3
: x+3 . —(x+3 (x) (-3 L
11]11_-1-—_-_1_: Hm ___gl.___)_: —1 = lim }L‘)___['_J
—-i v+ 3 e T i § v ked x+3 d

oes not exist = '(-3) does not exist.
= f1s not differentiable at x, = -3
1) /15 differentiable on (~e0,—3] and [ -3, o¢)

. , , 2x,if x< 20r x22
¢ Df) = —df= f(x) = { 1
=0x% if —2 204
=f (=2) and " (2) does not exist.
1) fis differentiable on (~wo, -2], [-2, 2] and [2, oo,
d. Domain of /'= {32 y > 0} |
Jx |

e )~ fo
= X0 o x awt

W 3 Y 165 l‘t&r es ' i
it does not exist = f (0)do k-

::>}' IE not difterentiable ai xp=0.
1) fis differentiable on (0, ©o)
¢. Domain of f= Iy > 41' T

s
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| ) Tntwchmcm to Differcatiol Calewbius
e o~ ,
o S YER i

— 1im f) #fﬁﬂ does not exist = f'(4) does not exist

= =) =

= fis not differentiable at x; =4
i) fis differentiable on (4, ©0)
i Siﬁcef i not continuous on integer Z = {...-3,-2,-1,0, 1. 2. 3,
o

fis not ditferentiable on integer Z.

i SO =T 00)

= 0 « Differentiable from the nght
T xXx— k ‘
* lim S - {(k) = 00 <— Not differentiable form the left
G- I—K
: | v P _aNE 5
il 2 1] IIH}IE—)_._‘}.(_(;I_). — lim.__(x _I)_ — lirn ____1—__|- = ob ET'I_LI
- = x -——] =l - =1 =
x—1 (x—1)°
ST ;
IEPHHT =~ =f(1)does not exist =/ is not differentiable aky= 1
(x~1)3
by o/isdifferentiable on (—co, 1) and (1, %)
i ' EInce_

S /18 not continuous at x = 3.
$ :lf ( 3) df:-es not exist
Vs differentiable at on [R\{3}

i i —
F | EL%}M:O and lim f(x) f( )

A= 0 x—=l" X— 0 f (_n
i e ; L= kY s not
L Tk =2 ].1111-——"!( = B
. *=0 i =20 x—0
CXigt~y, 7 X

| ' £ ) =)
.{0) does not exist = fis not differentiable at.x ¢
d]rfemntiabic on (—co, 0] and [0, =)

ﬂ DHITTA L LI AY Podk ETHR00 A5 ITTT e NT e

o g

Diadtnl Librmey e Eilbep ben sdiiiest

e ’|n'i'uu1'uha Diisieal]o;, 1] Etlsiogia
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One side differentiability |
i) The right side d:ffemutmblhty of 1 al xy is defiyed by

f(x)*llmf x)=J (%)

X=3g X — _I.G

provided the limit exjst

Equivalently:
f )= t im S (%, ¢f12-f(_,‘“)
i) The left mde differentiabyility of #at xq is defined by
7(x,)=lim Fx)— f(x,)
=w s xu

Equivalently:

provided the limit exist,

provided the limit exisr.

f(x,)=lm~ / (I“Jrh) S5
J A3,

a0’ h
Clearly f"(xo) exist if and only if _f'l' (x,) and f (x,)both
exist and are equal.

provided the Yimil exst,

—_ Congeptual Example __ _—
i4.  Let f(x) be continuous and differcntiable ar x - 3. 11/ (3)=7 10 8k

v . , — 3fix)
J'(3)= 1 then what is the value of lim 36(3) — N .
=33 Y —3

A. 10 B. 6 C. 3 0. 4

Explanation: Given that £(3) = 7, /"(3) 1.
Now add the expression: -3f(3) + 3/(3).

Here, lim (=300 _ . xf(3)~3f(3) 3103) - )
X=33 X =12 x—33 %3 fm :
— A ) B L
= i L3Nx = 3) = 3(f(x) - 713)) —lim F3)E=3) _apim B},:.;— &
X—3 X-—S i —__K _3 — s "

| Ll
= ilil} f(3) —3f '(3) =7 3“) =4 ‘,\umﬂf



===

and B (ﬁ) be two functional such that f(a) =3, /'(a) — 2,

I'1fﬂ'i)

)= 2 and g'(a) = -3, then what is the value of
W '

o(x)fle) — B(a)(x)

im

% X—a

al 13 B '5 C- 6 l) '6

{nplanation:

Here.f(a) =3,/'(@)=2,g(a)=2. g'(a)=--
Now, add the expression : -g(a) {a) + gf{a)i 1!

Then, lim 2()f(a) — g(@)x)
x—2 X —a
_ jipm EORR) — gl@)f(a)te(i(a) — ga)ilx)
X—n X —d

- lim[f(a) B0 - i(a) gy 18
i

=i x—a

_ )= tia)

=f(a)yhm ex)—ga) g(a)lim fx) = K
X-d X —a X X—a

=fla)g'(a) — gla) f'(@) = 3(-3) - (D@ ==

Anm\ ayrs il

| ®Differentiahility interval involving radicals

?ﬁf“h& IMustrative Examples _ - e
"¢ e largest intervals on which each of the following [t
- Stifferentiahle.

0= 23 o f=V216r
1HW=a= 5. f(x)= J-5x 6
R r fe=dE2

o Domg; . eran which/
W ermﬁﬂb;:?lam of /' is the set of all x in the domain of fou

i Sy < . _zm e
: ( ]h‘m.i) Domain of /= {x: x—22 0 2.
1) limm Vx-2 lin’l"-”‘l"'”—: %

:2 Xx=2 r—2' _\‘——2 a x-32" -‘-"'?"

15 not differentiablc at x =2 from the right-

= 11
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——'--—_-|___________-=__.

=~ The dcumam of j s (2, .
. The largest interval on whuh J1is differentiable is (2, ©9) but .

pot differentiable on {2, o).

h. f(x)=+3-—-x,1) Domain of f= 1a: 3 -X 20} = (-t 3]
i1) Domaim of /' = {x: x < 3} = (~%0, 3).

x)— (3
Since h'r.;] ——-———-—f(x) 70
r—s X —

~ The set of all x on which /is differentiable is (-oz, 3) by fi
not differentiable on (—ee, 3].

c. f(x) =4-x"
i) Domainoff={x:d4-x =20} ={x 2<y<2)
f(x)— f(= ZJ '4—\'3 ' J-x

i) Since lhm = hm‘ ———= il :
."."—:'—.; x '+- 2 X2 ;f' —l 2 12 “‘! 4 = -_T"

does not exist /* (3) docs not exigt

not exist (o). Therefore f, (—2) does not exist

Similarly, lim ——— Jix ) -/ (2)

r2T __!

-l.-

% The domain of j' = {r —2 < x < 2%, that is the sel of allye
fis differentiable s {x; -2 <x < 2}

d. f{x)=+25-16x"

does nat exist.

5 5
i) Domainof f=<x: ——5:&‘5—1
4774
5 gl
f{x)—f(—J gl
ii) Since lim -——— % —% =ocand lm_ <
5t 2 — !
T—‘)'—i )C"‘i"; 4 |

W '_5 N 4 5 ) o "'-l
- _f_ —_— a.n_d f_ —J dot:s nol exisb ‘
4 BRC : et

The set of all y on which

5 . T ]
X —<x< —1 . that is the domai ol
4 4f



PDF Cempressor Free Version

Introduction ta fﬂiﬁﬁewM Calebren
e T
e =
o Y=y =3x+6
T jpomsinoff= {x: (x=3)x=2) 2 0} >{xrx<20rx >3
il Since lim - fx)=J(2) = oo and him = f(x)- -/ (3) g
2 x—2 X537 x—13

= f'(2)and f (3)does not exist.

+Theset af all x on which fis differentiable is (-0, 2) and
{3, ez} which is the demain of /7.

fl)=vx-2 , i) Domain of = {x: x € (—o¢, =)}

. il Sinee lim 1= (2) = lim : =R =27 |-} dous
| o2 Sie-ay
k not exist,
i * The : .
get of all x on which fis differentiable is B J2} fom o o
%) and (2, U“J) (domain 0f /)
=y 3 ]
J0r)=+f N 4"912 » ¢« Txercise left for you.
fy=3xq
e g J
» Merentiability interval invalving absolute value functing
_ M logarithm function
‘ -‘-"=-.,_-=.._

——~—___ Mlustrative Example ___ —

¢ Fi
Fﬁ nd 1: ﬂ"“ doma mam of function _
o Ef}a rgest interval on which fis differentiable duy i
_ 0 ')
[ g, B
it - fy=x x| e. fy=x=1+k¥-
I'ii h j\(.\'] =y l" + 2 g X
| \ f. Flx)= 79
| - +1
j {-‘.’J = |2_1. " Y -
=3 S o e e P
& s £ p oo
.gtu%'n =’ e h Fx)= fog. -
iy Note the domain of absolute value is I

k ] J— |
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-4

inrzal

a. £{x)=x ¥, 1) Domain of /s (—co, @) = x| x
i | 1 .
=7, x <08

- fO) X —0

so that lim —= lim
a—l x—10 vl ¢
Simularly,
AN—-F0y .. -X o 1
iim =7 =lm—=0= f{0)= /(D) =0= 7 ()
il X - U =l K :
exist.

~ The set of all x on which fis differentiable is (-co. o0) whichis (i -
domain of /.
FI, >0
= "(x)=40,x=0 = f'(x)=2|x|, forailx € (o, =)
2x,x <0
b. f{x)=xx~ 2, 1) " Domain of /s (—eo, 3)
it Do =1

o
—X =2x,x<-2

X+ 2x i x{x+2)

J)=f(=2) _

i) lim ) — lim = Jim ===
-2 x+2 =20 x4+ 2 == N4

and : 4

: x)— f(-2 R Ak |
—-2 x4+2 r—3=3 x4+ 2 v -2 XF

= fi(=2)=-2 and f'(-2)=2

Hence f"(=2) does nol exist.

< The set of all x on which f'is differentiable 13
@) which is domain of /", :
¢. flx)=[2x + 3}, i) Domain of f= {x: € ( % %)

oo, 20l
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e N =

o ‘;;':__,,5" —

',,f" .
(Ex-i— 3l x=2—

v =234 31 =3
—2x-3, 1if x<—

3
Hence, f 'l -?) does not exist.

~

“ The set of all x on which J is differenianis i
AN & L
2

€ f)=R? - 4|« Cxercise left for you. _
& (x) = - [+ e+2], i) Domainoff= {x:x & (-0, 1

? x=Lx>1 x42.x5-2
f :>lX+ll‘: ~ ﬁﬂdl-’c'*‘zl:{ y 5
' ~xA L xxl | =y R T
‘f —x+1 x -1
d3 x+ 2 x+ 2
3 2x +
o I-Zx—l if x<-2
e x"l-l+]x+2‘: 3, if —25}({1
S ; 241 if x21 1
]}‘T‘TZI‘ (X] - f( 2) _ l. _?.I - 1 - 3 llm :_g.E———i-—;—}- e 2
2 5% x+2 x+2

S ,
Wl SOV =/(2) _3-3 _
h X+2  x42
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= f(-2)=—2and[, (=2)=0=" (-2) does noy exisy.
Also lim fx)-7d) ASY A 2.7

=( and lim- = ligp =43
v .f—‘l x—s] X ] o e

¥~
Yox
= [imﬂlzg
o x—1

Henee f_‘ (l) =4 and }i (l) =2 =" (1) does not exis.
~ fis differentiable on (—ee, 2], (-2, 1] and |1, ey, by ¢
7' (1) does not exist.

L f(3) ==

1) Domam of f'is (e, 3), (=3, 3)and (3. =)
g Domam= {x:x=#3 and x# 2|,
Domam of /' is (oo, —=2). (=2. 3) and (3. w0
h. f(x)=logi™
i) Domamoff= {x —.?. *i.r-*f 2}
ii) Domain of /"= {2 <x<2}
| Differentiability and Continuity -
The relationship between continuity and diffrentubiiiny i

=21 0

1) Domam ol /= {x:x# 3.3

|
follows: |
i) If a function /s differentiable at x = @, then / is conias =t
P ﬂ‘ |
= Differentiability implies continuity. | .
ii} If a function f is continuous at x = o then £ was "ljJ‘l_ .t .
dirrﬂrﬁﬂﬁﬁ‘blﬂ at x = 4. So ngﬂ'nui[?‘ doos 1oL WL
differentiability. o
- ____INustrative Examples e
16,  Show that each of the following function 1§ coniities
differentiable at the indicated point. _ ;
- | y . _' . | in ] ;t: .I.. -
| a. flx)=| x=1 g fla)=vu-
b. flx)=|2x+3:x=— d. Jixi=3
~
£
<

[x%, if x<2

X-=2x. 1l x=2

Tix)y=

e ———— e W
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To show continuity atx=1

1 )]
fim f (¥)= f(njhmlx“ll“-ofﬂ):?'flswntmunuwt\—]
= i) Toshow f'is differentiable atx =1
fe-ra) L1x-1 1| i X1
—— m—=|
:—1\;]11 x—1 “‘“ x—1 =1t x — 1
—x+1 . l-x

and i =~1= f,(1)=1 ana /- ="]

=X —1 =l x =1
Heee {18 1101 differentiable at x — 1.
e conclude that contimuity does not imply differentiability.
bl Exercise left for you.
¢} 1)  Toshow continuity at x = 2.

limf(x)= f(2) = lim~/x-2 = f(2)=0

o /18 continuous at x = 2.
1) To show fis differentiable at x = 2.

limw

exist.
=2 .Y"- D)
e = /.(2)= ]Jmf( ¥) - f(?)~1 (7-1) _7
;! . x—32! x—2 Nl e 2
l ey . lin T—“_.ﬁ = lim x+2=4
1) X 2 x=2 r—-ﬂ yx—2 a2
1 2l W0-/Q)

does not exist.

| I
’AE =/ not differentiable but cont. atx =2,
Ao (5x-6 it 0<x<] |
A _f(:r):-_,] 4x° —3x—2 if 1<x<2 then which of the
") 3542, if x22

0llp
ng 18 NOt true about function. ;
i Continuons at x = =] . fis differentiable al ¥ =

i “COntinuous at x=2 D, fis differentiable aty
LA, llmf(r) exist and equal to f (1)

e
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642 Inbydystion o ?ﬂﬂi‘f_’i_‘“{ Cetdongy,

— lim(4x’ =3x=2) =limSx -6 = —1= |

PN v
~ fiscont. atx = 1.
B. lim f(x)=lim f(x)= Im3x+2= lim 45" ~3._~
’ 32 =22 =

—

x-32" o
=8 =8 = fiscont. at x =2,
rT - (x)-f(2 . 3x+2-%
C. £ (2)= lim J(x)-f(2) _ i S F 28
32" XxX—2 ¥
. 3x—2
= lim ( ~)=3
a2 w3
' . S(@)-f(2) .. 4x®~3x--2-%
@ =lig LBy, 45" =352 8
r—2" X — PR e :,_
. x—2W4x+5 .
= lim L it ) =lim4x+5=13
a—2 I"‘2 =D
. f(x)-f(2 ) .
= l_lm f( ) does not exist ( / (21 = £ (21
| R I_Z
D. /(1) exist. ' Answer: O

L Prerivative of some function
Basic differentiation rules

Differeniiation of:

* power lunction

* simple rigonometric function

* exponential function

* logarithmic function
1 [!erivaﬁvg of constant function
I'be derivative of constant function is zero.

Thatis f{x) =¢ =" =00r i(c) ={}
pall L

o — ——_ [lustrative Example il
8. Find the derivative of each of the ﬁ:-!lofvin?é :
CJWEm b = e fla)=10B

Selutivn: Derivative of constant is Zero.

SIR=NSPE=0 o fay=log = f5)2Y
b. flx)=¢ = f(x)=0

|t il a5 "

S e UL B R S R A W L
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% Mf—rule of power functmn

¥

ti’ﬁ
g;;; e en ) = €

o ()= " then f'(x) = z’cm* ',k is constant

k n
i I f(x) =—the same as S ) = k™, then £'(xy= —knx"~
’ X

lllustratn ¢ Examples

____ﬁ"-_______'__

B 5 Find the derivative of each of the tollowing functions with

respef'i x.

o= e f)=add f(r)':ﬁf

[ =X d f(@:% £ flx)= r—

..."\JI

Selution: a) f(x)___xe—l___}f. )= (e— 1" l:(g_ l)xf_iu

) f(‘i) = _74:3“'T =N f'(x) ) (3 . R.)xi—:r—l . (1 . ;:) _{_‘z =

A fn=xix o f(}t.) =g :}f(ﬂ“';' 3
-6
. ,f(x)z'—-a_qz;,f(x)zzx":‘:';;f'(x)=——6:\." :__C_
9 f(x)= sti_xl—'zlxézlgﬁ
6
Y fy<l3 N(_2),5"
e
r::_lx::'?: =]
Y
f(xj x‘ﬁ

[kt = f '(x') T '\/E xﬁ_l
f(x] = m

4, Fin 4 f‘ (x_]

e AU | YouTube

allV. 17 Echabar i
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" 3
g A= T\ 1 ~—\f§( ;’:\
- fLB»] f(EJ( 3) T T\ T3

'. {3 3w 1
= y= X +——+ — < Equation ol tangent line.
2 6 2
L

-—

Find x and y intercept of the langent line to the graph of

flx)=sinx, at x*f‘—

3
- ﬂ_‘\ .- .
i Scfution: J"‘f(;J— )'"[ )L’L’*%Jd— Equation of tangent

Ime.

y AT J3 ‘
] f(—‘)"—TSIIL(E =— ar J E
3 3 i and f : = CO0S
\@ | T &
::'y?zf(xh_) ?”J-‘:lx—ﬁ--* 1

T i ’ : ° 2
“find y intercept, set x = 0.

\

1
e

LJJ|P-’1

/

T find tercept sct y =10
sl 7z 3

DETQ E‘*‘““z‘—‘—'O:}x-— ;— J—-’.—l intercept
vat]
Iff( %) veat €xXponential and logarithm function

"} 1) __Q‘ then £'(x) = o* 111 a

jj-” » then () = (m} Inu
H' (l.]

1o x, then I i{x )—

X
1
(14 —
X xinga

98, then S(x)= -I—log“ —

-
|
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o t Inx
Note: log), = g(‘ pr——
log! Ina
To proof. Let f(x)=a" = f'(x)=lim J(x+ ;'?; ~J %) 4 i
fi= / ,
X% Ko oh 1 , m]
R o . 1im_“_(“_1) :
Bi— h N1l h L
-
. — a"—1 o i
L f)=a’ hn;( ?  lea'ina :
h—}d\ 7 ; ﬂ
. dy . ,
, y=a :;»:fr—za' na ) bl

N |

| day
LF_EJ:RJ;:‘?I Ihe=¢"

—.— Mustrative Example

— —
— e

23.  Findi) f'(x) 1"

1) qu}aiion of tangent line to the graph of /st the indicate - 
point. P |

A fx)= 4{;&1, 4) €. fx)=(3Y9 (_2?&] at (0, 1) "._
b. j(x):uﬁx, at (2, 6) 3 _f'(;‘;):logg, at (7, 1) E )

C. f(x) :-: (TE'JP 2-)‘1-, al (D: I) 2. ‘f(r} = l]‘l 4x aft {Eil] -- =
d Jx)=e"at(-1,e% 4 3.
ﬁ;my _l};ll.)izf{:(lx):él" :fr(x) ='_4-Tln 4 :

tangent Iiﬁé.( VE=1=y-4=41n4 (x— 1)c Equation oy

" FD=V6 = )= o I = &g
2

)y = £(0) = £12) (o 2) = :
N Pl = b Y=6=3in6 gy
12O =11(0) (x~ 0) =y—l=In(x+2)x

d. 1) f19 =" mppey = e 4 a0
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e — . =
¥ fy-f-) =D G 1) =y - =4 (x+ 1)
; Y et 5¢ ' « Equation of tangent linc.

3 70 =3 - BHE) = (12) =) = 12"1In (12)
e =10 (x—0) =y — 1 = (In (12)) (x)
.y =xin 12+ | «Equation of tangent line.
i 1

‘=log: = [ (¥)=——=—log:
i f(x)=log; Jx) cind = &7

y=f=fNGE=-T=y - 1= %lﬂgi(x —~7) «Equation of

tangent line.

g i) fix)=lndx = f'(x)= -i— = 4
4x x
3

; eY (e e) 4 e 4
=== fl=llx=—= | y=l=—jx—— | = ¥=—
fLU U LﬂfJ[x A= 7 e\ 4J e

« Equation of tangent.

I-‘—;
5 - Derivative of sum and difference
‘ ]_f.f and g are differentiable at xy, then f+ g and f— g are also
Uifferentighle at Xy, so that:
* +g)lxg) = f '(xp) + g'(xp) ¢ sum rule
* U-g8) (xg) = f(x0) — g'(xp) < difference rule

fi““" Ehﬁ?“*"‘:%— Hiustrative Example . ———
g I each of the following cases.
TR =t~ 5 i £y = 13
‘ - Vg
b. O =sinx+ g if f(a) = _\:6_ in _Zir_ < {—?:-
Solug; - 2 A 2= 18 =
Ut 0) ['(xy ~ 352 _ 5 =f'(a) = 3a" -5 =13 =3

::6':}|'_I=: i\[év

B} rieo T
i, Wi, . : 2 & . 4 that 18
tan;:f, S e equation of straight line having slop
A yill.tn the graph y = i 4+ 2x 4+ 1. (UEE) bt 6
% ""‘4'x E. y:—.:z‘l:x-.-.}. 1 C. }r::—-4_1(—'—2 D. !
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Salution: Lot (a, f(a)) point of tangency. Let /(x) = 3y~ 2¢ -+ |
fix)=6x+2=(a)=06a+2  A=ba=—6=3y==]
y=f@=fa)x —a)y=y-fED) = (=1) (x4 1)
=y 2=-4(x+1)

&~y =—4x - 2 «Equation of tangent line.
26. Letf(x)=cosx+ 5 then/f'(x)...UEE
Sefution: =5f"(x)=—sinx + 3" In 5 .
27.  Find the value of k so that the line y = —8x ~ [ {s tanpent 1 (ke

curve y=3z"+dx = 1.
Sebution: Lot £(x) = 3T + dv + 1 = F'00) - br - 4
(@, f (a)) be pomt of tangency.
=) =6x+4=f *[n‘; = ba + 4 =—8 «slope of 1angent line
= fa = -12 =a = -2, then egn af tangent iné 3 [(a) e -
a) =y JE2DY =2 (x+ 2) =y - 5==8 (x— 2). since f( D)=
(-2 14(2)+1=5=y —8x—16+5=—8¢ |
Find the slope of the given curve at the indicated point.

b

af () =x"—5x + l:x=1 bh. f(x) — _,_l_.t- =D
Solution: a) ['(x) =2 -3 =f'(1) = 2—:!——7:'1-—&!9‘*
by f( '(‘\'1{5)=2\,"2 —-1—1’:—- slone

P

—

Find the equulmn {)f aH lines through (he origin thal are fangerl 1
the curve y=x" — 93’ 16;;.

Sofution: Let £ (x) = x° — 9% — 16x. Let (w, | (¢)) i Doint of
tangency pass through (0. 0), so that slope m o tangent fire 18

f{a)=0 a R
=A== = i1 ); but slope of tangen: hine s obrained
a—10 a : |
f {x) = I — 18 — 16 = f fa) = S 18q — 10
f(a) Ja® — — :
M= = f'la)= —Ya” 16 = T =LBa -l
a
—*'a = lﬁd - Sa ~ 184"~ 16a «simplilyine

=324 —'-)u = )i=s d (2a—-9y=()

g =0and2a -9=0=3g="
=)
—

3 A
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e = =

_._-=-=5’=___

= —

. ._-.ll" ﬁf; =

N B EE_'@ , 9\ %
| .-.(a-.f'i““:['z’-" (E) ’(2‘ 7“)

‘ 9 : o
& Pquanon of tanigent line thmugh. (0. 0) and (5 =T _, s given
0 0-(-72) 172
h},lr_[l:o__(_?__l:_z 16
' I"U 0_2 . 9
2 2
Y

===16= y=—16x«Equation of tangent line.
1.

" By Fiad the equation of the line tangent to the graph of y = & R <
i & the point where the graph crosses vy ——3x + 2.
Sefution: The point where the graph crosses will be

y=x —-Bx—-4  ,

| . = x" —8x—-4=-—3x+2

y==3x+2

S =-6=0@x-6)(x+1N-D=sx=6andy~ | o

lhgt when y= -1, 3 =5 =s(—1, 5). The squation of tzmrzent lins
will be:

SN =) (o 1) =y = §= =10 (x + 000 20 8
5 ’“ﬂivn:g;e"-” = =10 =3=-10x - 5 «Fquation of tangenl lin.
! fﬂwd““t and quetient of function

‘3 ﬁ‘ . Product Rule

f | |
. d1ft;;::1% are differentiable at x then the product ¢ il ¥ i
% 1N Uﬂ).(a }le alx and its derivative is given by: |
[T LAt ’ ! \ Iy |
Rl ) eyt f (x) g (x) + f(x)g'(x)«— product rule
?

—
—_—

B, Qwﬁent ‘];“l"éx) g () h () +£(x) g @) s (1) 4 F g W) o \

¥ - , .
FJ ' ({;}(.r)=g(x).f (x) - g'(x}f(x)

[g(0)] J
oy —— -

ﬁte.'[ff(r \ "(x ) -¢'Y)
V=1 5y < ! Q:_g__(i‘_}_(_]l:—=i“---._'
1Wﬁ%03{ )= Thecor tet
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650 _?!-;t.w(buzﬂﬂn te fﬂiﬂf,’tﬂnﬁa{ af
p G
£ v g(v) i fh} /it}d ,e(:.;
=1L () then — = ———— e
I {g J( ) dv l.ﬂ(-‘ )| 2.4
- _ - Hlustrative Example e
31 Giventhat g (8) - 3.8 - 5./ Loand £'8) - 4 They
find F'(8) if §
a Fix) = Yx o d. FA) (6 g () 1.
b, F{.r}=3't-l e Flay=— Aty 9
g(x) 2(x) ¥
e.Flx)= J1x) f. Fly)= Bt ",j
2lx) x—J 4
Sefuticn: Here, using the rule 4
| = ap
a. Fix)= ;.’l‘ )+ a1 e Product nile
]
:Ftﬂl-gm fS +8 (‘%J-——%#’H}-?—j 1
2 )
: Helx (x)(3x—1i q:
b. Flx)=— £ n[gf 2;)( . --—}*i quotient rule :
X bt
1 1 e . g ‘
QFTSJ:%{S-’_?(t‘}u%ﬁ;_’_")‘:‘t_—-"l ;—ll-l 1
[£(8)] | -3] Y i
b ns f‘r {x - £ 9] v
c. F l:l'j }“; [;{ {'J); "}_”2— E) < L|llu'tILlH [ule
= Fy =L BEE) (B A ) s TR
[&(8)) ( 3) 9 :

A F) = f"(x) g () + flagg (x) « product rule :
) =SS @ (R)+ Ry (%) - 4 30 ( 1S) ’”

e F'(x) = HH”(erHW )
L‘.-‘.'(l‘]] e guotient e
= iy < LB - g ks ¢ /)
[2(8)]

7"“"-r
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b (1+4)(=3)-5(7) _ 50
= [‘_3']2. g

¢ Exercise left for you.
. pd an equation of the line tangent to the graph of £ at the st
@fim)

i,
x+1 . :
=T ata=d 4 )= o,
: ¥ — -
o =
LJiR)s—S——ja=xy
¥ +1
Sebution: Here
3 'fl( N (I_ ])(l) - (.-X' + 1)(1) —2 :
Jx)= 3 = S <—quotient rule
(x—1) (x—1)

PFB)E SO~ 3) msp—2 = ﬂ% G —3)

h f (3)= 3@ 2y +x = 7 «Equation of tangent line
' f(’t) T Xe :%f'(.x) =(1) & +xe =¢ (x + I)Pprodu’tl rule
=f(l)=¢ and 1(1) = 2¢.

::‘}.]T‘__f'(l:]t-.l] e g == e = =Sy = Jex i
; fquation nftaj;éellt(ﬁne W SRR TR
4 R (OB W iy =200 + D)= ~EY)
X4y T (Z+1)°
vy OX
E f(:f)_h (x.l +1)3 £— SlmPIIFYIHE
| : > \[—
:}"f @1;—_2(3)_-1_5 ! ‘1f :‘_:I_\[E:;’—'—‘
( )T --;.-and f (\E) 1\/_ g
|
S S W3 ..z
f(‘ﬁ,: T(\;g)(x__ﬁ):”,__z,_g_(x f)
Y.
T ——
![ 1 3£—24 2 3V3x ~ ¢ FEquation of tangen!




PDF Compressor Free Version
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=
] =
- —(x)—Inx U I
. - 7 X ) L)
d. _f(_f)=-——::’f (x)= 2 - T f
x X x* .
l ) . i
— f((;) -:; and [ '(e) = 0. Therefore the cauution of ahgap
; , L _ . 1
lineis y— fle)=fle)x-e)=y——=0=r-
e &
. e. f(x)=¢€"sinx t+¢ cosx
—f'(x) ¢ cosxt e sinxie cosy e i
= f(x) = 2e" cos x « simplifying ,
| Then, f/(0) 1, f'(0) = 2, the equation of taneent linw 5 ¢
| — =7 x-0)=y—-1=2x—=1= v~ |
i 3 :
i 33.  The equation of tangent line to the graph ot 7(x!= _l i
l . oh
| (2, /(2)). UEE N
' A 3y=x=20 C. o3y -
| B. 3y—-x=16 D. AN =14 -
| Sotuti: f'(1)="0 D 2 et |8
| (x—1)° (x-1) !
6 -
= f()=—=6 and fI@y=-F =y~ f(1~ D@ -2 2 1Y
21 ' N
—6=-3(x-2=v+3x=12 - 3
- ¥+ 3x =12 « Eqn of tangent line Answer |
: l |
4. Let f(x)=——, finda)["(x) |
341 N

b) Equation of tangent line (o the graph ot fat x =
Scbuticn: Recall [—L] e ____'g({):
g(x)) [gx)]
—(3"+1)! —3"In3
3*+1) 3" +1)
3" In3) —In3
4

L i)

b, f(0)=

« slope
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— : _m?"r:: -—(jﬂ L
P ) s e s

e’

o etf( T 2o sinx, then find f'(x).

N Solution: US® (fgh) =f'gh=fgh+ fah'

| =f(1)= Ixe smr+r (—e)smt+xg cﬂbxl
=3¢ (2 sin X — X sl X + X COS X)

yigd the derivative of the following.

, |
a [fi)=tanx & J(x)= In x
F) =y
b, (¥v)=cscxe. X)="=
J) x —4x+6
1
.. flx)=secx L f(x)= .
‘ (x=2)
Sofutian: Here, using rule of derivative. .
b : xYcosy (—sinx)smx
| f(I):tanx:;Snng'(_;;):‘ims X)CcOo t )
COS X Cos™ X
A 2. . .
! Bl I S
3 = 5 —8CC X
oS x Cos” x

L = (€51
glx)) (g

Tt g, B 1] _ e
x-:::»f(:r.')z ,use[m r[g(l')ll

_ —sinx 1
* b I -
(cos x) COSX COSX

— —lanx8CCX

U
e
—
]

St
/

|
&
=
et
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l =
| v -
. X)=—-= fx)=—"== .
d 7= In.x b (lnx)*  x(lnxy
1 —2x+4
- ] Xy= = | f‘(_]') = — -
) 7 ) ¥ =4x+6 X —4x+6
: . | T —2(_ r—'?) -9
L e [ = e
/) (x—2)° (x=2)"  (x=2y
. . . dy
317. In each of the following function, find T ;
dx
¥sinx X 44
a. Y= - d. y=
T o x=—e COS Y
[l ‘f.--
SIM X A
b. P = — e. p= —-1 —-
l—cosx XS A
e’ sinx .y
€. Y=——— f. y=¢ (¥ - Dlanx
" +1

dy ~
Selution: If y = f(x) = then —j— = [x)
X
xsinxy  dy
a p= = & 2 (exercise left for you)

o i

Xx—e dx
SITL X d]' d sinx
b, p=—2 u
[—=cosx dr dx

l—cosx )

d . . . od ~
l—cosx)— (sinx)=sinx — (1 --cosx)
( dx =5 dx

(1—cosx)’ :

_ (I-cosx)(cosx) —sinxsinx _ Co§ ¥~ cus ,‘ﬁ) |
(1-cosx)’ T -cosx) |

£

_Cosy—(cos” x+sin’x) cosy-l - I
(1-cos ..\')3 = (1 Ct;b% v |- v E
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= :';:_J.:#_h;:___j___—_ — 5
v4_dy _d|x +4]
=" COS X i dx! cosx

d
COSX - {\\ _4] ( o 4)——(COS x)
| ?' dx

=5

(cos x)*

2ecos ¥ +{x° +4)sin x .
- —— =2xsecx+(x +4)tanxsecx
J cos™ X
_ Conceptual Example B
i f m is d1ffurcm1able at ¥ = a, the what is the vaiue of

N X —a

Urplanation:
Add —af(a) + af'(a) Lo the expression
¥w-af () . #f@-af@+af@- af (%)

im
L X—a %A ¥ —a
lim f(a) A fla) — fix)
No—aa X — a .'K.-—'i-a % — a
=fla)—a Iu - = f(a)—af '(a)
gt 2 | x d.
For what valye o-f a and b is the funcuon.
1~4x* forx <
/) ‘“‘{ X2 ifferentiable at x = 1
ax +b, forx > 1

f)=1 - 42 = f'(x)= -8x, forx < |
S(x)“‘derbH,»f (x)=a, forx >
Hee £(x) 1s differentiable at x = 1.
fih=a=—g- 5/ (1)
Also dlﬁerentlablhty implics continuity
lim o (xy=£(1) = T ax-+b= Y= =3

3]

:baﬁ'b:“:’ubula*: —8=>b—
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The Chain Rule
One of the most powerful differentiation rules the chgin rlIl'eij )
This rule deals with composile [unction (derivative e '
function of function), .
Theorem (the chain rule): It g 15 differentiable at x and :
differentiable at g (x) then f(g (x)) is differentiable at x. S that ¢ =i‘:
(g () =1 '(glx)) g'(x). b

Equivalently, [cl v=f(u) and & = g (x). -;' Al
dy clt o
Then y=f{g x))= - f (1) and —{ = g'(x) g A
it dx | 4 r
dy d 7 e o
= —=—( (X)) = fe(x))e'(x)= /(u)— |
2 = (/) =S e()e ) = 1w ’.
=> dy = dL . ay <« other notation of chain rule 4 ﬂ'y
dx  du dx ¢ TS
— 77 A == ; = =
Y= X u=g(x) v =f(#)
1 w=x+4 | .
ﬂ_] y — Y= £
4 x+4 Tou :
b) = cos (x" +4) u=x+6 | p=cosu (=
¢) y =sinx ) W= SN X yp=1u &
O b
PRIV ov IR e R N
(:) y=In (x*+4x) e=x —4x = lnt _ iy
f)y:ex:_l u:xi_l I},zﬂ,h :}i
By=d" iz~ e &
The General rule 3 'U

1. Ify = [/ (x)]", then g—}—' =n(f(x))"" [ '(x)«General power rale. 3
. i3

2, I y = sin (f (1)), then %ﬂos(fun,r"(.ﬂ «-chain ™ gy

Trigonometric function 3
3. Lety=cos" (f(x)), means y = [cos (f (x))]" then '
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&y [cos (f NI 'sin £ (x). £(%) « General trigonometric

i
qrule
faeton __ Hlustrative Example .

{, ;}3 e T derivative of the tollowing function using chain rule.

—_—

L =1 b y=B =52 o y=x'—4x+5

_1,r=CDi'[.\'2+m €. y=sin (31‘ ‘—1) K V= 8in" 4_1-

. lJ—anD'I;-+4-' h. y=4" iy i, y=Invx? +1

,i,_;’:\lng\f; k. :y—lf)g"f‘ 4

Muﬁm;a.y—‘*{xz b I) cLet u = x* + 1 =y = s :—%:21
X

and —ti)l e 3.-“2 =S, dj dy du
du dx d u dx
;I“h(lﬂ: Use Y=

=3u’(2x) = 6x(x* +1)° .

Lr o7 :E—_ =nl FCOT ! (%)
M= 44 §
> = p=Lr (0

LE 3lf(x)] f{‘k)—:}[t + 1) (2x) = 6x [_\ + 1}

lf}

:!y - WSy=y FGN' and f(x) = 5

J & U S =413 - 557 (£5)—-20[3 - 51

' m‘fup g, 1
’“"‘5@})—[1‘“(;)}2 and f'(x) =2x -4

ﬂ"u ]
[f{x)]Ef (x) = S (x) _ 2x—4
Letfixp 2, 2Jf(x) 25 —4x+5
S ﬂ,‘ ~V=gos (x) and /'(x) = 2x

dr SN (o
y D(x)

;fo (Eﬁs(xz + 6))

=~sin (x" + 6) (2x)=—-2xsin (x" +6)

; )
= —sin(x2 +6) L (x + 1y=2x sin (+0)

dx
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p=sin (3t L 1) =y =[sin {r + H]
L = 5[sin(x” + 1)]' cos(x” +1)(2x)
dx ..

— 10xsin(x* +1)]" cos(x” +1)
f py= sin“4x =v = (sin AxY?

&

= t_‘h_: 3 (5in 4v)° cos 4x (4) = 12 cos 4x. sin‘dy

dx
R du_ 5
g P = I{ng Yetu=x"+4= T 2x
= y=log, = L l!ng;, T .
du w10
n’v dy dy (2x)=—— _2:*: B
dz Cdu dx uanO (x° +4)lnIU

; dv .
h.Use p=a’" = — = " In(a) £ '(x)
X

! , I "l dy T .
Let f(¥)=x +3x= p=4"" :bf;zél-’ nd( £ 1) I
adx i

d # =R
=& 47 In@)(2x+3)
dx |

I
(f%-])_E
=Inya? I::»—‘ﬁ-; f(} -2 2

d  f(x) vxt+1 x] 1

B i 1 A
j. y= ﬂIIOgﬁG let # = logf;," —~ log',‘,; = lIDEiLr !
: 2 =D . !
du 1 1 ‘ 1
and y = = i
~ © 2xIn(10) (:} a2 2
B Dy 1
dx du dx ) i

2‘\/10gl‘§ ,(Zx] In“ (J) G y/ l"""‘"'I]ll 3
ki y= lﬂgw +4!‘3t U=yx'+4 =>u = x> +4
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| fj}f d s 4)=2 o _ Z2x —=> 2 _& *
IR o, S 5 T e S = ~—F—=so0that
"f a2 dx dx u (42,4
I .:': E dy 1
iy logy, t log,, = Ts = In 10
dy dy du _ | X X

i du'dx uwlnl0 3214 (2 +4)ml0

'g,g For ezch of the following funetion, find the points where the
- angent line is parallel to the x-axis.

Lop=i 1 4x—7 b. y= £ ) X3
x* 44 T ox -1

Solution: ) L, '7‘ +

& == .L.x 4
P ¥ .

allel to the x-axis means slope equal to zero, that is 2x+4 =0 =

=250 that (=2 £ (o) — "
paraile} tL}.A’--HxiE;_- S 2 =2, -1 =y = =11 « tangent line

d d
by X B C R ) P L - 3
! 'b‘“x_?;‘i:bg};z }dx dx i )= 4 -x"
dx (xz + 4)2 (3:2 +4)
= d_}-‘ 2
g i e 4 x
0 " = e -— 4
dx (x2+4’)2 O0=4 x"=0=x i
=212y = {2,—1_ and | =) v
't}E‘ﬂ‘Qq’ 4 3 4
o F;;fl et for yoy
Wihe peying _
- !Spafalle??t;n; znl?i gur"" y=x +x* + x where the tangent in¢
sa&“@t: .f'.}_-"f_

=0
dxhgx +2x+1=2 > slopeofy=2x+3
':}311“1-1_21
.51=0‘:>[3X—1)(x+1)=0:>3x -1=0

}‘}33":: ]. 1 17
I= ¥=Fendx=-1. «(1,1)and LE‘T]

:‘f_p.?_rh o B o
ED=ren Gt syt =2er2y=2043
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== TN = 3
dy .
41,  Find —if:
dx
2 P= {41‘3-1'2)5 g,
b V= 1 f
‘ (2-5x)° )
e ¥=1an (x - sin2x) g,
| 2x=1Y
d. J'=£ h.
3-4x
Salutien:
dv  d s 4 d 3
d, l— = ——{4.\'3 —.1‘2)_5 = 5(4.-1‘3 -~ .!.'2'}4 d—:—i o L
dx c{r i ) il
= (") (1247 - 2y
dv  d — 4 o
b. = oan =i Q== 3=— - _4‘_ R
v d_!:{ 9 2 ch‘t_ -
=32 Sxy(=5) = ° -
{2-3x)
dy d . .
— =—({1an (x— sm 2x
dx v (tan (x — sin 2x))
.3 : d o d
=seC” (x ~sin 2¢) — (¢ — giny) ——(2.)
dx (lx
= 8€ec (r sin 2x) (1 —cos 2x) (2)
=2 sec” (x —sin ,11-) (1- ccq‘!ﬂ
d Eji:d[lr—] _7 2x—1X | '7'1—4]
dx  dx\3—4x 3—4x uﬁwt 3=

geer

3—

2x-1

d 4:! ‘I'__$Ik"}
34V (2 —D— (P =1 - (I=
G-dx)—-@r--(@x-1

—

________..--"'

=

x (3—4x)

e
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b

y N |
!-i%[\l*“]i( T R (A LET IS
TR al ) P Ekfﬂ

e 3ubmhccumtai)lﬁﬁewm£@aicu&w
e ‘L] (3—4x)(2)~(2x -1)(-4) 70(2t~-1)
ol e Ty

dv _d s d
f AT | +1y = — Yot
S oS n fsin(x’ ) dx[ In(sin(x +1))}

{sin[ﬁ:c?‘ 4 1).}%{--(15i +1))
dx

S _ Cos(x* +1)(2x) 1
qr 2sin{x” +1) 2 Sin(xz 1) = xcot(x” + )
rfv n’
i (sin(x") + cos(x*)) = cos x2 --;x i _{f__(t )
=Dreos (x') ~ 2x (sin x*) = 2x (eos (€) — sin ()

e |

F(‘: +1)- —_(x)._t ‘—('I.' +1)
) P -——_____________

) » (xl+1]z < quotient rule
. A=x

_1\\———_{__ ekt .

gm simplitying

iy Pl —d;'ﬂ-i-.t o (14 x7)

= dx

—_ . X

. / '
VY af 32 B ad S
ER p)
| ( 1+x3}
brfii g 9y :
-h-‘—_-_h__‘-—__

- .l 32 1{“3‘3 12x + 35
+x =
24 +x"Y

e

@itz O] Ethiopia

-
1] 3 ¥ .
THATT AL THIEAWY FTHE EVHIGPLAN ETURRKTE e e | nvﬂu-rnha L2
L et S8 et e
L.
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42. Find the equation of the [me tangent to the graph of fl
(a, [ (). b

a fthm( - ] at (L7 (1) e f(x)= (1-2" W2 —var (2,18
L :

X +X

b, F(x)=e"" at(l, &) L f{x) ='Sin(ln Je* ) at(0,0) s

e. f(x)= ln(\/_Jr ]at(l,f{l) g. f(x)*ln( ;Jd‘w 0)
g L

d. f(x):B—.’Z,r at (1, &%)

Salution: Here,

Remember that: hl( ] -mnx—-Iny
Y

a. fO)=InG ) -In(x +x)= fix)=> - 3.:; +1
X X +X

Yy~fy=7/"0 (x- l.):>y+ln 2=l (x-1)=2p=x-1-In2

5 o 2 g
b. f(x)———j(" )=e*" h(4 x*)=e*" (-2x)

=y—f(1) f(l)(x—l)::,y-(_ =-2¢" (x— 1> f(1) = =26

=y=2exr+4e Equation of tangent line

2
e fle)= n[ %+ ]:ln(:-:+2)—-~—1n(x*3]
2

xX+3

-
L

1
=¥ 40 LR

X+2 2{x+3)

= Y=J )= D(x-1)= o= Jn(:}]= %(x—l)

_ 3 ] 3
== 5-4_ t—:?er m(?] = Fqugtion of tangent
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| . d /
aXN)— E4-T+]:. - (4.\: - 1] —'64}:- L :. Py )
74} dx il -
. —
(3—2x)~

~2) e (14-8x)
(3-2x)°

:.»f'(l)=eﬁ(1‘1r—8j = 6e’ « slope -

.v—ﬂl)=f‘(1}(x—1)—,1«-—95-—6e5(x—1):m G —50
i .f'(ﬂ=%(lf)[\’2—x:\+ (1—x )——«J2~— i, it' 7l

dx dx

y HEE
=" .(-\12 X “1 fil 1) so that f 1I( =——
\. 22— +

, }’-f(_~2}=f‘-(_2} (x+2)=y-18= _l.?-(x 4 2) ¢ tanvent uw

; L 1
B f(x)‘-—‘-S‘lIl(hl\/E_:):sin(lne? ):sin(;xlne)

st
4

o i o ny
J(x)=sin (ln \/e—‘) = sin [1“ el } = sin [-%;x(hiﬂ] = S 3 |

‘ [
[ :pflzx]:ggh__x = I—CD"; E-I—-r )"(O}:lCL}S{D.}_

|
2 2 g 3 2 2-

LaE

t

PO =f0) (x - O)y=yp-0= i2(.-«1\1") =y = ";_Tx ¢ tangent hine

S = 1,1(
x+1

i SiT X _
=)= l . thusf(@)=0-17 l
COS X x+1

FIOy=p O (x~0)= p- 0=-1 (x) = p= ¥« @O i

) It(cos x) — In(x+1)
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_— 3 H A - - = | 2 5 J .r
43.  Let f(x)=sec {E,FI]. Find: a) /'(x) b) / (Hh
. J %
h Sy

: of 1] 7 Yd il
Salutian: ')’.'):3360"(————_1‘]——- sﬁ:u[ﬁ-—;- ~__(:;__:_L1
l j v \ 2 dx 2 t; dvt 2 "V

o

r‘" N Jf‘, 5
::bf’(x):Bsccz‘E—.r sCC E—.\: tan —T—--,.i_-.'f_['

N

X 2 W
b) fu(_z_‘)z 3 see () sec (M) tan (MY(=13}=3 (1) 0] =p
I

1

44.  Find the slope of the line tangent to the curve v — sin'x at y -

f

L=

™ . {{"',-' = 4 d = = :
Solutien: — =58In" x—sinx = Ssin” COS &

dx dx
, 4
| - i [ s .
The tangent line has slope 55 = 5 £ ! = -
X \ 2 2} 23
== i

45, Given that £(2) = 1, /(8)=5,/'(2)=7 and /'(8)
alf g (x)=[f(x)], then find 2'(2). o
b A=/, then find £(2).
Selution: 2) g (x) = [/ ()] =5g '(x) =3 (£ (x))* /()
=g@)=3(F2))". £2) =3 (1)(7) = 2!
b) f;! g) = f(f} =h'(x) = '(x"). 3x"
=n0Q2)=f12°). 32y~ (3)12)= 36
46,  Iff(-2) =3j, g(2)=-=, o' (2)!—E --1) and /'(-2) = 5 then find

d
5 4 _ d |
9 -t (g(x))L b) = S(x) .
Safution: Herg, J = ¢
d
a) —([(g(x))
dx

_d d . -
BN = figlene ],

—
—

d
o 2
a’ P fw ey 5

b —
b) ;;J:f(r) |
" <@ 2 2ffm 2 /=21 243
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Tatveduction to Diffenential Caleulis
e @=teM=1gh=1g0= 5 and
g Y fox+2). g (1=x), then F(0) . .. UEE

VARSI C. -1 D -22

S FW =l D @ g =)+ 2). g1 -2
: l;..ﬂi}. i) :f‘('},] (Zyg () t f(2) )=0=@)(2)+0=¥§
+ Answer: B

S

[ 3x" +1 ’ , ,
¢ 1 G)= [ 1 ) I££(0) = 0. '(-1) = 2 then GY(0) . .
UEE 1997,
A -2 B. -1 e 0 D 3

Sefutien: Using chain and quotient rule,

G'f_;r)zf'[af-:l } i{Bjiq

S

d . . s d, .
) ’gxul](x—l)dx(z.r +1)—(3x +1)-a§ (.1—1)k

J = -
P L X—=1 (x—1)
=G x) e 3.\:2 +_IE _(_x_— l}finx— (3;—-2 + 1)
A\ x-l (x-1)°
9o N > |
= "'(-Bif_l }‘_1 53—1} _ 522 w1 %12_:_63"2_—1]
\ #=] r=1* ) x—1 =1
= " Al s A
L) Egm) =71'(-1) D =2EnH===2 o Answer

tfl(x') = E3,1: . C{j 2 " UFE
bt . o s°x, then f* (x) . . - UBE s
= flte) 2 ['x]) =3e™ —2 cosxsinx « (¢ )= 3¢

© Th P X €— 2 COS X Sif X 4

| Solution g

d o= (2%)
)= -il— sin(x —cos 2x)— (X —cos2¥) dx

)= o Ty in 2x) (2
T L {x - cos 2x) (1 + sin 2x0) (2) ) sin 2%
P ~/7 2¢08 (x — cos 2x) + 2 cos {x - €os =
® equat;

flx) < 1on of the line tangent to the graph of

Aye X SI(H - xyat (1, (). VBE oy o
=3 B, y=3x-1 C. »=2
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WY ) _ Jﬂmwf;ﬁ‘iﬂfiqﬂf euf_cuim
“ Selution: _ o e
' . I:f - - d ‘ | “,
fx)=—0(2x- si(l—x))=2- — sl —x)— (1 -,
dx dx e A

=) =2-cos (1 —)(=D=/"(1)=21 1= 3 any Fil)=2
Pef=ME D=2p-2<3@-D=yp-3; |
~ Answer: B

52. At what does the equation of a line tangent to (he

(x)= ™ at x = 0 intersects x-axis . .. UL 5 graphof
| p |
A =50 B. (2. . (1 ]

Selution: f(x) =e™ > f'(x) = ¢ (2) = f'(0) -

T o S L Jl'--|{.l|—. !
(M x-0)=y-1=2x 5y=2%+ 1. The tangent ling g i
2x + 1 crosses the x-uxis when ¥=0=2x+ ji= (! |

. ' 1
=2y —l=x= —E- SoAnSwer: A

53. (x)=x" i
Let f{x)=x"V2x+12, the equatton of wngent line 1o the
graph of f(xyatx=2 .. UEE
A y—=4=16(x-2) {0 V=- l—._—r v=2%= | '
-’ wﬁlz . l
B.y=17(x-2)+ 16 !
Sabution: |
o T 2 d e |
= f(x)=x"—2x+ 12 +/2x+12 i ¢ e product e
dx dx |
| d ! —
= Fx)=2 =<2 4 2+ 123
J : x+12)F — 2) -+ 2+ 1212
dx( ) dx(z.r-i—lz) Fow2X+12]
2x*

2m+2x\'21+12

o8
S D=c+2DVI6 =1+ (6= 17 ana i) - 16

=I¥=I2)=f2)x-2
=r=17x-2)+ 16

)=y —16=17 (x - 2)
Answer: D
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Intreduction te Diffenential Calewlin

fawv=8 (). f(x) = cos x and g '(x) = sin + hen fird

Me=
i

du  dudx |

. gy —— simecee
St dv  dx dv

3 d v 3na 2 '
= y= : = /(%" )3x"and 1'(x*) = cos ¥,
X

:.f:;_‘z f1*)3x° = cos(x)(3xY)
”

av

r=p(x’) :}E= g2'(x")2x and g '(x%) = sin 2*

dy i :
:3"(}—_ =g'(x")(2x) = sin(x)(2x) = e :
. dv  (sinx 2

A _dudv 3xcos® 3 cos

: = . - =X =

. Lﬂ‘f"{ ‘ ffI dv 2xsinx® 2 sinx?

=23 and F (v) — (fog)(x) such that £'(4) = 1. Thun ¥
(15 equal to:

;-‘“'"3!113 C. 4-121n3
5-“|~3h13 D H.l—l‘ln:“'
olution: 17 (\ 1 - 0 ot
X (x) £ (glx)) =F(x)=f"(e(0) g'(x)

—}I:”gu)) gM=/"4)(1 +3In3) - Answer: B
33, since g(x)= 1+ 3" 3= g(1) - 1+ 3l

1 B
Let £roy —
j(")“g(\fEH).Hg'(3)=%-‘h‘3“f"2) .

5
2

A
B,

o | ha

1 .
: C.

< o]
X (X

|
Sy 8'Vax+1 (3)(4) ]
Y=o XAx+1 iy BORY A=
Wi DEIOTRET o 0
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663 Jntuoduction to Diffeuntiat gy, - |

57. W hix)= {/g(-t'),g (2) = 8 and g'(2) = 6. then the Cquitiigy o | i

tangent line at (2, & (2)) 18

Tt

Scfutien: h'{x)= ]g{g(.vr))qE £ '(x)

-

£ 1 == (6
3 |2 = 8 3_ f‘l :-l-l—_;
g2'(2) 3[] (6) o

—

[

o h(2) :%- (g(x))

— -
=y -h @) ="2)x-2) =2 y—+/8(2) = ‘E{-‘f“ Z)etaneer . 04

. 1
:‘5_].#~{/§ :—;—(x—l):>y—2=E.x—1:*>_|-—_-l ]

2
1

538. Let f(x)= Sm(—) , then gradhent (slope) o the cupvz = =
X .
15 |
Sefutisn:
., 7\ - , .
= xh= cos[—j[;—f W = f‘ (]) = COS T(=T1=7 €=t
XL x )
59. Letf(x)=¢" 'and g(x)=tanx If F(x)=x7 () - fiel i
F10).
| |
A. 3¢ B. 4 C. ]———[— 1. =+
é ﬁ"';_ ¢

:Sﬂfuﬁm Fllx)= x f'(x) + f(x) +f|3(1) a'(x) —;.,F_- W (i i h g
(0) +/(0)+ f'(g(0)) £'(0) we have, /'(x) = 3¢ |
=f"(0)=3¢" '

g'(x) =sec’x = 7(0) = sec” ( 0)=1 i
“F(0)=0+¢" +3¢" =4¢" et [
60. g (x)=x/G" +2x), [(3)=—2and f'(3) = F.1hn gl
to: ' o i
A. 20 B. 15 C. L 2 |
Sﬂﬂ:‘.ﬂmx: g =xf"+2x) r x i+ 20 2 afit
61 =8 =1703)+1f'(3) (@) =-2+5 ()= !X o
M0 =2,113) = 4,g(2)= 5, (2) = -1 and \
(xX)=/(x" - 4x) £ (3x— 1) then £(1). :
A. 22 B. 38 C 7 &
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F() 5 fu —A40)(2x-4)g Bx— 1) Ff(x* —4x) )& (s
ﬁf{]ﬂr- )7 DED 0950

R 2)(3)+2 (3)(3)=-10 Answer: [»
(1= 111 “ + esc x), then T'(x) 15 equal o
: ) —cotx(cscx) —cotx
Lom ’ '!: == —= z
. Sl l+cscx sin x+ 1

 Thpequation of the line tangent to the graph of f(x) = 2v s (]
gat(), (D). .. UEE

hoy=3x=5 B. y=3x-1 C. y=x+1D. y=x-3

Selution; T'(X) =2 — cos {1 —x)(~1) « using chain rule

HM=2(D) ~sin (1 =1)=2~0=2and f'(1) =2 oy
(I-N{-D=2+cos ()=2+1=

W=ED)='M&E - D=y=2=3 (x - ) Equation af
ungent line.

“y=3 -1 Therefore, Answer: I3
Ty J’ix ~Lx<2
flx lX+ 3152 then which of the following trie. ..
1§ UEE
b [ N AGE
f'@)=s5 b} Shas no denvative ary
Sﬁfuﬁun- ) 1 x)= f(2
' S (2)_“:-11{1} f(‘f) ; ( ) provided the limitexist
X X —
f:(z =1 f(x N - oy
) }LT_-"L—{(—%)— lim -.______'1+3F5 = lim —— A ’l and
f X— 2 32 _x._z =2 l—j
fllw!;mﬂi’f)__)_‘gi) o X125 3=
:' f ;2 x-?. X3 %=1 1.'——1:11‘ I—*Z
ek f )= J'(2) does niot exist. Answer: D
Lﬁf‘() [3x~1x<2 .
. n, X 41 then the derivative of f(x)aty = -
Ukg X >2
A, 2
£ Sefu B 4 C. 5 D. Doesitexist
o Vel : . 5 . D
i | ' Exereige left for you.
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; du‘l'ﬁ () '
! Tnbraduction ts Dif fewntiag oy,
= - —_‘_-—_r:-: = _-- _‘x\u!
Differentiation using method of logarithm | "'ﬁxj
Differentiation using method of logarithm nvies R |
Or; e

function is composed of product, quotients and powyr p,
ake the natural logarithm of both sided, then nse i, Mg
loearithm of both sided, then use s properiics of lwarith o,

.
EI.L,'_}{”-.

I' i
example:
1 1
i) pr=—=2In \-':]n(— —Inl—Inx
B ' \ X |
i) y=-x=hy=lhx"=zlnx
_ ___ lllustrative Example _ T
Ly
66. Find —:
dx
L. 3 _ o
a, y=vl+x e. v= (@ = . &K
¥ . ;
b. ¥= f. p=x gl —a
' \ v +4
a4
2x+4 o
C. Y= - 2- p=¢ (! “a7)smi
5—6x
P

d y=—
Vv1+x® -

f AN LT Q"‘l-
Soluticn: Take the natural logarithm (fn) ol bot

i [ e _-'_'!Il!l-:'-

expression, then apply the property and then dilterentiate. -
d |
solve for ~——]i |
dx |
= = | . m | .
ay=Vl+¥ Shy=hl+x < hy=-nl |
' - |
d d 1 i 1 ey SN olvime
=2 —hy=—cn(l+x")=>— -7 57 .-
elx g dx 2 . D } |

By

by _ dy l’ 5x* J1+35Gx" ) j”*]

de T dx T\ 21+a7))  20+4xT) WE
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% ) ntieduction ta g)i__fpfmaﬁaﬂ&.;{t{;{ué
‘Qlw” 1 xz ) 1 —_
v 5 :
= ;—J::rlnvz—ln( =—(Inx* —ln(x -4,
TR _1*\_1_:+4 - Nx.t '_4} 2(“’-’ In(x Ly
,__[n = Inx —In(x +4
ja’.rl - cfx( \ ( )J

T

1dt ¥y ox +4  dx
dmjda / X l‘ 3x°
dy Vei+4lx 44

r’2 _JI_4
\- W =In V‘“9h’|(2x+4 = 9 [ln (Zx ~ <1}
L= bx L 5—6x

gy 13 dy _ {1 37

— | €— SD.‘LV].II-g [

b |
|
HL-J
+
A
"M_________..-’

: d
{3- Et!:.]]:};ﬂ—]n ¥ _—_f:;lh] (2x +4) — In (5 — 6x))

:;:-I._gl_ihg[ 2 " 6x
y dx 2x+4 S5—6x

vi‘i:})[ 18 + >4 < solvi 1"::}1:51‘i
b Tl2x44 " 506 | O i

S [2x+4] [ 18 54
i 4 \5-6¢) | 2x+4  5—6x
c? Iny=nin (ax + b)
= .,“__._1_"_:: ha -, d}f B _}-'(a')ii‘ _ (H)U?)(Hx T G

Vdx ax+p " dx (ax+b)

P 3 "“‘“"'-_-!— .
|£ x\ﬁ“xhzbln}’ln( \/—lﬁ——l‘?)

Py

s n Ve 1

_ 3 lnx’+EIn(!—.\'3)

P ‘;.%Ld.l"h\}__b —x* dy [% . ‘l
iy . l_';i-::?'j:z;ﬁ_v : | Ea
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672 Intraduction to Diffexentinl

N ]VE— = 3}

dx & k=

g p=e fljrx)smx:?lny'-ln(e {1 +x*) sin x)
=lhy=le -a-in(l+x}+lnsmx

1 dy 2x  cosx
= ———=]+— + ——— . Multiply both side by y
y ax x +1 sinx

(1+ x +cosx:l

x+1 sinx

| )
2 . T
=e'(l+x° )sm;{l# o B d
x*+1 sinx .-
d §
}7 ] B . 203 . ;
‘:>:!;=ej(1 tx)sinxt e sy 2y +(cosx) & (1 +ah)
67. Find the equation of the line tangent w0 the graph of
F) =3 a 0,0
Salution: Lety :;['(x) L 1“}':|11X eh.f:::’]
=lhy=lnx+Ine i =Ilnx—+/x? :.;I
igﬁi:lﬁ_%{*_jgg 1«
Yax X 2dx®+4  dy X NxP 44
d R
::kjé:xﬂ_' T2+4(‘£"' - =g ¥+ eV H_
» \J'Iz+4 -\J_.f‘:-r“
SE] thﬂt —q'}-?— e eﬁ"ﬁm 0 —2 '
x|, TUse ()
=¥ — 1[0
OO -0y _pm g2y o oquuiond
tangent line, ¢
68. Find -{i—‘?— if
dx
a. ="
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| Tntnoduction to. Differenti
‘ ; A il : eafcl.(&[d
i) ‘shy=hd =xlha
W I 1 d, dy
NS gy B o In
'.,{1- Lol v dx dx Yna)=a'Ing
8 e my'=Iny=xInx
[
g £, (Iny)= “(xInx)
av ux
| fil d [f
s —=X—X+x—Inx=lnx+1 solvine Far
v iy dx dx solving  fo

'-_:5,1'-1—:_]-'{]]1.‘{4'1) =5 (ln.,f'*'l)
JE Ay

Vs ly = x" N =lnxnx

{ d
2 —Iny=—(nxlnx)
(i dx
P swlply both side by v,

| gy flnx Inx Iny’
| Sty T T | e[ 2IX ) g e
| A -|,‘. P 2 - J X [ }—Jna(x )

b &

— L% 4= Exercise 1eft for you.

51_': D'FTiEr derivative of function (The n™ derivative of function)
“fferentiable  at  each number x i then
"'ri.;-_"._ﬂ.l—f(x) . |
. Im} P exist «— 1" derivative.
il ‘

dllTLI‘ﬁul‘:ldblf: at each x then.

o= foe d ()=
' -t " ne
l“,n T__L exist < f'is twice differentiable (2 ]
-—.__l' -

o ‘-.i .T,:]
]".-;; il .
"‘hm N ’)‘f”— (T]

——————— exist « n fimes differentiable.

b= [ =
s . J—
Uy '
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7

{——necnnd-dema atnve

d”y
« Jr=

3 1

o« fM(x)= ci—é third derivative
Todx

n
2

) ; .
e nth derivative.

") i
° X)) =
U dx

___ Tllustrative Example

fr .dz'lr
| 69.  ind =5
|
| y= 1[1( ] (o2 y=1Infxr )
" X +dx
_ =In d. p= L_*.n'.q" (v @ hi
L [Jr+4]
| Sefution: Tlere
ﬂ i y= Int - s J:‘:- V= IJ1x—1:1(x: 4 4x). so tha
i X +4x
:4 - Dy
ﬂ: =Fd—[lnx—]n(x2 +4x)|= 1o +
dx dx X X —4x
ff_(i’ﬁ_’);i[l__-zf*d' )zi 2 —(x% +4x) L, (25+4)
dx \_dx dx\x x" +4x dx\ x dx
1‘(:1: +4r)——(21+4] U 4-413}
= &y s 0 S |
de  x° (x* +4x)’
| 547 :_i‘[zx] HBx = (2 + A2 +4)
| dx* i (x* +4x)

L4y I + 2x° +8x 416
X (x4 4x)
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| _ Introduction to Diffenential ea(m&! s
y
. 1 .
e _Em( X+ 4) & properties of logarithm
dv 1 . ot
Y s ome -« first derivative
2T x 2(5+4) e
. _’_:1’. = _} M j
' x (2x+8)°
; dy
cy=n(x" +x)= }==zf+l
' (x” +x)
d y d| 2x+1
rirz dx | (x* +x)
:jﬁii 2x* 4 25— (2x+1) —Qxl—lx—l
dx” (x* +x)° (x* +x)

b r=cus (4x + 1) & y=(cos (4x = 1))2

b 4
i Costher1))? “2005(4x+1)——«-005(41+1)——-(4x :
1

L.
& " cossin (4x 4 Iy =—4cos (4x+ 1)= 4 sin(8x+2)
&y a4

) ¥ a i (8r 4 2= 4 cos {8x + 2) i(sw )
N, oS (Br+ ) .
b f(0) i) £ (0)
709 =xin b f)=x
>0
%E) f(x)——xp:l={x '
—x* x<0
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i ”hﬂ.'ir."i_ﬁﬂ“ ff ;)ii i".""“’-="5:frl-t. Etlll;‘rffﬂ.'

I~

[2, x50
= ) =< A =0 llenee

t—z, x<0
D0 =0 L) " (0) does na1 exis
Since lrJrIr} f '{xg—_{:' ©) doesn't exist

LN

XV =30 oY= 6

L |

b. J{x)= J."-;' = Fix)=

- 52y =
=) === |x° = ) £'(0) doesn( exig
313

Note: /" is not diffgrcmiable even if /18 differentiable
71 Letf(x)=x"[x., then find: a)/'(0) b)Y o) o 1)

Seluticn:

Sy =x* | x|= {

=1

x ifxz0

—* if x <0
. I . x>0 ‘ 6x, v =0
= [ (x)= { ; = f "(,T)) |
| Sxt,x<( =6, x < ()
[6, x>0
= f"(x) =6|x|= S™x)=4when x—_0
1-6}: < ()
a.  f{=o b. f"(0)—-0
c. J"(0) doesn’t exist because |im / "(I)-m'f ) does nwt exist
&3] X

(Le.f, (0)=6 and /7 (0) =—6)

72, Find the nth derivative of cach function.

a. {(-\) =g3""‘-1 . f(r) _ __1
ey

bo o fx)=xe™ d. Uiy =inis

Sefatisn: Ylere, S{x) = sin x
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- ; _._--_;-""':"_':-s;i_ f.”(x) = 3‘__ E}_f—r‘l
/("‘"’::; _::,f 'L;-)“ g =

“'-I!'”.ﬂ —:;f[) IQT-FI@)*E -xe¢" =€ (l—x)
1'?

siﬂq’ -0 T (1 - x)e Y=+ {1 =2)}e")=¢ @2~-x)
f"l;)' ¢'0 X * (1 — x), where 38 positive integer.
f]lft} e. ) :}f (x)_Z(l—x): 5
o= O TR A-x) (-7
(2)(3) 6

———, n1is positive infeger.
(1 _x-)n-H
» Lelfto)=cosx, then find /™ (x).
Selution: Exccreise lefl for you.
Conceptual Example
T Letfix) be a real vatlued continuous function such that f' (x) =0

Jit) —3
forall 5, f(3)=3 and f'(3) = 1. Find hm Jx J_

; J”I..ﬂ -

beplanation: Rationalize both numerator and denominalor.

0 3 \@i— IJE; V3 fxeds

YN R < S Y N o O RN SR
[ﬂﬂ 3 «J';+-(l

x=3 ix) ++3
= f‘u(a) J_ \/_

= (1)) =1
a J—+\/_ (IX
gy =

Setugy =f{4x + 6), then find g" (x).
o o L8 = A + @)

E’ ’-'} fll(ffl.x -+ 6](4) :)g 1t1(x} fm{q_‘ A 6)(4 }
lf 5 )= =1 (4x+6). 4" 5
(x hf[l' ]E) f‘ (_2) 3 dﬂd )r‘ll( "))_ l then

T 7
-*2

= ).
B w cC 9 L

u{"l J is qulﬂl
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Jutraduction to Diffesontinf

Safutien: =G(x)=f [1 —3x)(2x - ‘)_(21 3 - lx)q—-:,ham rule
G = (20 = 3 — 30(2x - 3) + 6" - 3x M2 e—product ryle
:»G"U)—L D /=2)-D+'CDE Ye—evaluating atx = 1

75.

76.

77.

78.

G (=31 (N@)=3 Answer: 0f
It;’(u— 5™ then /™(0) = UEE b
A, B, (mf5)y  CAfM5 D owminsy
Salution: Remember that: (@) =« fna
=)= 5" (nfn3) = Mx)=5"(m fn 5)° ‘
=)= 5" (n fn ) =" () = 5 (1 i 5)", = /(0) = (m 4 5):' '.
Remark /" (0) = (m én 5)'(<— nth denvative at x = () ’
Let /(x)= ¢ ™, then " (0) equal to:

A2 B. (" C. 2" DIy
Satution: ['(x) = ¢ (2)= f'(x) = ¢ (:2)(-2)
L) =(=2) e/ (0) — (-2), Answer: B A,
Letj (x) = In (x” — 3x), then f"(-1) equal to:

_ - " ~19

A2 g Ve =B £

16 16 16 16
2x -3 d .. d({ 2x-3 J
Selutic X = Kym=—| —
a: [ (x)= Eog T g J ) e (_;-"—3,1-
(x> =3x) g— (2x=3)—(2x-3) ? (x”—3x)
= /"(x)= z
(x” —3x)
oo 207 =30 —(2x-3)7  —2x" +6x-9
fx)= ( 2) 2 ) - I me)
(x° =3x) (x"=3%)
= ['(=1)= _2+_6_9:_1?q Answer: B @
" (1+3)° 16 ;
Let f(x) = log x~, then /""(x) equal to: j—
y : 2log’ 2Inx
Sebution: [ (x) —logx =2 logx = o )

log, Inl0
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Jubraduction to. Differential Caboufy,
B i R _—
% . =2
gy = () =
= (%) <In10 f x*In10
4 | e 1= - .
:"?f “’(.1") = ;3-1;1—1—04 = -;Ilogm 3" derivative

G 1= fir 420,/ (2)=-2 and f"(2) =3 then G "(1) equal to:
UEE |

& -i8 B. 9 C. 23 D, 27
Slution: Gy =f'(x" ™ X)M2x + 1)e—chain rule

()= @+ 1) S+ 12+ 1)+ 10+ x) (2)

6" =24 1Y 0T+ )4 e+ x)(2) produet rule
561 = (9)/"(2) +£'(2) (2) ¢ equating at x = |

e %(3‘) +(-2)(2) =23 Answer: C
BN If(x) =xe™, then /(x) equal 1o

Selution: Exercise left for you,

, o
1ol Hf(if):m, then find /™ (x) =

. ) RV BT
Sﬂﬂldtﬂ-u — exercise lefi for yOu. A[]_S (n -)( l)
(x+3)" y
d Implicit Differentiation
| 1)« E’KPPM function

1]
XA = 1 o . D3 .
| Thegtens -[i ]di ﬂf TV implicit function
X Crentiate, implicit function:

Diffarerti..
Werentiate both side with respect to x.
Coll ~
Ollect ail terpg mvolving —‘?2 and solve for c-il-
o x dx
) :t;::-‘——_‘-‘-——-'._"—..-::_.___h I.l (v ="
" e lustrative Example -
| md:y LY
I dx
i) Slope ang , oy
idequation of tangent line. i) r
(v
. "

e 2
Y =95 at (-1, 2) C. .134—_‘-:1-«2. al (\EJ)

Nilgital Uiy faw € 1 ibepriay atiatamis nvu“'r“be P heitallon ] Eebivveii
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HR0 Intveduction to Dif fexentif @y, et A

’ I P
W2 6
Saludian:

i dy R ;
| a. i(x +y)=—=5= 2r+2u—l—=[}:‘:f£{1—:_%}‘_:“—‘f 4

dx dx dx iy 2
' <« Rate of change of y with respect to x |

b. & +y =10at(3, ) d. x=siny at

———

- dy -x 1 oo o
i1) Slope = — = —— = —+<=Equaton of tanvent |;
dx N (I Rt i

| p==lp=2 -

circle

elo,-

1 1 5 .
= p-2= E(I +1) == ?"H"f <Equation of tangen line

—

i) %{xz +37) =%(ﬁ) = 2.1“?}—,+2}' =}
dx 2y -y

ST m———= < rate of change of ¥ with respect to v

ay dx x
b. Ew:ercises left for you.

d
n Lipap=1, :»zyij.-h;‘f_
(X X

a'p

| F
)
e

d.r

dy 2x

= = <« Rate of change of y wilh respect 10.v

dx  2y+1
dy _ 22 22
241 3

i)  Slope, — « slope | ‘

dtl‘*. e |

242 | |
(x - ﬁ) <— Equation of tangent line

d d i i
i) — (3 +¥)=—xP 2y 41 =2x " solving for =
dy y) & y+ Y d‘_l’{_ olving 10 n

Pll=

|

4
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o 5%&%%2@@4

2y+] ~ ;
- « rate of change of x with respect 1 |
2x
d d
| j—x=——sinp= =cosy—~
Kk U dy dx
N 3 1 d!
=y — = = ;l g l = 2
cos v x| ¢ T i
J SR cns(%} V3
3

2[ 1"}
—l Xx—— = p=

\}- \/_-i- « langoat lirg
d cir

Itl]"—‘l"'——'ﬂlﬂ =R
b dy a0

i LetF (X)=¢" In x. Find: a) £"x) b) F™(1)

Sebution: Let f (x) = and g (x)=Inx = F (x)= /(v
T) I g+ fg ' product rle

TRz 2= 1"(x) g () + 2f (x) g0) g (71

¢ oY ol

_'-} ;-_-'1 Al
=" nx = S
: X X"
LYy = . -
c=e 0)-2¢" - ¢! = 35"

Explanation
$0=Inx = gl =L, () = 2
_' X o -‘T x—
TW=e" i) = e fr ="

e

Selutay. 210 @) S b) 70T

) ’. .’ f«’f = 31‘ o ¥ ‘;E‘ "

hJ j"[]} [31"19 '}I & )l_ Ge™ = 6.\':(?-" e o
_ Lemq ;Ef’ Y

»then find 1) £ (x) b) f”{Z‘l -
9.5 S =3 3y - 3 Y(n3) L S0
T 1E)=3%(n 3)" = (In 3)"
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GN __ Intweduction te Diffevons;, ¢

S . . = f‘fﬂifuj,

__ Supplementary exercise an Unit— 12 i
. Find the equation of the fangent line to the soaph r e
al the indicated point.

Jl |§:1il'|r_[

_ x—mx sl o y
7x) :{ : at(m £(m) b - dnpg 5 o7

i.
|—-2simx, x>0 .
b, f(x)= - at (1, 7(1)) L flx)=log| ~:1xv-_¥
X =ros
e. flx) =% +2;5(-1,0) j F0D = T = S8 s
.
d f()-37-2x- 127 k fx=15"" .
1_3.1' +24 % i
| | l . N
€. f(\.)— lﬂt“ 0) L f(x)=23x - con (¥} dix
2x+1 o D -
. fix)=- ‘—7_ , at (l) m. f{x)=x costd)
3-x" 2
| e, fl)=xe ¥ at(0,0) 0 fx)=xcos
2. Letf(x) - 2¢ — 6x, find the set of all x for whici.
a.tangent line is horzontal d. the slopz 1= negaie
b. the slope is positive . the slope 15 -2 f

c.the slope is 2 ]
3. Letf(x)=x P2t — 155+ 2; find the equation | iiu U Jie
at the point where the graph crosscs. a)y=2 b1 v " |

4, Determine the intervals on which the function is Jiflercn: |

af(x)=x"—4x f fy=jv - ¥ 2
o x it ae | |
h. f(x)=+x+5 g Jix) =+ 'H Gifarl ]
e f(x)=v25-9x h  f(x)= -_.; ]
d. f()=k-3 i, f(x)=p*-3x +2 |
e f(x)=[3x-75| '
3. Find /' (x): e

a. f(x)= lﬂg% . f(-lj =5
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ntwoduction to Diffeventiol Calculus

f(x) - e-..'.r2+4x
flxy=%

X 43

i

log,

fx)= e (x—3)
|

1(x) :m

o f(x)=3"*

o. f(x) — Esina.-m

o 19| 4‘“]3

L 2—3x

| E!*j:’;;‘_gm'—f'ﬂ) -2 f(1)=3, g(1) = Sand g (1) = 4. Then find
(1) 1

Ix4+4
g(x)

E=lng) b F(x) = ¢ F(x)=flx)vde-1

¢ (s

P GV = 2, (1) =1, g(2) = 2 and

"2~ ). g (x*+ 3x) then find F'(-1).
Lgy Fley= gl 5727\ 2 -y e
g5z +1), if g'(4) = ~ then find /G)

Liﬁtf-[" ~ At~ _ , -
iing I_E:‘E[}E 8 x) =x" 3y, and F (x) =" f(x) = el then

L [.E"tf[_xj =1n xl ~

G ) 4x) then find f"(-1).

RAE 5x),£'(4) = - 2 and £"(4) =3 then find G (-1
— .f'| == |=20nd G(1).
© " for each positive integer » then find:
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.‘7 nh:crducﬁmt te _g), Floxent; q{ ;

tind _
In(x +4J)
15, Let g t)-'—*(—ﬁ——u find g '(1).
X +4x
6.  Find the equation of the lien tangent to the circle at the ;

poin. dicajeq.
a. 1+y 5{1 2) b. w:+_; ~7\+rwﬁm_9(_1 3
17, Letf(x)=x"(¢") then find FCL. vAss Sh)
18. Lelf(x)= 3™ then find £"(0).

19.  Ifg(x)=f(2c+4), then ¢" (x).
20.  Find the nth derivative (/" (x)) for the given functjon:

a. J(x) = : : b. f(x)=

oL 2+4x

Vit Libirewy T ETTieam aneenn nYﬂI.ITI:lhE ¥l
Livhietay

i e e - —
e

n ORET AL LI LA Y STp ST IO AN AT T °
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Unit Thirteen

plications of Differential Calculus

1A

ileresiia] Caleulus is timportant:
b, Todetermine the extreme value of function.
“§ . Toderermine where the funetion is increasing or decreasin:”
v Todetermine the curvature (concavity) of the graph.
¢ Todeterming the maximization and minimization problem.
s iy, you will learn how derivative can be used to deiernine
e value. monotenicity, concavity of the function.

Defuﬁﬁun: Let fbe function defined on an interval | containine -
{1 J()1s the absolute minimum of fon 1 if £ (c) < f(x) for 4] «

) IE\]. (l'f'ﬁmt is f(e} is the smallest value r}fg:'fm h ‘

1) I1e) s the absolute maximum of fan if F (€)= fx) for all x|
- m;nll. (That is £ (¢) is the largest value of f on I).

umum and the maximum value of the funcnon on an !

| "mffn'ai drE
= 4e called extreme values of function.

1) Dften e
i Zl b:st; the tejnns instead of saying:
X Ah:s ﬁlute minimum we say minimum.
, Olute maximum WE say maximum,

i 1!:] A et
: clior .
Merya) ! May not necessarily have extreme values o od

y 21 on (_2 4 h » AT W E but has exucnic
b]. }?Jue on [__2’ 4] , 4) has no extreme value
=t 4 90 : ]
. Zon{l : . value but has extremy
%? . Valye on 1, 3, (1, 3) has no extreme value bu
‘[ L.f:ch};1 Mustratiye Example -
O @ A+ Find 1k . - S S SR LTI
I thig o1 nd the maximum and the mm
. (1, 5y 'dicated interyal |,
Voluy b.  [L.5)

118 cong : -
IMUMIOUS on piven interval

(b 3

0

-
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{"J H h

I3

Nuote:

Relative Extreme val

The relative minimy

_ im and relative 3 _—
maximum value s called Relative s
Exfrﬁmf: 'i"allle_ lispram {.?\
(:ﬂnSider‘ thc ra h 2 » PEVE LY / :
£raph on the ripp¢ ey J M},,.,‘.
. . Metatlue mniAliE
‘F]g- -hﬂw m'd}{ii]']a dnd minimﬂ are i
: classified '
lf'r o ‘ﬂ‘lt‘. Braph we observe the Abrsuiite
fD”UWIng terms- rin A
- - o e - - n h
N THa) is Absatuge '

Applications of Dilfenentioy Caf: 'W
a. f(¥) = dx + 1 has no minimum and maxiinum value i’i
(1.3). . T
b () =4x+ | has mintmunt value on |1, 5) whick i5 (1)
5 but has no maximum value. |
. S(x) = 4x+ | has maximum value on (], 3| which is1(5
21 but has no mimmum value on (1, 5.
I . | L X
Let [ (x) =——, [ind the maximumn afd the minimum va *E
x—2 |
of fon given interval:
a. [0, 3] b. (2, 5) c. (2,5] d. [3, 5)
Safution: Herc
. l : .
a. J= 5 s not continuous on |0, Hlorx=2=
X=3
has no maximum and minimug value,
b. Flx)= has no maximum and mininmu
x—2
1

C. flx)= has minimum (smallest value) on (2, 5‘ i
X—

whichis 7(5) =~ but has no maximum,

d.  Exercise left for you_ 4113
Extreme value thearem is an existence theorem because it tells
the existence of |

ninimum and maximum value but does not3y
show how to find these values.

ues and critical number

n.u'm’mum; ¢ |
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X il

alue of funywhere. Also local minimur.
oT \ J |
- |17 enfure maxinnt: No greater value of fany where,
qyis: A
ax 1L ‘ |
] iz No larger value of fnearby.
{]C| it 8

4 fih) ave focal mininin: No smaller value of fnearby
| o 0 a r
‘maximum is the high point (peak). (That is no greate: ..

UH“"”IS
an

w}!ll)ﬂ_ )

) Refarve max
Aigarhy. ) . -

a E:-l:'nc minimum is the low point (valley). (That is no smally,
LR

of frearle.)

i Retarive maximum ai ¢ f there is an open imerval contain i
| conwhich f(c) is largest value. That is, f(¢) = f(x) for a1l .
on the nterval,

i 1) Relutive minimum at ¢ if there is an open interval contairi: -
mwhich f(¢) 15 smallest value. That 18, [(¢) < fix) for !
o the interval,

e ——

_criﬁﬁlt Number
iy Mmt.i““: Let e be in the domain of £ If £'(¢) = 0 or £ has
j *ative C, then ¢ is called critical number of 1.

: ﬂlllg E!Tremt VHIUES

nly , 5 . : e valkay
w  Places where o function f'can possibly have an extreme vabi

Pomnt (') - 0 or £'(¢) doesn’t enist).
POINts of the Interval.

iy o Relative ¢

v Xtreme only at critical number.
i§ el rtl‘dll's"c mi

® - . - = M "..-l
eri mMmum or relative maximum atx = ¢ W
i “\Ote; T g

?On\"efﬁﬁ O

B
RN el

f the theorem 1s not true. That is the

o Ctic en o relative esireni
M need not produce n.lauu.i___?_____:_ -y
i tey Absolute Extrema of continuous Functiont )

iy it
iv;

. u{llt I-
Elhe

atall erticyy point of { e (a, o).

A each coud points ol la. b].

TRest ang stallest ol these values
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628 _ Qpplications of Dif ferentiof Cateufy,

_ Ilustrative Example

Find:
i) Critical numbers

ii)  Absolute maximum or absolute minimusr
a  f)=2e=3xr—12x+7,[-2, 3]

b, flx) =318 +8, -1, 3]

R-J-
e flR)=——.]-4.4]

x +4
2 5

A flx)=5%—x,|-14]

3.

f‘n.

fxy=2 sinx +x, [0, 21]
fx)=x"- 3t 1 8. [-2, 2]

=

g. f(x)=x3(53-2x),[-1,2]
Sefutien: Note to find critical number set f'(x}
A JE=2" - —Ix+T= =0 o I
= f() =60 —6x—12=0...setf’(x) - {
— f'(x)=6(r—2)(x+ 1) - 0 ... factor
= x =2, —1 _.. crilical numbers |
The candidates {-2, —1, 2, 3). Evaluatinz & ar e 085
numbers and at the end point of [ 2. 3] (
e Atleft end point f(-2)= 3. 1 |
e At critical numbers f(-1)= 14 and / (Z) |3 |
e At right end point f(3) =2
« The maximum value of fon [-2, 3] is /(=)
minimum valuc of fon [-2, 3] is/(2) =~ 3. -
b, f(X) =3 = 18 | §= f1(x) =% - Abw el Ll
= Ox{x — 4) =0=x hory —}‘i )
Thus, 0 and 4 are the critical numieets: R
critical numbers and at end points. "
= f(=1)=-=13, f(0) = B, /()= SS';HIM .".1(-
The maximum value of fon [-1. 5)1sf F"i“ : H% 4
The minimum value of fon [-1, 5] s/~ 7 L

- 8x 8(.1:: +4) _2x(Bs) =

/ e T 17 ]

= and i

|
g

.!I_
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hl.f{ ﬁ;’ffﬁr 5
;,,..-"" . 32""83.:- . G 8 _R _ 3,) ) l‘}
= (3 =73 SU=0 =32 x=-272

SR
The cﬁqﬂdidal'u"ﬁ are, {_4- ~25 2 4} HEI’!CB, e‘u’ﬂhlﬂtingfat these
pGiIﬂS _gi\-'ﬂh

-8 o R
= _f(—4):—5u_f(—2) ==2,f(2)=2and f(4) =~

]
, f(-2)=-2is the absolute minimum value an [-4, 4],
pr_}':}l is the abselute maximum value on (-4, 4].

S 3 10 . g 2 5 e

-

| S50 x5 = £ x V=¥ [2‘1
(=38 =2 = i) =—x " -2yt =2 22
L | 3 3 30 {/;

5(2— x)

—— == =2
3 x

Also, ¥ =0 is critical number because §'(x) docs not exist. Thus. x
=land x =2 are critical numbers. The candidates are ~=10,.2,
H 4}. Hence, evaluating / at these points gives,
D =5—(1)=6, /(0) =0, F(2) =476, f(4) =~ 2.52
* J-1)= 6 is the absolute maxinmum on [-1, 4]
’ " J: E[?:G 18 the absolute minimum of fon [-1,4].
L. Rty
i

= f'(x)=

=2sinx+ Y= () =2cosx+ 1
= £ ! 1
4-)‘ (I}:ZCUS.‘{'+1=G:§Q@S_};=———
2
. T Ag -
E}Iz-—?‘:: g critical numbers. The candidates arc
02" 4n

3 'T’ 2‘?} - Hence, cvaluating fat these points, we get,

o)< 2 | dr  a N9
) Daf(-f—):\ﬁ_i_.%’i,f[ﬁ) - _\E-{ -*—;E-._f (EE)'EF
% g PN 3 3 -

5 f_".l.m?‘z"ft — A '
(e
)=

bsolute maximum
Nj:salmr.: minimum
48 iy =6y 124

=)= 6x (* ~2) =0 =7

i
]

0, ¥ 442




e ——— il u o T
PDF Compressor Free Version o g
 Gpptstons: f Dt cat, /;

. = .
- _\E 0. \5 . The candidates are { ~2,-~2,0,4/2 2 } Hengs 1 ¢[4
_ : a
. t iF
evaluating fat these values, we gel. f (—‘2} = 24, §v
- - ) = il
(Nz)=a. s =87 (2) = dand 1 (2) = 24 ;g,
5 ((=2)=[(2) = 24 is Absolute maximum and q :
_I,r{ _“@_J = ;( Jg_) =4 15 Absolute minimum. , Ef
2 A 3 | :
2 = . In - 2 4
g f(x)=x(G-2x)=5"-2%" = f{(x)=—ux*- 19—.1'3- 4
b 3
10| 1—x -f
P = ST ———
f (I} 3 [3%’(—;} 0 A 1. Alsn x Ulsa
critical number since /7(0) does not exist. i 2
! s x =0, x= 1 arc the critical numbers. ’
3 Heace, f (0) = O is Absolute minimum, () = 7 is Absolue § _
r maximum, [(1)=3, f(2)= i/Z | i L-Lf]
L _
". Absolute maximum and minimum on interval (-co, o) :;J
iy 1If 12.11 fixy=+ec= lim f(x) then fhas absolute minimumn i
| bul no absolute maximum on (—co, o). < i
i i) If [E J(x)=lim f(x) =—= then fhas absolutc maximum | :
,‘ o1
| A

1

l
_ (—c0, ©0) but no absolute minimum. }
! T m f(x)=—e and lim f(x)=4= or lm f(x}=+2

| R =3 b

: and  lim f(x)=-w, then 7 has neither an absolue

X—

maximum nor an absolule minimum.

! e —— . llustrative Example range
.,, 4, mel the absolute maximum, the absolute minimum and the cang
of fon indicaled interval,

¢ & fx) =45 + 3, (-0, o0) d. f(x)= o —de+2 A

b S =2 -3x—1, (o0, m) e fl)- —-‘iT on
. - ' R 2
G FO)=3 - 6x- 32 (00, e}
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W, Lpplications of Diffecentint Cateutur

ca&dw"
hm‘H*

—«F(UJW" +12¢ =0=125° (I+x)=0=y= 0and v =
ﬁm 0and f(=1)=-4+ 3 =-1 is the smallest valye.
Ran‘L_.E‘ fo -1, CO)

fm(x’ —3x—1) = +c0 «=f has absolute minimum

(=i

+3x") = 400 = has absolute minimum

SiR=2x-3=0=x= E 1s the critical number

"_ _?__E_IH 13
; _4 > =—— |5 the smallest value
Range of f—l\—la,m
4

o dim(3—6x - 3 ) = —oo «—absolute maximum

1=siz

=)= 6 - fx = 0= x =—1 is erilical number

:'”*11 3J+6-1-6= the largest value on (—eo, @) 18 6.
" Renge of f- («—m 6l.

- i - . s
.thj lim ¥’ —4x 42 = 0 but limx’ —4x+2=.

E—=S—i X
b _‘+"’v—'

“J'has na absoluie exfrema.

6 & . 1 1 [
e Jim =—m and lim e R

14 -I(..\ 3) =3 T(x 3) DJ
“Shas absolyge maximum on (0, 3)

L
e i o o

._2 3
=)= =__f_ff__0_?_2x+3 0.
] (x* —3x) 2
| = f }_ 1 4 "
“ f[z}:ﬁ:—; is largest value on (0. 3)
4 2

Rdng;, ¢ of [= [__w ___]

F‘_,I.----.-.--— o — i
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Critical number of Absolute value function o
__ Ilustrative Example
3 Find the critical number of each of the following:
a.  fx)=k-2 d. f(x)- k=9
h. fE=k+3+1 e  flx)=K - 6x-§ \
€. flx)=3=r=1 f. fio=k 1 2
Sofution. ' _— o
” 7 ) J
J.c—ELf.t:»f “ e P xS o
. o
U, 4) fin)=x=-2901f x=2 =jlx)=<&ifx="2 ey
l —x4+2if v< 2 1if x = 2 "ﬂ
o . Tk
y & x =2 is critical number since / (2) docs not eviarn, i
| w
T" x+4ifx>-3 s 3 i\
b) flx)y=slx+3|+1=91if x =3 s )= B iy =3 T
—x—21f x <=3 Ll v 3 i
N ) , _ 1
sx=—3 is cntical number since /7 (—3) does 1ot exist Sy
3 T .:-j|, !
4—x ifx >l LA )
| , ~
f ¢) F(x)=3=|x=1]=43ifx=1 = =9 A x-! ;b
Tte
X+2ifx=l 11 fift X =l %
~x = 1 us critical number since /(1) does not exst. g
: [,1—’ — G ify<—3 dx e il ¥
d) 7= -9 =40ifx=-3and s =3 = f(x) =« A ify - danda=2 3
Lg‘t:if—3 <x<3 =2t =TS L.
; - - e ey becalise 8
= ['(x) =0 =x=0and x =-3 and x = 3 are critical numeers
/f'(=3) and f'(3) does not exist. -
~ 1-3, 0, 3} are critical numbers.
- Y —6x+8if x <2 and x> J
e) fix)=x —6x+8[=40if x=2 and x =4 i
| 5 . ;15
X +6x—8if 2<x<d {-
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bications of Ditfo.
. ; E‘ﬁ_ - = aﬁﬂ%*i%%f EJ‘:!ICIL!{U
fy r e

2x=6 if y«) and x4
= ()= i =2 and xoyq
"t_‘ L—';'.\'-.Lﬁ if 2<x<4

dence x = 2 and x =4 are critical numbar
oot oxist 20 1) =0 =320 — 6= ) =5 =3
42,3, 4} are critical number.
) fi)= 1 - 1} « Exercise left for you. Answer: {-1 (|
_ Ralle's theorem and the mean value theorem o
*{ Rolle’s theorem T
{ Let fbe function that satisfies all th
f1s continuous on the closed int
) fis differentiable on
lil}f ()= 1 (b).

Then there exist a mumber ¢ in (a, b) such th

since f(2) and 1 145 oy

e following three comlitics
erval [a, A].
the open interval (a, b).

atf ey =10,

Note: Rolte’s theorem tells us the existence of ho

T ustrative Example

tind all number ¢ in [, b] that satisfics the conclusion
Theorem,

rizontal tangen: iy

. _
w, o WI=To3% onl-3,3] A f()=3-w - den |4

i Sx) =4 ﬁl{lr on[-2, 2] e, fi{a)= oled. ant Ay
< JOY=sin 1z, on [-2, 2

' f. fla)= R L o
1: Recall Rolle’s theorem

T

Y fig== ble

——3x is continuous on |- 3, 3] and dilereniuble
3
on

i (-3, 3), Mureover, since f(-3) = 0= f(3). thers exist 27

" , (3, 3) sueh that /() = 0. i

e filgy=¢" -3 =g = o= Iv2:

" flry=ot o 2 ils continuous on [-2, 2] und diI‘!}"I.L:W.T‘-‘.l-w ;;11
2) Mareover f(-2) = 0 = £ (2). so thut theie cXis

= [ff;i- 2) such that ey = () =f'(x) = dx* — | _

w“’ (€)=g¢3 A = 0 :} 4o (c.‘i 0= o=00 )

“The |
¥ graph has 3 horizontal tun pent lines,
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694 Upplicatians of Differenting

¢) f (x) = sinme is continuous on [- 2, 2] and difﬁ-‘femiahl |
(-2, 2). Moreover, since £ (-2} = F(2) = 0, there exiy e zﬁ .
(2. 2) such that f'(¢) = 0. = /"(x) = (coS ) T=T cos = ]

I I | |
= r=——and x=— ce==—and e=—
2 2 2 5 9
d) f(e)=3— x - 2| is continuous on [0, 4] but it is not differentiable §
on (0. 4).

« Rolle’s theorem is not applicable, _
e) f(x)=xvx+4 1s continuous on [-4, 0] and differentiahle on A
(-4, 0). Moreover f (4} = 1(0) = 0, so that there exist ¢ in ~4,0) |

| 3x+8 3
2Jx+4 3
J.¢ = - — = the graph has horizontal tangent line.

f) f(x)=x"~3x+ 2« Exercise left for you.
Mean value theorem
The mean value theorem which has first stalcd by Joseph-Louis |
Lagrange is slanted version of Rollg’s theorem. There is a point wher
the tangent 1s parallel to chord (secant). |

Mean value theorem:

Let / b a function that satisfies the following condition.

1) fis continuous on the closed interval [a, b].

it} f'is differentiable on the open interval (o, b). Then thereis
number ¢ in (a, b) such that |

— (i

S f(b)~ fla)= feNb=a)

Nate: Geometrically, the theorem guarantees the existence of 8 tangem 3§

line that is parallel to the secant line through the y
(@, f (a)) and (b, f (b)). Interms of rate of change, Medn ‘f;];- :
theorem implies that there is point ¢ in the open interval & 'ng&‘
which instant rate of chunge is equal to average i€ af chd
over the mterval [«, b].

G - -
.
=
=3
Bl i
Bl
[y
. ) R Ebg ia L EEvr i Foms 000 b ks ) di e “Y T h . . - .
DRELFTAL TSR P T A ST DEN T Pigrin 1a 4 b o gl
v ¥ e T et n“u e Idigrinnllon ] Evhiogka
e ;
Id
i
. N3
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N Upplicutisns of Differential Cateryyy,
” _____ Tiustrative Example o
My Fmd;jli,-gmes of ¢ that satisfy the conclusion of (i

€ mean value
fheorert.

o fR) =4 =2+ 5, -1, 1] ¢ flx)== +2, 14, 6]
x=3

b Jx)= X+ L,[0.1]
Solukio:

P - x
i f0) =4 + 2 + 5 is continuous on |

d ¥ +x-1.[0,2]

‘ _ ~1, 1] and

differentiable on (=1, 1), therefore there exist ¢cin (-1, 1)
’ S — =1 -

such that f'(¢) = AU A :—ll-l:?.::sf‘(:f) =8x -+

-, 1+1 2 ’

-—

= Je)=8c+2=2=3c= 0 [}, 1],
b flx

X)=x*+1 is conlinuous on [0, 1] and differentiable
on

(0, 1). Therefore, there is ¢ in (0, 1} such that
- L1021 2,5

=1= fix)=—x =]
o - S :
| ~3;
2 \2 27
8
¢=—
27
- 8 .
Wollosey 376 s o Ged-Ged 3
64 2 “SZ’-’ ()= (x—3) ?

Sla<ap _ 3
3) _"3:5_1.'-—3::{_—.\[5:_1‘:3‘1"\{;.::3— 3

A S'm

emust lic in (4, 6), ¢ =3+3
i) : ) 2.3 .
]

Ty
L 7
Tl
—
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(N appffcat;?uu.;; (g{'_ fl)‘m"‘e‘lﬂ(uﬂ eafq ".,'
N el f{y) = Ax® 4 Bx + ¢ where A. B and C are Gﬂmth -. ér'
] 7 ; : ~vonstant wikeg g

A # 0. Show that for any interval [w. b the number . vill #

; i X AUATAncad  pit
by the meun value theorem is the mid-point of [a, 4], Bﬂd’_ :ﬁ"

: L — fla

Sebution:; ['(x) =24x+ B = [(¢) = f e
b-u :
2 des B = Ab +Bhb+C—Ada” —Ba - C B Alh wa-)—.;.g(él_:ﬁ I
=~ h-a \b-a)

5 2idc+ B=A(b+a)+ B = 24c = d(h+a)

b+ a )
s o= — which is mid. pt. of [a, B].
'7
. The value of ¢ of the mean value theorem il f (x) = x(x - 1)(x- 24
[. 1" -
on [0, —|,
2
21 2] V21
Al B. I+— C. I—i— D, ~l+—— AW
6 6 b U
Answer: C
Note:; Al

i) If £ '(x) = ¢'(x) for all x € (a. b) then there exist a
constant ¢ such that /(x) = g (x) + ¢ for all x € (4, by,
That /— g is conslant on {(a, b). B

if) If £ '(x) = 0 at each point of an interval L. then /18
constant for all x in L

I

Absolute Extrema and Range of function

10.  Find the range of each of the following function in the
interval. )
a. Sx)=4dx —48x+3,[ 1.3]
b, fl)=x'—12¢ 1, [0.3]

indicated =& |

| . 16, ;
c. fx)=x ——x +6x,(~0,%)
3

Seobutivn: First find the critical number in the given interval. E &
R
= [() =45 48+ =) = 12 - 48=0 =¥ =7 2

| =

= x=£2, lake only x = 2. Now, the candidates are -1, 2 and
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~ Appticalicns of Differential Caleulus

e = ——
_ 4+ 48+ 3=47 is absolute maximum in -1, 2],
Nrm= 48) - 4802 * 3=32-96+3=-61is absolu
:_w{i; [ @)= 427) - 48(3) + 3= 108 144 +3=_3)

ImII}he range of fis [-61. 471

Thus, /1)

=2 - 120 1= /100 = 3~ 12 =) =0
’ = i -12=0=x"= _2. 2 « crifical numbers
 The candidates are X = 0,2,3

=f(0)=1.1(2) =8-24+1=-15and f(3)=-8.
- The range of fis [=13, 1].

o S _%ﬁf +6x° =(x) = 4x" - 165" + 12

=4y (x* —4x+3)
=dr{x-=Dx—=3)=0=x- 0, 1, 3 are critical numbars
5

=(M=0. f(D) —-l—%+6 =— and f(3) =-9.

tad

" The rangs of fis |~9, o).

Increasing and decreasing function

o Ahoction £ (x) is said 1o be:

) Inereasing on interval 1 if for all points x; and x> in L,
M6 = ) < [(x).

tréasing on interval 1 if for all points x; and v m L
)

i) D¢

/(x) said to he:
| ! ety increasing on interval if it is increasing o the eaire
| i g‘ttfil".fﬂl. - _—
As irlu:ll:::f]r dtacreasi“:g on interval if it is decreasing o e &80
' *\miﬂ“ ' increasing if as x move to the right, its graph 12 (0
r ”ﬂlliﬂg}. " 18 decreasing if as x move to (he right, its graph moves &8
" e

detiyat; : . e it i3
' ifthe, - Ative /'(x) is positive at x, then //(x) is inCreas! Bun
1i" 1 N - L N E.Lﬂ"l:l vl |
' Rre ahve f'(x) is negative at Xy, then f (x) is decr

"l
Xy firs Tivati : nie and loca
xtre derivative test used to determine monoio

i Te valne,

k.
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e

First derivative test for increasing and decreasing Funetig,
Suppose that /'is continuous on [a. b] and differentiab)e ¢ (e, |
) Iff(x)> 0 forall x in (a. b) then fis increasing oy |6, b, '
i) If 7'(x) = 0 for all x in (a. H) then [is decreasing un a1

| i) If /'(x) = 0, for all v in (a. &) then fis constong

—

———

——

i . _ Mustrative Example

11 Find all the intervals in which 7'is strictly tnereasing, decritugine
and locate all relative extrema. i
a. f)=x —12x-5 b f)=17 15 ui
Salution: Here is how we apply the ¥ derivative st o fing
where the function is increasing and decteasing The witisg]
points of / partitions the x-axis into intervals an whieh 7' &s «iihar
Pusiiive or negative,
a f(xXy=x -12x-5 2@ =3" 123 2r -2 ©
=f'"x) = 0 =x =2, 2 are critical Points so e cre 1oine ty
determing, where £ '(x) = 0 o H
and /'(x) < 0, X+ S
From the sign table we |
conclude that: x+32 T = = o Wt

1) f'(x)>0, on (-, ~2) and
(2, o) and f'(x) = 0 only
[or
x= —2andx-2

=~ f18 strictly increasing on (~wvo, 2] and [2. o),

i) Slx)<0onxe(-2,2)=fis strictly decieusing on [ 2.2,

i) Since f '(x) changes the sign from positive (0 negatihve dl
¥ =-2= ['has local maximum af v = =2 and 7 ) changs iR
sign from negative to positive at v 2.

=/ has local minimum at y = 2,

b. f'(x)=-15+ 18x - 3.'{’?":—3(__1-2 ~bx +5)= Yy Iy F
D 6> 0=-3 (x—1)(x— 5)> 0 v €(1. 5). :
~ IS strietly lncreasing on [L, 5. 1

f(x) +++1_q_?:_-_+

1) 'r'(x) <0=-3 (x— 1)(.-1' 5)<0=x € (~ca, 1) and (A w2, 3
“ [is strictly decreasing on (-a, 1] and [5. o) |
ni) /* changes from negative 10 positive at v = 1. i
[ has local minimum at v = 1=/1)= 10.

; 4 J=" - ~ i e .
W) S changes from positive to negalive al
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% _
“”% +as focdl paximuin at x = 5=f {.5} =47

BF L values of function on entire Domain

I | _al.tﬂnr;tre (he function increases and decreases help us how 1, o
“ ' WE[\;TE of local extreme values.

irst Derivative Test for local Extreme

2 orfical point x = ¢ o _

3 i f has @ local minimum, if f' changes from negatir & w
positive al ¢

i) fhas o local maxinugm if /' changes from positis:
negative at .

i\ has no local exwreme if f has the same sign on bath <iles

of . Example: [(x) = x° + 4=f"(x) - 35" = 0 forailx &

w, o). «.f has no local extrema.

: Mustrative Example =
find:
) the critical number (1f any)
i) the interval on which fis increasing or decreasing

iii]f( the l?cal maximum 4nd minimurn value ‘
LI =x" -3 24k +7 g f(X)=("—3)
b fle) =2~ 165" b. £0)=(x—2)"
4x : 3
¢ fl)= o F) = —4)
= Lo flx)=( )

l d flay=XH

i e o i g om [0:22]
l'i':TL"I'__.. l e = 3 j' .” {"' ) 2
I.E'“'- -' [ )
pp S TR = 23y K Fir) =i 50
| ¥ <3

‘[ f f(x) = XZ y -
o ~8lnx. x>0 L, f("—}:m
So&“"'ﬂui Here

A (2 _ _ e -2 "?'
S TE B =3 (x—A)x+2) gy - 0"

e — g

1) ,i ‘(x) = OT:}JC . 4 and - 2 . IJ ¥+ a7
‘ = .9 | o eue
N4 K - "x) 440 —"
i;i)m_l;rl 2 are Crilical numbers. A L
27> 00n (Lo, 2)and (4. )

“fis i“crﬁiising on (~co, —2] and [4, w0).
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M) < 0on(=2,4).
=~ {is decreasing on | -2, 4].
iit) /" changes from positive to negative ata 2,
S (=2) = 35 is local maximum value.
/" changes from negalive Lo positive at v = 4,
+f (4) = -73 is local minimum.
. h. Fx)=2" 165
i =f(x) = Bx' — ;’%E.x
=8x(x -4
=7 _..?. D 2
8x et || encmm [L i+ 5
Xx+2 | ——— QO +++ +++ 0 |4
x-2 —— S ——— +4+
f"l(}[] = (I’ E = (r ——= 0 + 44

i) ['(x) = 0=>x= 0, 2 and —2 are critical numbers.
i) f(x)<{ on( oo, —2)and (0. 2)
= fis decreasing on (~wo, —2] and 16, 2].
fix)>0on(-2,0) and (2, ).
— f'is increasing on [~2, 0] and [2. o).
iii) /* changes from negative to positive atx = 2.
= f(-2)=-32=£(2) is local minilmlm-._
£ change from positive (o negative at.x =0

=/ (0)= 0 is local maximum
, 4x : 4(x2'+2]-4..t(2ﬂzj_:}_—,,._. /
C. fl‘v\) - ‘r__'! +2 = f (x) - (_j_l(: 1 2)2 [.\' i
=4
= fx)=0=>———=8-4x =(=1
(x° +2)
) Xx=— 2 and x = \[2_ are critical pumber.

From the table we conclude that:
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K*""I ____$ ++ + O

o ﬂ

|
g2 | ~—= ) b+

) | g ~=1 0 ey

i o) <0 when X < “\E and X > 2 :
Therefore, f (x) 1s decreasing entirely on [—-aq-ﬁ} and

) |

4

{'x) > 0 when \/E <x< \E . hence f (x) 1s increasing

i T—H )
entirely on i N2, \E] ]
12

1) The sigm of f* changes from negative lo positive at X ==V 4

) L—sfi) =S ;4;'—@ = —\E is local minimum value

The sien of s ek z\;:\ﬁ":
gn ot f* changes from positive to negative at

'f‘\VE) = i%_?_ 2 .\[2_ —3 local maximunt.

d s X4 I T CON 4k
=2 Fix) = =3 (-’UZ ) - 0, forallx
¥-3 (x—-3) (x=3)

There is ng x-value that makes f"'(x) = 0.
herefore does not have critical number.

i - so snlirely
NS tmge (—00, ®), i enlires

<0, for all x in
(x=3)°

” dﬂCTEasing om (—c0, o) excepl at x = 3.
" There is no sign change of /' |
Loy therefore, no local extreme value. 1 = f
)(‘T.’:"{} 7 Xty AN T

o O =305 ) = 20 + (6 - 30 =
| e (= 1)+ 3) = 0
| sy =x=|and x=-3.

d x =3 are critical number.

L s
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From the table we concluded that:

i) Since/'(x)>0whenx<-3andr> 1, /is nCreusing entipe y i
on (—o, 3] and |1, =), * G
S <0om-3<x<1= - -3 ] .
f 18 decreasmg  entirely & 44 EL S . wsi

on [-3, 1]. x-1 . = i
ii) The sign of /' changes | —_ Y Ty @cﬁﬁ'
from positive to negative | **3 1 ———0 L. ¢ 40 9{{3]"
atx= 3 , e N{;-*-"

£o@) | 01+ == ; =
T WL 1~

=f(-3)=— is locu | .
g ...'"Eﬂ?'.
|,naxiL_11um. __ A ey
The sign of /" changes from negative o positive atr=| )<
=f{l)=-2e is local minimum el
: - § 2% -8 ¢ AR
. /@) =x" 8Iny=y'(x)= =2 x>0 1.0
X X ' -“J[)'

. 2% -8 . s
= f(x)=0= =0=52¢ —8=0= x ==+ A=

X

“x = 2 is the only critical &=
nurnber. = 0 2 . e
¥ 9r++ [F+H =
From the table we conclude e

that: 2% + 8 i A |

) '(x)<0when0<y=2 £ B e
= [ 1s decreasing on (0, 2] 8, 1 —
J'(x)> 0 when 2 < x < o0 = £is incre casing on [2, co}. & Rk

i) The sign of /" changes from negative ta positve at .y = 2
=5 (?) 4 - 81n 2 is local minimum,

-
£ f(’t}"(l‘-—g) : ] D N 1
!

an v
= il [_r)—3(.\: 3] (2x)
= 6x (¥* - 3)

61— - - - 1 A ”__,+",_ ++'

Fx) =0 =6x (x* 3)2:{] (23R | +++Qg +4+ |7 -+ F
.1. T \{3305 Jg Efl'tf 'f'(x) ‘ e + + {j - - - i:‘E + H i+ %__
critical numbers. = ' B S
: o
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e
‘ W“"’;ﬂ conclude that:

bie
Wme "; nl 0 for all x in (~00, 0)=> /i3 decreasing on (—oo, 0).

.,ﬂ .0 forall x 1 (0, o0} —fis Increasing on [0, o),

[\.Eﬂ if \JF\B and X = \F are cnfical numbers,

- w.’q and x = \/— are not local extreme value because [

bae N0 sign change at X = —‘J Jand x= \[_ However, the

sign changes from negative to positive atx =0

] =f(0)= -27 is local mlmmum value.

R - = D)= " (x—2) =e (3—x)

f=0=e “(3 = x)y=0=px = 3 Is critical number,

) 0> 0= B3 -x)>0=23-x>0=2x <3 =fIs entirely
increasing on (-oo, 3.
FE) <0 = (A - x) =033 — x < 0 =x > 3 =fis entircly
decreasing on 3, o2).

1} The sign of /° Lhange from positive to negative at x = 3.

(3=~ l}e = ¢ ¢ local maximum valoe.

: Ax
fle)=(x* -4)’ = f(x)i—(x Ay () = ———
34
=r=0,2and 2 are critical numbers
5 . 2 | -
*”_X)::(__r.‘ _4)3 4 T + D} ¥+ | +_:
oy 3 ) T I R T
" ) - 4| #* e
iy the table we conclude x+ 2 g = t‘b 4+ L
. . - - i I_-- -
) f W <Owhenx<-2 |5 2 _J—————!—:jf'
&Hd0<'1<r;:>fiq e E i R
decreasing op (~00, — “,_‘_ g osr) PR T8 5
2] and 0,23 ') | - | ]

{(t) > 0 when .'Z <x<Qandx > 2= fis increasing on
2 UJ and -5 T
Vs 3y = % ‘”‘d f(2) = 0 ure {ocal minimum values:
f{l’]) ‘/73 is local

m- Voo
dx‘mllm valuc.

I1;
t)""z"'f SIN ¥

|
k.
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= fllx)=—

—COSx

: ]
S =0= cus.r=E = x=

T
—and — <« 5= 2

i) £'(x) < 0 when < x< SR
11 3 3 daiiesf dﬁicr'wmng

-
on [O,E] and EE
3 L3

~f1s increasing on =z -——] .

,2,?{’ S (> 0when = < . 27
3 3

£\
. . _ T g [i3
{decreasmg then mecreasing) = f L——J J=- i IS Tyl
bt 1 ; B - _1. -
) ?

At 2
mimum. value. The sign of £ change from positive o

. - }r - -
negalive at x = —-3—— (increasing then decreas Nt

3/(_‘5‘;’{) 57 3

=~ —— +local maximum \value,
In x

-
k. f(x)=""= fyy)
Y

1 =Inx
=021

A

[—Inx

Zhr=l=y=c=y=eis critical numbut

gy

(==

€
From the table we concluded that: ? &,_ﬂ
i){‘(x)>0when0-=:x<:e=>[j5 1-1n:~1| AT
Increasing on (0, &]. - £ S
f'(x)‘iﬂwhenx}e:fis | ]
decreasing on [e, o), f'(K)’ T ~’(%;;J
.-——H—'L_'___-__ l
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t"' . i
i ‘L-E.. . P o= o -_ r ~
- ,m uff change from positive .tD negaive al v =
(increasing then decreasing) = f(€)=— is local max.
e
5 2

g is exercise left for vou.
e O+ 2x+)
i perloing monotonic and extreme value of function using graphs
fdesivative Of £ unction
~____ ustrative Example
5upposcf(r} is differentiable at all x € (~o0, o), Then fton thie
graph of y=f'(x) given below, find:
) The intervals on which the function fis increasing,
0 The imervals on whjch the function fis decreasmﬂ
m)  The extreme value.

il (%

13

8y

et

i 3

\_.v/\
I

—

d)

Salitin,,.
bel Iﬁhe graph lies above the x-axis f' = 0. If the graph hies
) ? the xaxis <,
“)'ﬁnsmce XE(-1,3) = f'(x) > 0 = [is increasing on [-1.3).
fisfiecrx €, Nand xe (3. =)=/ '(x) < 0.
BHS'IH
/ }Smc&} {"' ) . D(andj 1(13) = [ X _4_1 and Y= 3 are L.'I'i[-ll.-ll

h _
e sng;n of /(x) change from negative to positive 2t

~Lf (=1)) is locul minimum value.
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— e === — ——————— i |l
Sign of /"{x) change {rom posilive to negative at s - 3 i
= (3, /(3)) is local maximum value.
Note: vou can see that /" (1)=0
Y e a . - i

by Using sign chart of /'(x)

- 1 S
|
y=£C) +++ aices e
y=f(x) | Increase| Decrease | Increase
i) /(x)is increasing on (o, []and |3, co], |
i) f(x) is decreasing on [1, 5].
) f'(y=~0and7/'(3)=0
The sign of /'(x) change from positive 1o negative sty - |
—> f(x) attains Is local maximum valuc at ¥ = |.

Sign of (x) change from negative to positive at v - 3 —
— [ (x) atlains 1s local minimum value at © - 5. it
Nate: We can observe that /" (3) = 0. !
¢) Using sign chart of /"(x) (
g 4 0 4 7 |

7

E" £7(x) - I ~ o
n S o B e g Db 1O, ) Erbylirpiin
[}’ f(x) FCCICAST | IHCISASe | Decrease il

1) /'(x)>0Don (—oe, 4)and (0, 4)
= f(x) Is increasing on (—co, -4]

i1) /'(x)<Qon (-4, 0) and (4, w)
= f(x) is decreasing on [—4 (}] and [4, w).

) x =- 4, 0 and 4 are local extreme value
= (-4, f(-4)) and (4, /(4)) are Jocal maxim un and (0 f (91
15 local minimum valye.

d) Using sign chart:
-3 _3 ) [ .

Y:f'(ﬁ) e T N (T e

5' "'f@‘*} Der:masa Increase Increase Imn:aﬂ

) /) > Oon (3,-2), (2, 1) and (1, ) >/ ) s e
on [-3, ca), -

1) fx) < 0 on (oo, 3= (x) is decreasing on [ o2
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" 3y=0,f (~2)=0,and f'(1) = U=x =<3, 2 4 | i
m} i numbﬁrs But only al ¥ = <3 is loeal extro
becauise 0 sign change at x= 2and v = |,
f3)= 20 «local minimum value.
;ﬁichﬁ tlm fnlluwmg is local minimum point of th.
U i) el Ax H 12+ .(UEE)
L2339 B LA C. (0, 1) D, (2,33
o, (3 =120 + 1267+ 24y~ —12x (- x - 2)
f)=0=-12x (x=2)x + 1) =0.
.x=0,2 and~1 are critical numbers =/ "(x)= 36y + ;;,- 1y
) £(0j=0and f*(0) =24 >0 (0, 1) is local minimum
i =D =C0and f"(- 1) =36 <0 = (=1, 6) is loca! niximn
i)f'(2)=0and f"(2) = =72 < 0= (2, 33) is local maximim
Answer: O
Thesecond derivative test for loeal extreme
DU} =0and £"(e) > 0, then f has ¢ local minimun :
[HTE) =0 and £1(¢) < 0. then [ has a local maximum :

SME vty

e

Vi T ___ Mustrative Example
S”‘Elﬂﬂ >eccmd derwalm test, find the exireme valty -
:. f(‘] 4\" -'-21\. —f—-}ﬁ‘-l._'? b' -‘{-‘:;F_jll fay” =2
- F ("J: 124" + 425 + 36 = 6(2v + (v Vand?t
=24y = 42
f”:"] =0:>x::._ andx=-2
5 )

;

f“j— e _"3 _3 -‘_'_3\ iq\ L\';’.‘I
k1]‘”ﬁndf"(?]:78:}0:[*,_1{—- |

. )-) '}
n““il’fﬂim 3

-

0

ﬂd 1_2_' = STy — __6 = (] -_:—;,( _.' i
almammlm{( ) =0 and f"(~2)
t ynu wliieh ol the
fnu”x] =x' 6 4 1 on [-2, 3] be given. then wiie?

g
" 4 local maximum value of /- . - (UEE) <

o '@ B f(B) cre P f(.."""”i
s 43 313 ol - ;

Flxy= 0= 4x(x* 3)=0=> 1—'0\/"‘““1
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Thus, x = -2, /3, 0, \E and 3 are candidate for Maximun, |
1 -2)=-7,.1(3) =28 is local maximum, 5
[0y =1, f(\/g) = f(—xﬁ) = —8 18 local minimum,
) _ - Answer; ¢ 4 -I
Note: The range of fon |- 2. 3] 15 [-8, 28] |
The range of f'on (o0, ©) is {4;';, o). !
17.  The maximum value of /(%) = ¥ — 6x on the interval [ 4, 4],
Ao () B. 1(3) C. 7 (-4) D. /1) |
Sofution: f'(x)=2x -6
F'(x)=0=2r—6=0=ux=3. Thus, x =3 is critical aumber. y= 18
3, 4, 4 are candidates for maximum sl
=) =16+24=40./(3)= Fand f(4) - |6 -24=_§ i
Answert A oy
18  Find the value of k, for which the function will have extreme .
value at the indicated point. iy
x+3 X =206k -
1. f(x)=———,atx=2 b. f(x)= = s
x"+k i G2 iy
Solution: Recall relative extreme value occur at critical nambe:. Hh
x+3 phk=(2x)(x-3) -t —bu+lk
Wy A NPT e e i R
x4k (x + &) (v —4&j |
since at x = 2 is extreme value of function. so that f(21= -r"!l‘-
—4-12+ | t
0= f'(2)= ?k.t{}::» 164 k=0=4=16
(4+A) o
" —2x+6k 2y 2px- -y~ T
b fl)y= T o gy BT A ST
x-2 (=20 5
\ 20" —bx+4-x" 4+2x—6k x —dvid-0k ‘
= [x)= — = s~ el « i
(x—2)* (x—2V &
Since at x =—1 is extreme value of £, so that /(1) =1 {5
, 1+4+4-6k 3
= f-N)= =09 6k=0=k="

(-3)°
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" Upptications of Ditprentat cage,
3 _f_;.:—_.--..s-—"—'--— === _.:._‘:____::'_______-
Fr what values of k so that f(x)= ¥k will have eXTFE e

o

X +
esaie=2 . .. (UEE)
H ;a!ua o 5 o . 5 N
i - x k= {(2x)x ke —x* ’ t
e "\I] — = = = = ; Since atx = 2 |« "
.‘»ttfl{fmﬂ f [J_-. +k‘)-. (x¢. + k)- 1l

areme value of fso that /7(2) =0

—_—

5= =0=k-4=0= k=4
' 4+k

' Conowit and inflection points

bie orevious section we used to first derivative test help us

wanme monotonicity mtervals, local maximum value and local

mimim value. Now, here that second derivative test is also imporiant

bithrrine o what interval the function 1s bending up (concavs up) s

Widing down (eoncave dewn ward). Function is:

* Concave up then the graph of fis bending upward

#Mn when the graph of fis bending down ward |

wond derivagiy |

' fbe a funciion whose second derivative cxists on an open |

§ :mm"il I, then: |

Answer: €

¢ test for concavity

J :ffl'u(x} >0 forall x in 1, then the araph of fis concave upward ‘
il

f ey . . N | |
l : ifdm =0forall x in T, then the graph of f'is concave down \
Jadin |,

Thm Tinflection

e SONCHVE
e ' “NCave down to concave up is called point of l:ﬂﬂf:{:i_i;!;l:.} i
nflection of the graph of /., then cither £

—_

——

ey g5 poing of
Moy ey
) }ﬁﬁﬂ%__ﬁ Iustrative Example
:'i- [ “ncavity interval ii)  inflecnon Bt
41:) “alextreme vatue for cach of the fnﬂmh'f“f-
) j - 4 3 " .301-} = llﬂ- -‘)
NEX 4+ 5 d) /1 . § 4 gin X
Ty =4 13275 g gy fL)=27"

e

I oy
311 tl_‘k. — “ ‘
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c) Filx) =—

X -3

Salution; Use second derivauve test

a) f=x-4"=1() - 4x” — 126° =5 M= 12 9 Ay
[ 'x) = (=4’ (x — 3) = 0=x = 0 and 3 ae & ritical
numbers
FUx)=0=12xx—2) = 0=x =0and 2 is inflection jiom

Using sign chart :
—o0 0 2 o= =

=== ¥ =3 + 4

-2 = === ol S

From the table (2™ derivative test)
i) The graph is concave up on (—os. 0) and (2 . The graph
ts concave down on (0. 2). :
1i) Since #(0) = 0 and /"(2) = 0, therefore (0. 7(0h) and (2. f
(2)) are inflection point. _
i)  Since x = 0 and ¥ = 3 are eritical number so that from 2°
derivative for local extreme value
F'(0)y=0and f/"(0) = 0. Therefore, not exireine vaiee
f'3) = 0 and [ "(3) = 36 > 0. Therefore. s lol
rinimm.
= The only local extreme value is l’_v F(30 = (3.
b. ,;(t =45 — 27 + 9 i) — 12%° P =5 () = Ll

'1’1']

24
Flx)=0=12x(x - 2) = 0=x =0 and 2 arc ¢ritteal
numbers

') =0=24x — 24 = O=c = | is inflection poin
The glaph of /has:
i) Concave up when f"(x) > (0 524x - 24 » U=s1 - | o
if) Cancave down when fM(x) < 0 =24y — 24 = 0= l
1) lveal extreme if
1) £'(0)= 0 and /™(0) = 24 < 0 « local max al 0.
=0, 1(0)) = (0, 9) < local maximum value |
2) f/'(2)=0Dand /M2)=48 -24=24> 0 — Joigea] e
= (2,/1(2) =(2, =7) « local minitmum valye

R A g e
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__ Upplication, of Differentiat eateutys

4 —8
== ‘(eﬂ=_:——'£—,—
C T3 (x*+3)°
-8(x" +3)" — (2(x7 +3)(2:)(R
= (= ' '3( 2 SN
' (x +3)
::’_‘,f."(ar]z _E(x“ -;-3) f?le = 24.‘(2 —24 :_‘2—4;(3.‘_ __| i
| (x* +3) (x*+3)  (*-3/

1) =0=-8x = 0==x= 0« ¢ritical number

.!-'"(3"'].: 0“_'?35 -1=0=x=land x=-1] « inflection
Sow. using sign chart tuble

™ ) o = -l 1 ;
oy () ¢+ 3P+ s 44 e
I} fis concave up on (— x—1 -~ —— ==
o, ~1)and (1, v0), £V o 0 was
/s concave dawn on y=f")  s4+ 0 - g ..
(~1,1) Enine 13

i) Point of § : a ;
(1. 11}.0 wflection at x =] und y = 1 L) = (1L Thand

1) (0 = # =8
[0y =0 and f( )= -9— < 0 Therefore. local max at v 1.

4 flxy= (I = £10x) = 2Inx = )= ?.—,'_-‘,.'lnx_
% S 9

:}j-i{X)zﬂ = 21“};

=0 = x =1 <« critical number

X
20 =0 2-2Inx
Esil]g o 1=0= i =0=2 -2inx=0=>lhx=1=3¢
Sl o

0 v

Tam gy _
\hanhe ¢ fable we concluded 21-lny) st 0

) égjh of fis:
fr - E} Elﬂd
. “ONCave dowr, on (e, o) y =1"(x)

i” ‘ﬁ“ : _ Conpave
Jc ¢ 15 milection LGraph of f () Coneave M o
m“'ll.{e1 ]) e

x + 4+ + i

bﬁ‘l‘.'.'-:

+++ U B

W) §; ¢
“(] n}:?{f-f (M= and f"(1) =2 > 0 « local. minatx = b
e ()< 5 o (1, 0V is local minimun: value.

X 2 F ()= won m =8 () =002

T
Ny
-
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3!
g £l

w 3 .
) f'x)=0=cosx=0>X= 3 ,—:-Z——<— critical number

-

i) /"(x) = 0=—sin x = 0=x = 0, W, 21¢— inflection point

From the table we conclude that the 0 =
graph of fis: N 3
) Concave up om (w, 2m) and __ ° " ____‘_'_‘_Q_j:-t- !
concave down an (0, 11) [ S'(x) e Di.g
i1} At x=1 is inflection point (T, 5)
. i
i) ' £ 1= ﬂndf“(zj =~ [-—J= ~1
N2 \ 2 2
_ T
~ local maximum at x = 5
3 37 3
MN—|=0andf"| — |==sin| — |[=1
(5 Jomar (% )--sal X )
- 3
= local minimum al x = —2~
. x (=& & ) :
That 1s [‘, f [f—]]:[—”,{}) 15 local maximum value
\ 2 2, . 2 A .'

37z (3xm I : -
s.f — = —/» 4 { is local mmnimum valig
2 2 /) 2

£ @) =xe" =) =4 + 5 (2) - T3 - 20
=f"(0) =2¢" %4 + 2x) + 3@ + ) + € %(2)

=dx’e™ (" +4x+3)

/@) = 0 when ™%’ (4 + 2x) = 0=>x = 0, -2 are critical numbers

=5f"(x) = 0 when 45°¢™ (" + 4x + 3) =0

=47 x + D(x + 1)=0 PR

=X = ﬂ! _js —) are wnflection P B | gy = wht P_"j'_:_ E

points I R PR
Using sign chart from 2™ R T (S it |

A r - “: b ;
it R

_From the table we see that:
1) %) > 0on (—os, -3), (1, 0) and (0, =)
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~ he g oh of T (x) s concave up on (-oo, —3) (=1, 0y ana

0, ) similarly f "(x) < 0 on (=3, —1) = the graph of f (y; i

E(;nﬂave down on (- 3, —1). . .

5 ALY= -3 and x = -1 are miflection point of the graph o

| ametion. But at x = 0 the graph has no inflection beeaise
a0 sign change at 0.

f) ED=0and f7(-2) = —64e™ < U= (2, 16e) s foc
maximun value
Note: Fora. b e R

j a2 =a=s"x) =0 (concavity deovin s
exisr)

ey 4 1 L o =

ij fE=r ra= X)) =4 =) =122 >0 forull v =0

» ILi§ concave up on (-0, o).

» No inflection point even it f™(0) = 0 because no sign change.

. The graph of /' (x) = x* — 6x* + 1 has an inflection poiny ol
(UEE) |

ALY B (.4 C. (\.@1) D. (0. 1)
Solution;

JW=3" 6 + 1 =) = 4y —
They /™ A,

—

12y = ") = 122" 12,
.(I) - O:>12(xz —1)=0=x=-1,1 Answer: B
LY =

. L—4) and (1, /(1)) = (1, —4) are inflection.
18, Wh'!(:h D‘fﬂlﬂ f{]H{f}“’ing gs t-rl_:‘e l?bﬂ]_].“{f (x_)}: . i 3)‘_3 + 3~ )
115 strictly decreasing on (—co, =)
[1s strietly increasing on (—oo, o)
I'has local extreme value at x = 1

O (1, 0)is the
s V)18 the mn i '8 BT “ o
Sefuting: flection point of the graph
(% ~ 2 2 ) .
TW=r -2t g =f(x)=3x"—6x+3=3x -1 "0
R = fY(x) > 0 forall v, exceptaty = 1.
m{n:!:] St]‘lcﬂ}' lncreasing on (_091 m) Even 11")4!{1) = (). L‘T Lllll.ig:ll;
sipn Ibut x = 1 is not local extreme value beeausc / .h‘t} ][;l».-
-~ -f Changﬁ 4t 1 similarly = f"(x) = 6x -6 = fMx)= 1 uhuT e
f"{j ~ 0= x = 1 Now. f ") > 0 whon X G

V= I i S - Auswer: B
(1, 2) is inflection point.
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Minimization and Maximization problem |
Ope of the most ¢ommon application ot caleulus  tnvolvey theil
determination of minitnum and maximum value. Consider the following.
terms you hear frequently. Some o them e maximize, profigd
minimize cost, least time, least size. maxiniese strength, nmximi‘
dhstance, . . . el L
I. Maximizing and minimizing of produet and sum of numbey
~_ INustrative Example
Finding two non-negalive numbers :
19.  a. Find the twe positive number whose the Sum is 15 and lhe': ;
product s maxinium.
Sclution: x > O, v = 0. and v + 1 = 15, with product (x, ¥) max.
Sum: x + v = 5=y = 15 - x, product (P}
Product: P (x) =x (15 - »)=18x

SV 4 0 be may,

=P =15 0Ly <15=P) =0 —15-2v- () b
15 R EE '
2>r=—,r=15——=
2" 2 2

15 15
The tw PEse— g '= — wlos 0 is |
0 numbers are N and 1= ) whaose product is b b
Maxium. t
b. Find wo positive number, whose sum is 1% and the 3 &
product is maximum, :
ﬁg&:&m: Exercise lefi for you. (Answer, 9 and 9) h
.C' oy AT . L .

md two positive number whose product 15 192 und (he sum is !
MInimui. - 3
Sobutivn: "
X2 0,820, 0= 192 - |

1 l_g;‘- =192 and & = v s o be im0 = |
; o P : i L]“I
]92:-'-_1' = -1: putin y for x - Y= 8um (N x - L;
1
192
i — g '
p— S (r} = l - _‘—1" . .IS.II_(j = 0—-_—.-_.:{‘] = 1(]2
%

== 83 o tha - 192 192 _8V3

d. Find two Aumber w x__ H\E _ 2 thﬁ
seeond numhc;-:: r..j“.’h”w P i - P Il.t.‘:- um ol B8

N three times tie firs s miniom



3 A R
en = 192 and ¥+ 3x is to be minimized = y=- = pu in
192 o 19 .
ﬂ}r.'.+}'.,f = flx)=—+ 3x =5 )= % - —
; . :

:«':.’{I(ﬂ =0ifx =8, then == 24
¢ What positive number x minimize the sum of « 2y

R

s reciprocal?

Seledion:

2 . 2 .
f[_\;‘):_\'—-—:} f "I} = |- —— =3 f '[_.T) ={l=x= N 2

X 3

- . 2 = 2 =
» The minimum values is x+—=+/2 +— — =—4— =122
X *Jr,_ \F_)

Maximizing area of rectangle and minimize perimeter

2 Find the length (v) and width (3) of a rectangle w ai: paiiino
100 m that maximize area.

Solution:

Perimeter (P) = 2x+ 2y —100=5x = y— 50=31'= 50

Area (A) = xp =5 A(x) = x (50 - x) = 50x — = Allxs 510 D

=ALY) =0 when x = 25, so that y = 25.

- ength x = 95 and width w = 25 that gives the maxinum & e
Find the length (x) and width (1) of rectangic RSt

S M that minimize the perimeter.

Areg of rectangle = xy = 64 = v = ﬁ‘i Perimeter -V i 4
_ . ' X
nimm: 128
p Tihimizeg P(x) =2x+ EEE}: X+ =
| =
X i
> Py 125 128 o .o’ =158
Pia) =21-—=P'(x)=0 when 2 =3 1
lx" 2

§

&

-
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36 &ppf!catmna af -I)‘ﬁfe—‘imm . {) J i
64 64
=y = 6d4=x =&, then p'——-—.:_g_.ﬁ;-;_ ,;g
X

<~ Length x = 8 and width y = 8§ that gives the minimum perimeter. - ﬁu
21, Finding the point closest to the graph of f.
Find the point on the graph of the function thait are closest 1o
given puml ¥
a. flO=x"+ L04)  d fly=x"12%(1,0
b. f{x)= 4—.1' (0, 2) e. J()=2x-4,(1,3)

¢ fln=x, (2,,1)‘] f. /()= (et 1) (5,3) I

Selution: Iet d be the dl‘-il'lﬂ(‘.‘f: between the point (0, 4) and 2 8 I
point (x, ¥) on the graph v = X lis given by :

d =J(x—0) +(1—4) quantity to be minimized, 8-

FI - A rd z 2
= d(x)= ¥ +(x +1-4) =vx" =52 +9 pu s + 1oy

Lot g (x)=x'—Sx* +9 =gl(x) = 4 — 10% =ulv)=0when 2x'q =

(2x"—=3)=0=x=0, ,[— and — | e eritiea) number. To

2 Y2 1
identify. use sccond derivative test
—g"(x)= 12¢% — 10 =¢"(0) ==10 < 0 (maximum)

but g "[\/E] >0 and g "[—Jg) > (0 mmimun. i
2

. (!
5 " E
~ The point —ﬁ,l and \[;,Z are closes Lo (0. 4).
2 2 Y2 2
- : - pon
b. Let d be the distance between the point (0. 2) and o point (v, ¥ ;
y=4—2 d=+J(x-0) +(y-2)° 1
= d(x)= > +(d—x* —2)F =[x =3y 14
Let g (x) =x"— 3£ + 4 to be minimized B r:
, | ﬁ?- | 2
=g(x) = 4y’ — bx=12x Ry’ = 3)= 0= =10 =43 \f

=g'(x) = 12x* 6 =a"(0) = 6, 50,y - O yiuld pelafiy
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N 5
_| ==
- {J'}]r 12, so that x \j- and \j\ yield
inimLm. 2
35 (35
The point ‘ - J:,-— and -+ | are point on (1
" L\ 53 2’3 ] 1€ graph

Sosest 12 (0, 2).

' N
¢ let d be the distance between the point [ J and point

tQJ""‘

(x,3) on y=

] \I.Z

:dt\!(x—z}%{y——_)

2 .
:sd(-ﬂa{thh[f—i) = it —ag 11
2 !

Letg ()= * —4x L lz
=£(x)

A =g =4’ -4 =) — 0 >x=1

xX)= 1
N )=125" =g'(y=12> 0, thus x = 1 gives min. dist.
POt (1, 1) i closest to (2 —1-)
= 2 i

1§ dj
Stance b/n the point (1, 3) and a point (x, ¥} on

P2 —
Ly Y d=x -1 4 (p-3y
)= \/(3‘1\)4-(7)( 4-3) = 5% —16x+50

4 Exera:.
¢ L:r-“] e left for yoy,

E
| l_el
I Bl = -5 q
¥ = 1y |
| 10x + 50=8'(x) = 10x — 16=sp/(x) = D=2 X = 5
- e iy (-8_ 4
Fg 5" 5 is the point on the graph closast to (1. 3).

X
Fitise lefy for you

.
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718 Upplications of Diffescatiod Bat’% |

29 The shortest fence: A farmer plans to fence a lLEldI‘.‘I&.u]m pas {
adjacent to a river. The pasture must conlain 180,000 w’ i Drde: '
to provide enough grass for the herd. What dimensions Would ﬂ’
requires the smallest amount of feneing if no fencing i needed |
along river. k

_ . 180,000
Safution: i) Arca =gy = 180,000 = y—-
X
ii) 2yt~ x «-quantity to be minimized (perimeter)
_ (180,000 _
R S :;,Angf_-_#_“_ ;I l_i{-’[}_ﬂgf_ﬂ v
Xy N
M 1
' ' 360,000
R Aln=l- . il
-------------------------  when x= 600 :
180.000 180,000 et
Then y=—— = = 300m -
X 600

< The smallest amount of fencing when y= 300 m and x = 600m,

23.  Maximizing area: A rancher (farmer) has 200 m ol fencing with sy
which to enclose two adjacent rectangular corrals (field). What § W%
dimensions should be nged so (hal the enclosed aren will be 2 8 1
MAX MU i

200 4 §i
Sebution: Perimeter = 4x + 3y =200 > y -———3———— X
j
- [
Area = 2xy « quantity to be maximize )
200 4 ] 400x _BX
F , SAm= (ZA)LT =% =y
400 16x et
X X :54‘.& {-1.) = 0 e g ‘4 ( ) .. '\.‘-hLﬂ
3 3
400 200 4 200 4 109
X=——=125,then p=——-—x=——-—(23="1
16 3 3 3 3
“x=2Smand y= ——m yield maximum arca.
3

24, The maximum distance; The mass connceted (0 @ SPT
along the x-axis so that its x-coordinate at tme [ 1%
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%:'1 st \ﬁ cos 2t. What 18 the maximum distance of the
b :tfq; ot the origin. (Gulick).

o s fior

ﬁ et o) =smn = \6 cos 2/

I":-;__ L v ' . )
! _v(f)= 2 cos (20) —2\5 sin (21) =x'() =0 if cos 22

1
= \ﬁ sin 21 =tan (21) = _\{_5. =2t =30°, 21(°

_sr=15%and 1 = 105° «critical number.
Now USITE 2™ derivative test
Y= sin 20 — 4~/3 (21). then ¥'(150°) = 0 and x'(105°
i 1\ - ( 3
=4) — —4\/3;‘ ——\[— =2+6=8>0.
\ 2, \ 2

Heace t= 15° gives maximum distance which is

H(15%)=sin (30°) + V/3 cos (30°) = %+; =2

2 ‘Thus the maximum distance of the mass from the origin is 2 unit
of* Minimum Area: The combined perimeter of an equilaterdl
: :;?]ntgilh ?md 2 square 35 10 m. Find the dimension of the triangle
‘& square that produce minimum total area.
i ‘ + Let x be the length of the side of triangle and @ be the
length i e of square, Then 3x + dy=10= ¥ —lf —9’-"

i
= - _ 'j' z
; ATea gfma“gle - ‘I—(I)ISin 60° = \j:_l' ‘
y

Arﬁﬂ SUrm — @x'z \‘E S 10 _3- _\.|
e Gt L vard
rL
| QAl(i]zﬁx-lrz E)__Ex ._:‘1_’]
| - 4 4 4
| = A

A(ﬂ-’i’)z[}:}x: 30 -
4/3 + 0
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e

10
.. X =———=——m: vield the minimum area
43 +9

20, A twelve meter wire s to be used to forni cirele ag SUUETE, [{ow
much wire should be used for the circle and how miteh wire "
the square if the total area enclose is: @
a. minimum b. maximuun
Sclution:

& 12 1 hetotal area is given hy
A = (Area of square) — (Arcq of cirele)
@ Let x be Ehe side length and r {5 uding
<A =x" + . (1)
Total lcngth of wire is 12m rp‘*-'l'"“"i'-t'l.t'f!‘} uiven
¥ bv: P = (perimeter of :‘qquam? 4
(circumference of circie) |
=% |2 = 4y + 2 = b=2i
2 X 2ur 2mr = 12 = dx sy -
T
(6 2¢ T 62
ki A e OEX
=SAx)=x+n substituting — ——
L @ T
21 A% =4
_ 1T — :_-l
=Al(x) = 2x ~ < [6- 2] (2)=2x + —= (1223
‘ T T
—=A {I} =0
2xm+8x—24 24 12
== =0=x= = - and
o 2n+8 w+4
;e 6—2x 6
= = ¢ radius of circle. Hence we vanclude the
T T+
sum of f:hc area of il::ircle and square minimum when the side of
square is twice radius of ¢ircle.
Note. the Maxmmum area occurs when x = 0, That ts all the wirt 5
| used for the circle,
27,

Y{m Im\.'fe been asked 10 design to hold | L oil can shaped lize d
right circular cylinder can. Find the dimensions that Wil
mmimize the cost of the metal Lo ﬁmnu"r”ncture the can. 3
Selution: Volume of eylinder (v) = il =sy = mrf = 1000 e

e T

[
N

|

n OIETAL cIBEAN W MO CTiMOfM AN ST LUDENTS

MHgiitesl T Akinsezy fomr PR Tekie e o oo b oend - = .
= - - nYDuTuhe Evigiznl O, 1 | Edhiopia

R e

¥
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L(Z_Ep bicatiens ef Diffesentiaf ¢ (.ah.uiu:.

Wy
'W l 000cin’

1000 e’ o

quface uica of can: A = 2mc + 2mrh quantity that minimi.
: [ 1000\ 2 . 2000

2000 | <0
--—:;——- ?-:)A_‘(,l‘) = 0 “rhcn =3 __E . .'hl.'.]Dl‘.'ll'll_" Al
¥ f Pl bt B S A

T 40()
derivative lest: A"(r) = 4ip + ﬂ

= Heme
p

/5‘0(‘) ) o
r=3-—— gives the minimum <2olie o,
i

d— leh=2r
I

“Tominimize the cost of the can. should be

(1__‘\

h=2 W‘ OOJ 1500

and r = ,—\]———

Fi

bu]?qdll]]lg maximum value: A manufacture wants to (s } o

i @ving a square base and a surface arca of sy, Wi
nsions will produce a box with maximum voliue”

‘. Sobutinn: Since the box has o squers base 1
. volume is v = y* ' {3

Xhoquantity to be epivizal.
, = 5= (Area of base) + (Area of 4 faces?

108-x . o
=2 + 4l = 108 = h= ——— sohing for/

S0 1672 4x

i terms of x.

108 -2
\JUW V=x h =vi{x) = = | 5
L4y

o Bk v

' 2
R e E

4

BT |
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s e (Up pf?ﬁﬂi{'filﬁ af iﬂ#};muM Cuel J

b A b tiak Cu
EAtE . A
therefore, 2V——==0=53x = [08 =4\ - J

number. Aceept x= 6, reeet x = 6 (length s NOR-Negatiy i
. TN -'.I :

. Ox .
Using 2™ derivative Vi(x) = ——4'— = v"(6) =— 36

S v is maximum when =6, and /i = 198—_—1 = I_(E’_l?i@_ =3
4x 24
Examples from economies
Caleulus makes important contribution to econ
maximizing profit and for minimize profit
Suppose that:

omic theory. First {"':
and for minimi'zing Cos 5

* R (x)=the revenue from selling r item.
¢ C(x)=the cost producing the x item.

* P (x)=R (x) - C (x) = the profit from selling ¥ item.

The marginal revenue, marginal and marginal profit a1 this production’
level (x — jtems) are:

dr
* — = marginal revenue

dx
de
® -——=marginal cost
dx
ap
dx

29. A company has examined ifs revenue  structure  given by

= marginal profit

I | ;8
R (x) = —Ex’ +80x" 72,000 where x is the number of mils

produced:

a. What production level wiil vield a maximum revenue.
b. What is the marginal revenue and when maximum:
Safution:
a. RY(x) ==+ 160k + 72,000
=R(x) =" +360x - 200x + 72,000
=R0r) =—x (x ~360)- 200 (¢ - 360) = (—x — 200)(x - 360}
=RYx) = ~2x + 160 =R"(360) = -720 + 160 < 0
Theretore, x = 360 yield the maximum revenue.
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i = 4R

Gdlfy, TEVenuE 1§ = =X +160x + 72
s d,l'

gl 18 AN TN when —2x + 160 = D=sx = &)
ool plant produces x lone of steel per week at

: 000 marginai

total cost in birr
K :

"'1' =l = 7.'\" “1]1:(4'8- l 119 H

o ¢l) : Find the mdrginal cost and its

i )
Seludiger: TV ="~ 14w + L1 ...marginal cost
("=~ 4=0=x=7.
= The marginal cost is minimum when x=9,
L Harmomic motion:  The height of an object aftached (o 1

e Ha VLT e . % ¥ 1
g s given by equation M) =~ cos(12¢) +=1—sin(12:'} Find

!

Lém MaxiPum displacement.
t:':‘“f“: erﬁf X()= 4 sin ( 120+ 4 cos 12 ¢
U= sin (204 4 ¢ = Dl 7
sl (21)+4 cos (124) = 0=-~sin (12 1) = ~cos (12)
TTT———= 1- ~ . n TE
sy M U20=1=s12/= P
0 T . 4
Thy Maximum displacement is

= 1 R -
W— |l T | bis -
a6 S T008| — el BN
Fing ﬂmka%J y ('4'J+ 3 3'“[4] 3

. reg : .

Gircle gy 4 of the largest rectangle that can be inseribed in a

Safigia, - b. r=y o
Uitray, g, = 2
Let  the dimension of

o thegt:]i }36 2% and height be 2y.
0 g Cle with center origin =

N 4 of Tﬁclﬂngle A =

e wa TR
Cqian . . iR
fity Wlimized, y= \f;2 _ 7 - X }f..

24
x)= o Wi 3 /

& ps Ty X _l/

< ‘\.
-

- -‘Ifg) = - .. e =
'i““—i—i@) - '1:2 = \{;2 V100 -r.'(?'

My
Uxf < 4

[
Fr
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s Fa - ; 51187
_ ul“'f.-'_* _’-‘imjr_."_tﬂr_ L.”:;i,.i' Bugiet

Letg (o) = 100y " sy ) 2000 4y ' -

“_'-: f

=200x -~ 4v' — 45050 ) Ol 0 sl & =5, b
ks H _} . * il A TA Y, L =z
2 derivative: g"(v) = 200- 12y

’_ -
~when ¥ =35v2 « maximum.

» The dimension of rectangle, length = 2y =
=2100-50 = 10v2 m.

“ Area of rectangle = 4y = 800 i< maximumn AT

b r=9=A@x)=V8lx" —x" -5 p (0 =81+

=g(n)=162x 4r'=g(x)=0when 162 4y =

VON 2 in and hejuhy

9 0
=27 (81 2x)=>x=10and X=—e v =—
52 2
8
“length 2x = : and height 2 p = l%
2 V2

= s

18 \( 18
Area ol rectangle: 4y -—4£—— —= | = (4Emn
V2 I~ 2
Maximum arca.
¢. Exercise lefi [or you.
33, A window is constructed with op a semi circle and bofiom s
rectangle with tofal of perimeter of traming muterial is | ém. Find

the dimension of the window to maximize the aran.

Sebution: Perimeter = 2r + 28 + i = 16m — h— 8+ —

i

I
E

I ¢ I . ;
Area: A=—nr’ +2rh=> A(r)= ST -2 R Ly

—

Eate ol

I
i 1 . a } . =
/ A= El_iTr' +16r=2r" —qp" =100 -=2¢

)
|
' =A'(r)=16—4r - r=sA'(r) = O=sdp 1m0
i
| T
| = critical number and

4

o

o e g = e

e e g e ey
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 Upplications of Diffexcntial Cobeuly,
'ffﬁz.—f” —

"™ L 1 ) ]-
g-,_-l—m'zﬁ—r[l-l-—ﬁ)zg— 6 (2"“75}: L&
) 2 : 2 4+TI 2 y 4+R

. 4p tsosceles wriangle has a perimeter of 16m. Find the length of
" pesides of a triangle that yield the maximum area. |
Sefution: Let the side length of x, x and y. Then,

z; i 1'.\ 1

£ Perimeter: 2x + »= 16 and Area = hy
§ o \ 2
nos
P -E h\\ *
A B+ —=x
f'J = \ 4
T Lpoe Y Ay (x—y)xty)
4 4 4
a5 g = (16)(2x - Y)

1 ~put 16 in 2x + y

Sh=2T~y = 20657 . Put =16y

I' =
Ara= —2-11}’ = A(y] = m-}’ - ‘161’: ‘_2—},; . \j.l‘.; o

4 To ﬂpﬁmize_: J.Et g (_'].’)

=167 - 2y'=eG)=32y 6
=8Y) = 0= | £ _
=2Y(16 — 3y) = 0=y = 0 and y=— critical numbe)
- - 3
516
S22 g jy = B3
3 3

v Th ; .
*length o tnangle should be —16 -—16 and }—39 that vield
| 373 '

My
9 .

Wha ;

W ig ¢ :
Cirgle ufthed‘mammm“ area of a triangle
W the ::irnft us 2 units and one of ils passing thro
A, HE{UEE

1

which 18 inscribed 1 2
ugh the cenicr

r . A4 ar il
" B‘ 41‘[ S0, un_il (: b ‘\I.q' l]n'n D' 4 54 AR -
| « et Waqba’v’e' X —|— ¢ = |6e—since VU= of sude Ihes

L ey “Meenter, p=y16—x

\ - o
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—_—

Area of triangle (4) = 53&'}? .. to be optintized.

|. g il
A(x) = SxV16- X' = SV 6x” - x*
ane:-xzxfx'z,xizﬂ 3
To optimize: let g(x)— 16— x* 3
=g'(x) = 32x — 4y’ 1
2(0)=0=dx (8 — ') = 0=z~ Oand x=+/8, p=.3 !
l - —_ ) . .l.
Area{;\):g(\{g)(\fﬁ}=4 sq. unit. A
Answer: D 3
36, An open top square base rectangular box container is to have g @l
votume of 32cm’. What should be the height (A) of the box to’
obtain the minimum possible surface area (LIEE) At
A h=2cm B. hi=8cm C. h=4cem D.hi=16cm o
Sofutinn: volume (v) = (base arca) (height) = 5 = 32. surface i
area = x>+ dxh ¢ - optimizing
5 3 s 128
A Alx)=x" + 41’(—%} =x" 4+ =
| N X _
4 . 44
X :A'(x)=2x—1—,—3' ;
X 8
SAX) =020 = 28— = 64 = x =4, | f
: Yy
L 32 32 4
“~ Therefore, h=—=""=2 om & |
X 16 N
S Answer: A ;
37

The total cost for ordering and storing x unit is given by

< 30,000 0

Cx)=3x+ birr. How many units must be ordered L
" E

produce a minimum cost, 3

A. 50 B. 100 C. 300 D. 1000 E
. 30, 0( B

Solution: C(x)=3 - 22 A0 %

T =C(x) = 0=3xr" = 30,000
X

=0 = 10,000 = v = 100,
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| Answer: B
o C},“”drical can 15 10 hold 1 ¢ (1000 cm’) of liquid. How

ol v shoose the height and radius to minimize the amount
:”a'rr‘ﬂ"*'r'“ﬂ qeeded to manulacture the can,
gl Mt

sulutiew: Yohume of eylinder (v) = nth = 1000 em’= h = L

——

, -
Surface: 21 + 21wk . . .quantity to optimize
; 100 )
=Alf)=2m" + 2mr { — =21 + g?,“ﬂ
T F
20010
:}AIU-] -_43}».___2 -— At(r}: At — 2000
4 e
: + 1000
W=l == = 310 cm and b = 100? - %0_
i d o V2m ar  Y2n
47 e wants to make three identical rectangular enclosure
1% Rive,- (same width and length) along a

stralght river as in the diagram
show below. If he has a fencing
material of 1,200 meters and the
sides along the tiver need no fence

What shogld be the dimensi

ENClogupe on (length / and width w) of each
fUEi*':} €ifthe total urea of the enclosure is to be maximized . .
A. "-:-_ l
00 -
boe VTS C£=200m, w=200m
=300 1y,

$ D. =200 m, w=150m
Hiliag p
Ulinetey: p - 3+ 4w = 1200 = w =300 - %f

'ﬁ-ft}a."A - 9
)= B0twimA( = 31 (300 . r) =900¢ -~ g
_ 4 -

= .
A‘H}zqﬂﬂ -—_g._;_J

2

_}::'(] 9
:’9“‘1*5:“203.?:200“1

Ay

A
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W :300—%(20{)) =300-150=130m
s Answer: D
W v +h
40. What are the value of @ and & il f(x)=——— has eXireme
X

value at (3, 2).

A, a=06,b-3 C. a=95bh=27
B. a=9 h=-27 - D, a=-6,h=4
_ Qe+ b -
Sobutior: We have f(3) = 2'_’.‘»?—— 2=9%9 + h = 54 apd B
¥ 2ax(x’)—3x"(ax" +b) _—ax’ —3hb
f (.l" = 6 T g
X X
jga +b=354
['(3)=0= —9a - 3b=0=b = -3a, so that, 4
|h=—3a
=ba-54=a-9 b=-27
~Answer: B )
41. What are the value of 2 and 4 if / (x) = ax” = b has minimum value
at (1,-1).
A fl='3,b:4 ' fisl g.=__.,4?b:3
B.a=4b=-3d D.a=3b= 4

Selutivn: Exercise lefl for you (Answer: C).
42.A rectangular page contained 24 square inches of print. The margins .

at the top and bottom of the page arg to be l-;; inch and the marging

on the left and the right to be 1 inches. Whal dimensions of the page 1
will produce the smallest area in inches.

A. 6by4 B. 8byé6 C.9by6 D, 10 by 8
Selution: Let A be area minimized: e -
A=(x+2)(p+3) 15 mm{
Xy =24.. printed area inside marging

24
=3 i

i

Ry
1.5inc|1{_. J."__ o _|,J|
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2] | /
48
':3“"3-1-;—_—
X
=i — =AY = 03 48 =0 =% = | d
e
L4
- —=e—=1 Sohnswer f
o4

{724 the radius and height of the cylinder of
=vrum volum that ¢an be insenbed in a
=t “m.u ar cone of height 12 ¢m and radius
.'..2: £

‘idien: L2t 7= radius of cylinder, h — height

i€ ln'i:-
T the volume of inscribed cvlinder 1s
:'-:r- !.-‘l

V=T ... 1o be oprimizad
12=-f |2

[/

using simpani pro

= =12 —=—7p .. . sciving 7ol
s
-
=<3 ‘lﬂ 1_.—- ‘."/;
T == =g | - TR L [T — ¥ L
=3 | ——r =llzr — At
.
~ \
- -‘--. - _-_'. lﬂ T = .'
- ‘—':l';:-,d o= oo = —— St
& — Fe A T -
) >
T 12 14 :
Toraaly H:l'\__“"‘ - 177 _ 5 g
A == _— = k= b3,
-~ s ]
2
‘L . -
i Ht_' ' < b . = 43" Grmwo * -!__‘_:_T_x, call -
' SI0ed oyinder has mex VO
5
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,‘ R— trorential Cabeubus
T g }
EN | —+3
D ol 2 ( X
48
A4 —
X
43 ' = =1 = 4% = 2 :
:?.A'[(:'=3—';T'-_->A(I) =25 -4 =020 = 16 70 =l
% 24
‘J:ﬁ:-,_g:: 6. SOANSwer: €
8

.. - 43.Find ihe radius and height of the cylinder of
| maximun volume that can be inscribed in a
rght circular cone of height 12 ¢m and radius

| ofbase 7 cm.
-.=.'-r Solution: Let r = radius of cvlinder, 4 = height
. ofeylinder.
" Then the volume of inscribed cylinder is
fiven by
- B h r v=mrh...to he optinized
‘ \ 12-4 12
= =—..using similarity propers
b ;- ’
I 7 E triangle

12
= h=12- ?r ..solving for i

() = 7 (lzﬁr] 1% = O £

7 7
=12m =0 apd 2—21':0h—:;f°:—]-§~ and 1= 0.

o T gegy JHMN L ey
4 153,

" The Inscr b 1oand
B Cabed eylinder hag max. volume when = L
7 h: ; ”
.ﬂehlﬂd R:"::’I.
i
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Here we going (o sec the rates of change of two or mope felﬂlec[
variables that are changing with respect to time. For example: y < 3
differentiarion both side with respect to thne.

dy » tlx : e i
— =3 — .. both rate af change with respeci to tinte is related

dt dt
Two Rates that are related
[llustrative Example -
44 The radius of a circle is increasing umfmrml;, at the rate of
3 civ/sec. Find the rate of change ol the arca when: |
a. r=2cm b. r=6¢cm c. r=R%cm
Safutian: A =" differentiating with respect 1o time,
dA dr

= —— = 2 —
dt % 1

a‘«f&
a. =2n(2 em)3 cmisee = | 2mem” /sec

dz

b. When r=6= T =2m(6)3 cm/sec = 36 ncm"?sec
@l

dA 1
¢. When »=%om = ? = 2m(8 cm)(3 em/sec) = 4810 e sec.
!

45.The side of square sheet of metal is increasing at rate of
5 em/min. Find the rate of change of (he arca when the is lengiix:

a. ¥y=4cm b. x=9cm ¢. x—0Ocm
dA ix
Sebutivn: Area of square A = res— = 2xﬁ~—:
dt i

dA 9
2. x=4cm = 'Tz 2(4 cm} 5 cm/min = 40 cny /min
!

dA o B
b. x=%9cm = ?= 2(9)(S)em /min = 90 cm ann
!

- - dﬂ. - . a9 )
C. x=6em = -;i— = 2(6)(5)cm /min = 60 cm™/min
St
46.The side of an eguilateral triangle is increasing al the a1
4 cm/sec. Find the rate of change of the area when.

2 x=+3 em b. x=8cm ¢ x=l12cm
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X

i

|

& dt dt di
f
|

¢. Exercise left for you.,

474 radivs of spherical balloon is being mnflated at the rate of
02 em/sec. How fast is the volume increasing when the radius is
i. r=4cm b. r=2¢m c. r=5cem

o = - 17%; -
(pptications of Diffenential Caloubins
1. 45,._.=='—='='- - = - P
,ﬂfid + be the side length of triangle:
et _
b | V3. dA B ax
* oy = —x sin 60 AT 8= X . and
ared (A) 75 4 dt 2 dt
dx
Lo — =4 cmy/sec
l g it
*- dAd 3 5
: - _,_.——.-._-— 3 4 .:(’ N
{3 Whena 3= - 3 ( )( ) =06 cm” /sec
f A 3 )
b+ e = om = (R4 = 16 cn” fuee
i ¢lr 2
4

: _ Ei
| Solution: v = ?::!rr3 the volume of sphere
1

dv , dr dr
= —=4ar —and — = 0.2 cm/sec

_ dv -
L When r=4 gm= _d: =4n(16)(0.2) = 12 8w eny /see

. dv . !
cm = dt =4m(3)7(0.2) = 7.2m cm'/scc
¢ Exercige left for you.

44 —_
the phl_%r;cal balloon is infiated at the rate of 4 cm’/muin. How fast is
Fadiug of the ball

& F=3om oon Increasing when the radius:
b. r=6cm c. r=12¢m
Solutia, -
Hhe: Volume of sphere, v = 2 wr
dy ' ' 2
0 S d}' . i alvs ! i ;
& Y™ . — _d_r_ - | dv and d_1' —4 gm /mn
a dt dt  4xr’ \ dt dt
' th: -
e [ . —(4)= 1 emimin

dt  47(9) 97
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732 Upplicaticns of J‘):fifn itical /J”[ud{
dr | | I T
b. When r=6cm = = (4) =—=
o dt  (4m)(36) ) =5 Sy mi

¢. Exercise left for you.
49. The edge of cube is increasing at the rate of 0.5 em see, AL vy i i
the surface area mereasing when the edge of the cube is 10 gy |
Sebutien: Letx be the edge of cube. Then surfuce arca: A = .
= L = 1231'ﬂ =12(10)0.5 = 60 cm® /sec
dt dt
50. The edge of cube is 5 cm long and volume is increasing ag (e site of
2 o /min. How fast the surface of cube is increasin i (UFF;
2 2ot 8 X o 25 ; .
a. —cm /min b. ECITI min c. —:Clﬂ 1311 d 8 ST n

Sefutien: volume, v =

dv d Y dx  dx 1 7"
= —=3r—=3 s —= = i |
(i dr dt dr Ix"
dx ] 2 .
T — :——2 = —ocm/min . And surface arcn. A 6

dr 3(5) 75

dA dx _ 2 8 .
=—=12x—=12(5)| — | =—cm /min
df dt Bg 5
v Answer: B
51.A 13 m ladder is leaning against a wall of housel 1f the 1op of the
ladder slices down the wall at a rate of 3 nvsce. haw fast will the
base (foot) be moving away from the wall when:

a. 5 m from the wall lh. 4\[’5 m from the wall
Sefuticn: At any time ¢, lct OA X. OB = yso thaty™ - i
dx dy dy
= .:.JJC--—-—FZ;:—-_I'] and —— = 3
m dt dlt ) t‘f"
) a. Whenx=3m=3 t1° I3
=r=12m
ax
) =2/(5) —+ 2(12)(3) - O

0 X 2
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3

o 10 _
b (lower end) is moving 7.2 mi/sec.
¢ Ll

m/sec

#

4J§m:>(4£)2*_v= 169 =" = 169 —48 2|

. —ydv  —11 -114/3
L 1,—(3)=——£m/sec
S0 x dt 43 4

13
-1/ SEC

o WhenX =

% The base (lower end is moving)

7 3 v
24 point moves along the curve 3y = x” in such a way that the
plue 1s increasing at the rate of 4 unit per second. At wha: rate 1s v
danging for each of the following valucs when:
|

_“'-:E b. x=1 c. x— 8

Soltion: 3y = 2 _, 3‘h’- dx dx 3 dy

D o, i e
dt dit dar 2x dt

L ody 3 N )
i When X S & 9] - e ay _4_1_}1____
2 4t 9 (2)(4) =12 unit/sec «— — =

i S
h' ‘NhE[] X =._] — dx 3

— =-——(4) = 6 unit/sec
& B dt 2(_1)( '
i HAW"EMSE left for you,

“AWater tant
Ufime-r tank M the shape of an
3m3!m;1n -hmght . If water
"“*’it%rig' 0d the raje at whi

b degy,

mverted circular cone with Lop radius
is flowing into the tank at the 1w o
ch the water level is rising when the

b. S5m deep
Selutien: Using similarity of triangle
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dv 9 . dh oh 49  dv
= —=—jgh —=—= - —
dr 49 dt dil Yxzh™ dr

dh 49 (3m') 49
s = m/min
dt 9rr(4) min ) 487

3 h 49 49
b. Whenh=5m =— =— —-(Bm min) = — m/min

i 9w (25) 57 .

54.A comeal tank full of water is height 20 ft and radius 5 ft at the fgp #*
I[f the water is flowing out at the bottom af the rate of}

2 ft'/min. What is the rate at which the waler Tevel is falling when
the water level 18 16 ft above the bottom?

8 . |- 1 i
a, —ftYmin b. —{lVmin ¢ ——ft/min d. I—Sﬂ;mm i
T 87 1871 i
Sebution: h = height water level at any time (7)
5 f | f
= —= L_—.:, L == = ~fr and i M 2 ft'/min
20 h h 4 4 ot
Volume of water level v= —zrh (sinccr —— J
3 4
1 (1Y 1 6
::*‘.»‘-—-—:.[-—FJ h-_—-—ﬂ‘}'}*:biiﬂ'—— l_;’r.l'-;"ﬁ
3 x4 ) 48 dr 16 it
dan 16 dv 16 o I . -
== = ] (2 ft’ /min ) = — ft/min
di zrh dt ) x(16y © B
s Answer: B

55.The radius of a right eircular cylinder of height 10 em increase at 2
rate of 3 cm/min. What is the rate of change of (he volume Uf i
cylinder when the radius is 8 cm?

A ¥ mem fmm C. 480mem’/min
B. 320mem’/min D. 640em’/min

, dv ,
Sefution: We have ; =3ecm/min, v=1h
{

n DT AL LISl iy Ol ETHMOIMIAE STUNLNEN TS o

PP —— PP ———

Crigglind L iy bt Ethiapien stislonta n 'vou'l'ube il 1] Eebhioisin
i

&

58
-
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e

dr =20 cma(8 cm) (3 em/min) = 4807 cm .

—

_ghr
= 2i " I

avers C
AR ved Problems

e of thL tollowms_ ic the set of critical nuntber of

=
==

Much
Fnl l-‘ & \

Cop B 220 Co2,028 D92
A 1

J “~4.if y<-2and x> 2

0 iff x=-2 and x=2

Solution: f(i) | ¥ —4l=
l_"j"’l if —2<xx<2

Ix if x<—2and x <2
= flx)= ﬁ if x=-2and x=2= f'(x)=0 whanx
2x if —2<x<?2

L

and f'(¢) does net exist when x=—2 and 1= 2
“4-2,0,2} is set of critical number, ~Answer: €
1.Which one of the following is true about /'( 1] =32
A. fhas a local min atx = 1
B. fis strictly increasing on [1, e0)
C. the gy aph of /s concave down on (- 2)
D . f12)) is not an inflection pomt
Jix) =xe* = (x) =€ " (1 -x) Then ‘
1) fIx)> 0 =1 — ¥y > O==x < |=f18 8t increasing ov
_=lis incai max. s
i) 7%y = (x )=l > 0 = — = (=5 ;
SThe graph of ['is concave up ward on (j g T
") <0 x <2 =The graph concave down on (€%
“Answer; ¢

.

S'The largest mterval where /(X)) =———~1J is inereasing.

) x o+l D. [t ]

C. (1,) '

Solutz, - Ix )_x w120 :j_}_;_r_‘i..__;—,lh{:ll
(x" +1)° (x* +1)

fL'X];[}._ il xEsif =5 €5 1= fincie

Al._
19, ooy B(ml]

cagmzonl

x

& , !"
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736 o Upplications of .‘De'{{eamﬁni Codengy,
~ Answer: D

59.0n which of the following intervals is the graph of ji(y) = . N

X +9
increasing. . .(UEE). |
A. (-0, o) B. [-3, 3] C. (=09, 3] 1. (3. on)
x*+9-2x" 9—x”

Selution: f'(x)=—ur—" = . then

(x*+9)"  (x*+9)°
) <029 <0=>3<y< 3=3f1s increasing on I 3, 3.

~ Answer; B .
60.Find the maximum possible area of rectangle with diagonal, i
a. d=8§ b. d=6 -

Sedutivn: x*+ = g2 = 1 =645

f_—_—.l_ P e 1
Arga A=y = A = x\J64 — x° = A(x)=+/645" —
Let g () =64x" - x" =s0'(x) 128x — 4x° |
g(x)=0whenx=0and x — w.‘r?a_i =y = \.f'f-‘;?. ]

~ Area, A =yp= JS'—?_\E =32 is maximum area.

b. Exercise left for you.
61.Suppose / (x) is differentiable at all x (—vo, ©2). Then from the

_ graph ol y = /"(x) given beiow. Find-
T} . 1) The interval on whic the function fis -
¥ ) increasing and decrensiy a, |
i) The concave structurc and nflecron
X point,

iil) Local extreme valpe af /'
Sobution: Recall, 19 derivatise tos

i) Since /(x) > 0. for all x inia, ¢) for
which [is Increasing on [a, ¢).

Also f (x) < 0 for all n (b, a) and (e, d) 50 thay 7 is strictly

decreasing on interval (b, @) and (e, d]. i
i) Because the graph of 1 s incrcasing on interval (4, ¢) so that the
graph of I8 concave up ward.
= /M%) > 0 for all x in (B, e).
decreasing on interval (e,
denwn ward o (e, el )

Similarly. the craph of ' B
d) so that the oraph of 7 1w conears b

200} = 0 for all v §n (e, ).
Inflection point (e, f1ey) stnee /ey -0,

BEEEEIEEMELES——— ol
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Applications of Differential Coteat

gy =0 and /(@) > 0 = (4. f (a)) 15 local min

. an !
1 if) S Tpandf(0) <0 ={c. {e)) is local maximum,
i r)= ‘ ” N . - , !
. f{t‘-?; fowing into vertical cylindrical tank of radius 2 o 1310 ral.
E‘a}ﬂat;ljﬁm .. How fast is the water level rising.
2 gmin B. —m/min - C. —m/min D, = W i
< . dv dh
1 stony=Tr V=4, since r=2=> —=4g—
, di di
B 1 {dv 3 . v 3
B fi_jl: —L—J =—m/min since —=3m" /m
de An\ di J 4 dt

1.The mimimun area of triangle formed by the x-axis und the ux
> mdaling through the point (2, 1) is:
“} Adunitsq B 6unitsq.  C. Sunitssq. D, 12 unins 34,
Sofution: Let (x, 0), (0, v) and (2, 1) poiut on the line, S0 that

0-1 y-1

) = fl*— % Jrom defu of slope of line

i

=2y~ )= 2=y - ¥~ 2y = 0=y —x=2y

y-=1

Thien, we aplimize arca
1

"T':E-"i:l :'A[J’):}—lf———wz‘y -‘ v=£~— = A'(y) = s
2\ p=-1) T

]
i
} r=1 (v
: [ ‘\T Ally) = D::’_'l-'j 2v = 0=y~ 2 and
v B -l 1 -
=Xy = ~—(4)(2) =4 units =y
| =3
{ o Answer: A

: Fi?&?:'}“‘ S!‘pplementary Exercise on Unit—13 _

1) eritical number

i :

ii)i) absolyte maximum valuc

i absolute minimum value o
Jthe range of function, on the given interve
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“38 ) ___Upplications of Diffevential Cateutyyy!
e. f(x)=x+2cosx, [0, 2n] y

a. J)=x" - 12, [0,4]

b f(x)=3x" =2x[-L1] £ £()=3x"24x", [ 3, 3] = l
c. f=x 2y 1,3] g. f@)F17- 150 90, [0, 6] ﬂ f
d. f(x)= J12= p=x J=4,3] b f0=3-x-2[1,4] 4l

2. Find: i) theinterval in which /s sl increasing
1) the interval in which fis st. decreasing

i) local extreme value 2
a fE)=3r-36-18 £ f09=2¢ 437 12c+8 e
' X B B i@_
b. f (T) i g f(x)= e 3
AT B e
2 : Ixr+3 A
c. fix)=x" - 3x"+ 16c+3 h. f(x)=——= i
x—=17 L

3. Find the value of @, & and & for which the function will have sxtreme .
value at mdicated poinl.

a. (&)= ax’ — b, (—lr c.
! 2) ' X+ 2

x
=5

b fx)=x" kx4 10,x=3 & Fld)=— ;
S x +k
4. Determine the interval on which the graph has:
1) concave upward 1) concave downward
11i) locate the inflection . in each of the following,

L f0=F e f(x) = Te S
X+
b. J)=x" A f(x) =5 =34
Y Find two positive number whose:
4. sum 2. and product is maximum
b. sum 135 and praduct is maximum
¢. product is 24 and whose sum is minimum
d: sum: x +y =2 and xp" is minimum or maximum
6.  Find the length and width of rectanigle with
d. perimeter 18 m that maximize the area
b. perimeter 120 m that maximize the ares
. are 32m” that minimize the perimeter
. area 81 m” that minimize the perimeter

c
d
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Applications of Differentiat Catruy,
ﬁﬁ 4 fhic poir on the graph of the function closest to the given
3ﬂiﬂ1-

‘ 2
o  F=E (0. 2) c. fix)=x? (4.0

b S@)=4-2 00

A cvlindrical can 13 to be made to hold 1.5L of o, Find the
dgnvensions  that will minimize the cost of the
manufacture the ean.

The combined perimeter of 4 circle and a square is 24m. Find the
dimension of the circle and square that product a minimum toal
arca.

The ra‘dius rof circle is increasing at a rate of 2 cnvsec. Fuud the
rate 0F change of the area when- a) r=1lcm b 7—35cm

:ilﬁn“?:; ball is melting at the rate of 1 e /min. If it is always a

a, How fast
om.
b,

metal tp

18 the radius changing when the snow ball is 4

How fact 3= 3 _ .

e fast is the surface arey changing of the snow ball is 4
Fing th i .
i asémidmmns"f“ o.t the largest rectangle that can be inscribed
" ewele of radius » = 6 em,

Aladder of - -
Ol length 1%, jepms agamst house wall, 1f the top of the

taddel’ o

slicle e _

Which i s down ward at the rate of 3 fUsec. Find the rate at
s lower end

A spheae: 1S moving when it is lefi the wall.
A Spherieal balloon is ; g . 1 leﬁ fﬂ}m‘i ¢ '
8 the ragiys ; s inflated at the rate of 3 em (min. How fast
oy r__g the balloon wncreasing when the vadws: aj) r - 2
=0 ¢m
faler g

DU'Lll‘ed iIl' . . . . 2y, =
(f “UP IS 6 1y 10 a conieal paper cup at the rate of 2 m foun It

fast s s all and the top of the cup has radius of 2m, how
water level tise when the water i8 4m.
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740 _ Integual eafiy,,,

—— ——

_ Unit Fourteep

)

ntegral Calculus

There are two kinds of integration. Thesc are indefinite integral and the

definite intepral, Integration as reverse process of differentintion.

e Integration is the process of finding the original Function /(%)
from its derivative f*(v) less eommonly-called the

anti-derivative which 1s denoted by elonguted ‘s’ _[

i dervative 3 ' .
e i1 —==———"73x donated by [' 3x"dy = X Lo

Tanti-derivanve e
e x +4—= mi:n;:::;ve “3y” denoted by j 'S_I'F'e:-fx = ¥ ¢
. : gl
e Flx)+tc miigr:::r:?é — f'(x) denated by 1]
[ rx)de=Fx)+e 2
Thus, ¥ x° + 1, . .. and x° — c are all the set of aiti-desivative or
integration of 3x" write as [ Ix’dy = x° +¢. the anti-derivative of f L
(x) 1s not unique. The expression f f(x)dx s called an itdetinne
integral, where
i) f f(x)dx 1s the integral of f(x) wrt x | !
e

i) f(x) is called integrand
iii) dx is called the varizhle of integration |

V) IEFG)=f@)then [ f(x)dx=Fx) re
The process of anti-differentiation is commonly called integration.

Basic Integration Rule m
A.  [Integration of constant

fkdx =kx + = L:—(k_.l’ + C) — k and j‘”fh' [ I'_."u:lmiﬂc' i
{ax .
d. j"4dx = 4.1' ’i— & h f i If'_p’_' iy

_4__-4
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v - _ Intesiat caleyy,
(= —
I . fﬂa{tﬁﬂx +€
t“ jegration of power function
:L',” d xrrr’.—l
= — Fel=x"
+1 dx|n+1
5 |
4 X ]
) Jhee="te o [iTae=X_
1 2 . ]
- 5 2
b [x?'dr*—;szra

(. Integration af ‘—1—}
o x

dx |
L kdlx
fx | x]+e. and ITZkM|.t[+C.

— By ; 3
"0 J MxFe ) [ =dr=3mn|x|4c
¥ tegral of EXponential function ;
i] Jexdx =

& a g N ™
C t]) J_. e"ﬂ.ﬁ:d‘: SEesoo _]_ c‘
‘- i mn
) (g
- " d-f::‘_—“__l"'ﬂ 3 nix a” A
| In v) a™ = L
Ht&gr i s d .
CEOf trien mina
L)

| Ometrie function:
8in - i
- I -‘de—-—-—*::c)sx—t-c vi) J
COg y :
; Xdx = gin +c
B

f See? wely —

e xtan ydx = secx —¢
vii) j CsC xcol xdx = —¢sex+c

*’lii; tanx 4 ¢ iv) f CsC xelx = cot X+ ¢
'J’Imnu:‘(')dx s 1

= oosle e

k

= osin(kx) 4 ¢

1

‘ .\J

i trtns(kx]dx_ = 1
| k
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____ Iustrative Example

| F:?u:l_d_) T;}m Axedx b) j ‘sin(i:: — 2y
o) f sin(3—5x)dx ~ d) f cos(6x 4 1)y
e) f sec” (3x+1) f) j 'se.::(?.x) tan 2 xvely
g) j ese? (9x)dx

X — |
Saluticn: a) f sin 4xdx = TCOS dx +¢

b

b) fsin(Sx —2)dx = — é—cns(ﬁx— 2)=¢
. | 1 _
<) fsm('j — Sx)dx = 15005(3 —3%x)+¢
I, =
d) fcﬁs(6x+l)dr = gsm(bx-k])-.ﬁ i

: I
&) fsec‘(35r+1)::tan(3.x'4—l) »
2

sec(2x) 1

¢

f) f sec(2x) tan(2x)dx =

.

cotYx

==if

) fcscz(‘?x)dr -

— e ———

Properties of the indefinite integrals

- - » { r -

i dx = f{x)+ Z. (yelv = /)
) f fWdx=f(x)+ec i) dxj [(ydv= [

1) jf(x}:}-g(x)(bszjf{_g)dxifg{x]d\: «— Integrating

term by term

——
e

____Tlinstrative Example

3. Find: a) [ dx h) fi‘/?a‘t* J

3
x 4 4x

& rl
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{5 =4 + = (x—2
E\,J \I‘\rx _..4\!_7{ + w{;]dx d) f J;_?_)- dx

5" x4 3x
0 |7 o J [‘Tz* .
(¢ + 2e" +1) .
gf " hJLfEU—ffix
Solutive: Using the property it is the same as:
3
-3 —=%]
3 4 2 ] 7
a) fﬁ«ﬁ%—fxdxz 2 42 K S
{—§+1 2 e
4
5 i.;.!
4 ‘xﬂ 2
”f*¢_5++C:hxk+“:*f+c
— =1
‘ 4
E}f:;idxﬁ_‘@ ' l: = 2 5 & 2 l
thdx‘lhﬁfx zdx—gxz ——xZ +10x2 - ¢
, 3
[ x2n _ [ L |
f - fl’f “dx =2x —4x 2 4 ¢
1 :)E'Jld m_ x —
A f g fe R o g 24 4+ ¢~ " 4 ¢« integrating wrm by
IErm 2
iﬂ

) 3 2
? ' fmx ' f—; = }E +31In | x| 4-¢ « integrating term by o7
e

€'dx=e¢"—¢ " +2x+c

(1h- 2 A Xy 5 ) gfr

' ¢ +e de:fﬁ’xdt—fe“tdxr‘e '_”_,;_ —{

af . . J
ohlergy " H0n from its

—

slope function and a point (Initial value

-
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744 _ Tntegnal catiyy, |

[Mllustrative Example

———
e = e

4. Find the curve (function) whose slope at the point (¢, ¥ is
3x° + 4 if the curve is passing through the point (1, 3).

. d
Sataticn: We have slope function: —a—rg =3x%4 4
X
=dy= (32" ~4) dx =
Since (-1, 3) on the Luwc so that 3 = (-1)" + 4(-1)+ ¢

=c43+5=-8=y=x"+4x+ § ¢ the original function
- Find /'(x) satisfying the given function:
a.f'(x)=x+ sin x and f(0) =4

) s 1 . 5
b.  f)=x"+—and f (1)=—=
X 3

Selution: _f'(.x]:ff'(x)_dx:j'(x+sin.x)d¥:A‘l— COS X+ ¢
——}rf(ﬂ]_‘—‘()—ccns[1+C=4:>c—5::*f(x]—172—605x+5

b) f(x)z‘ff'(x)dx—f[xa—FLJ dr:—§1+ln[-rf+c 1

| . —
_i"f(”_‘_;““o-l—f‘—*—;—#r,-_——%—l 16:—2

-

3

‘._f(x):i—l—l-n[xl—z

Techniques of integration
There are four. These are:
e Integration by substitution .
* Integration by partial fraction,
* Integration by parts.
e Integration by tabular method.
A Integration by substitution

The method of substitution orginated by examining the rule of
derivative baclkward.

d .
Remember that: E[F ( g(x_))] =I(g(x)) £'(x)

= [ Fila@)g (de = Flg(x)+ e
Let =g (x) =>du = 2'(x) dv
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e Iyt sl
r ey = F(u)+ ¢ <« Itis called u-substitution.

L eaea _Iustrative Example

'_'“"':'f;.naf T

i 3
. [&mdx b. fﬁdx C, j(zx_ 3)%!::

31 .,_4x X dx
' & . X2
"LJ; 257 47 fxﬁxz +1 ‘ f J 3 &
; 31-:'.‘}&_1:‘1 Hilde h fxl vx—1dx i, fxs\a";:_i — 1 ddx
e v Yisas 1 f(.ﬂ—ﬁ'x)"dx

Wlitiow, u) Let u =4 3x sy = Ddx = dx = -

——

3

,'.fﬁ“::frix- e — —f GW%‘E = ——Z_'f ”kdu

g 3
= 4 T 3
v Fe=—(¥43x) +c
b) |
Let“;q'_'sx:ﬁdl[:—s.dx::)dx: ““'du
fon e =3 p 3 ’
A5 = [ o
: =\
~2f3, _—18 3 18 =
”““‘2—_*[14]'3 4 Eb—_ﬁk 4—-3):) i€
t) > 2
Let <
B3y = 2 g = A
9 e 2. 217 | 4
el 8
3,2 X o FT=dy = (x4 4x) dx
‘iiﬂ‘i{ du axt + 7+
4@y [ S =mjulde=llx £
]
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— T Colenug fam,‘,|
e) Letu=3x"+1= dif = 6xdxy = xdy = éﬂi |
du ] _" ! 5
~../3r +1 6 3 A
] ]
a1 e

i) LE:’[H=\.’.‘C‘2:’>Lti=}£-7:>A'=1f2+2={i1‘=‘2udu

f x+42 P (u” +2)+2

— =S =2 j G’ + )iy

2 1'-'}_._')1' |

:I B
N 2 fr—
2[ 3 +4HJ+C-——3—~— +8VXx -2 1

8 Letu=6+ 11 =sdu= 18 dr = y2ge = <!

8 ?

2 o3 0 ST e e SO

| “ 326 +I]drh~f\f—du *—m rem V6 +11] ‘o |
) ;

W h) Let u=aa—] =0’ =x— | 9=/ + 1= dx= 2ur i i

fx«.“x | dx = f(n ~+ D 2eeedee)
:21.(;:“ wzzg]du:—gu‘{ +;—Hj e
:g-(\/l‘-) (\/t—l) e

5
I=2vely = 20 due

i) Let u=+x*+1 =i’ == ] =58 =y -
54 3

5 ! -" ) ’ | 7
i\ ) x? ~lxdx= (114 +2u+ l_)uzdu et R 28
7 4 3

%" +1 1 f5——n -.f_rl—-l

—_—— o 1 — _________l_{l

7 2 r 3




ersion 5’“‘39’“18 ;

e Beadi =St 2U
[ete— = 2
b= = —_— 2 |
Sy s feE =t o< T

pxercise left for you.

Letu =T~ 3x =>dy = —Selx = dx‘:__ﬂ
5

) el
'L 5 Se+S  sgys t¢

I Find: a) f(xz—l—.?.x—{— 1)de b) f(gxz _lsz4)j
o [ (@5 ~10x+T)dx

Sefutinn, 2) ¥+ 2 + | = G+ 1 =letu=x+ L=>du = dx
Y (CS PR [+

12 ;
z‘fl{.l!du =X 4o (x+1)"
13 13

b-g'.l—s- 1, 5 3
=12 4::’("":‘2}3 =H=3x~2 = du =3 dx

. i =1 0Cx—2)"dx= | " —
ey [

L]

+c

-3 13 TE
)25 2
f [0x + l‘-t(jx._ 1)“:;.“——-51;'— 1 == Sdx

r.- 2
(255 —10x 119 g — f (5x-1)"“x

| W U
Py, 3T e
Fing. Vg exponential
i
a.‘ ‘E{-._ b e" —e " 'fff_dr
T b G
” _.
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d. f ji cx e f ¢’ \f!c_'—ﬁ dx
t [ra-27 e gj *Jxdx

Sefution: f , —f ydetu=1+ r
TP e i ¢ =du ="y
du

7]
b) Letu=¢" +e =5 du— (' —e™) dx

I(E’ —& I) dx—fdu ln[u[—{—g—[n(e" +e - :H—

i

=ln|u|+c=h|l+e" ¢

1 —1 ix
c)let y=—=du= 2
X X X

=% —a'r—--—fe du=—e"+c=—¢" i ¢

d) Let u:\/_=>-du-——di

| Jx
. j' e‘h f&‘“dﬂ €:r+ Iy +
.. = = c=e¢"+¢
Jx

e)letu=¢" + = du=e'dx
| X X 2 2 2 X 3 i
.'.fe' \/e +leix=f«/§du=5u9 - .r_'_; ¢* +1 +C |

di

DLletu=1-2""=dy=2" (zlnz)m:—l;r-z‘dw:
1
: o du o
1_2H132.1:d_ o p G PN S NS
Jo-rtfang= - ah =g

_ a2y

TIn4
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y—r Tntegpal, cafeus
1~ "% g) ! N
| gyh“-‘““lﬂ!‘ ﬁdu"-ilzdx:‘“\/_a’x

J‘, ;z\”b dx =~ j3u el = 2(3“] 2('.3xvt)

Sululian; Herca\Letu—lnr:}du:_,dx
x

f—“dt“fudu :£+C: (lnx)?'

nsn!““““ jnvolving naiural Inganthm
R INustrative Example
“Fd: T
,J-‘*—“‘ b. f(lﬂx) I (In x) f i
2 2

S

late=Inxy du= de

Ubst
F Noge, tutign 1nvolving trigonometric
J tan Xdxy —
dr= —ln | cos x | +¢, useu=cosx
L |
fCQt Xy —

In|sin x| +e, use n=sinx

-
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730 - S —————- ____4._,______,___;?:'1';"_9:@ cetbiruyy
cOs kx

¢, use u =k f".

® fsinfcxcit = —

S

sin Ax
4+, usen = kx

. ftoshd‘r:

__Illustrative Example

(0.  Find;
a. fsin('ﬁt—f:x)dx b. fsinxd.‘-: . j:e‘sin(_e")n’.n_'

1 \ 8L
—_-J— lde
Ay

s ¥ o X |
d. fs.‘m‘ xcosxdx e jcos'xsmxdj: f. f———u.h
- (W _}{'."

'.I'I
" 4
e dx i N A
g |=——= & fc{:ns;4 xsmxdx 1 j A7 sin(x” Jely
J cos (e’ +3)
" . d
Sobution: 2) Let =4 - 5x =du - -Sdx= dy = —g- =
; . du cosu cos(d - 3x)
fsm(4— Sx)dx =— fsm Y e e = — LA
5 5 3
: . dn %
b)lLetw=1-+3cosx=pdu= 3sinxdy =sinxday=- "
3 f
Sin x du 1 | ]
f == —=—==In|u|+e===Mn|V+cosy|Fc
[+3cosx 3u 3 3
c)Letu=¢"=du=c'di = fsinu diu—= cosu+c— cos(éic
: 3 i’ cos’ x
d) Let 1= sin x = diu = cos ::dx:zfu‘dg;:—__}_c = -
4 4
e) Let u = cos x = dit = —sin x dx
P " "t cos” A
.'.fcos’xsmx;itzju di = — 4+ o= — ==l
n—+1 1+ |
. [ I dx dlt
T)Ij:tl M:——l—_}du_—_—-—?dx;;-, — = ——
X X 5 0

] . .
> J 5 cos|— —Lidx =—[cosu du=—sinu-+c=— sii| |
X X e
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{, A ____JWM cal

/:/T:d.” = ¢'dx -

et " n‘t J du j s

f w05 cos’ u SeC” st = tam Ut
~ta11 (€ +3)+3

eyl left for you, Use, #= cos x

du

3
The integrals of sin’x and cos’x
ffrand cos v arise frequently in application of integrals.

‘1

i
e g=x =i =3x Ydx =% dx =

Recall: i) sin"x= l{l cos 2x)

=

. 1.
i cos’x = (14 cos 2x)
| 2

. fi- Fud:
-1 a.fsinl-xdx 2 i
b. fCDS xcdx C. f::m" 3xdy
d r i3
o Sin” xdx e. f cos’ xdx  f f sin” x v
slition: Ulge identit . '
| se \dentity property of trigonometry.
-. ) | sin? vy — J‘ (1 cos2x) 1 sin2x
- idx — —x — ¢
b) ! Cos® xdy — J‘ 1+ cos(2x) 1 sin 2.x
' 2 dx=—xt———=1
t . =
N fgin23x: }—cos 6y e 1 sin Gx
) (s 2 2 12
S ; : "
1 0 xdx = j\sm1 X Sin x dx = r(l —cos” x)sin xdx
d S
| U= —sin x dx and fsm3 XLX= j (1- cn:, x)sin xdx
| S T cos’ x
: J Oy = s ¥ cosrt S R

iSf: |1 .
= qual to:
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k- . F[
X n(1+vx|+c &

2 2 : ’i

B. ZMCJ;;+1)+.f.' D. [n-.fxﬁiq,\,g_!_c | J'

Sa&di&n‘ Letu= J‘ -:,':l‘e2 =y = dx = 2udu

2udu au
=2 —
x+\/—— fu +u fﬂ—kl

:?_]n]uJ,.nl[-{-c:ZhT(x/;-F l)-i-(.’ ~Answer: B

13. [ log; dx is equal to:

X
| (In x)° Tnx) .
A (In 3y(1 :’+L‘ B. - C. |—| +c D. 1113 Inxtc
(1n 3)(In x) = Toa ] TO D fnd) et
_log; log; Inx
Selution: lo . Inx L elx = —dx
0g; = iogf na luaf ix = fxln3éﬁ
Letu=Inx=s du = ldx
X
o frudw 1, (In x)*
J 3 ._hj3u +c= n3 ¢ = Answer: B
IZ‘ 1+ 2% dx is equal to;
2 3 3
A. (.1 2-‘) ¢
T 2m2(41+2)+.
211:12
B. {14+ 2°) D. None
S.aﬂxﬂun.:u=l+f=:=du-2 Inﬂax_;}ﬂ-—?*d}

du ) 3
‘_} e — @ g 2 / @ .
[ In2 1:12[3]” ﬂ"gmg( 142 e

Answer: A
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- _ Integral calcuus
i _=.===-=F='-_ - I
‘::'.f 4
. ,;de).’ is equal to:
)3 ;
; o 2lnn24424 .
f,?igﬂ;-'—c D. (26) +¢
B 324 3
L L | 2 1 2
S - —Z (24Y™
W Soldion gl 2 33 3 (24) (24)
2 —2024)°
f :[24)_1 dx = 2(24) +c ~ Answer: B
3 3ln24
B AR
o 3 ] %— = q2f+3 dx is equal to:
X 4+3x +9x
] x| . r
A, Eln!.x“ +2x 43| 4¢ B.%ln XT3 —0r ¢

Colnle+3|-in v - 1 +e
Solution; Let u=x"+ 357 + 9x — du=(3x | 6x+9)da

[ -‘2+214 3
b B 0 du 1 I ; 2
.._T\_""‘——'——-—.__._____ S . 3 _.i._qw_ =
3 .r’+3l.2+9x S 31nlul—1—c «31nlx +3a X
: """ﬂS‘Frer;B
. f__l_i_xh‘_
*logt, e
'hlll:}lu]] | !
nxfe g 0 |Inx| Clnx e
" ¢ ————2L 1La @ 4o D.(In10yina-e
'M‘ﬁm; In10 In10
P
“~loar _ lop* .
By = gy ]_I]x (X
1 T R T e du=—2 — (Inl0)du=
g, nlQ xIlnlo By

=(In 10} In ful + ¢ = (In 10) tn [ ==




PDF Compressor Free Version
754 . _j Hfrf‘gi’fff cirfetim

1%, fcus" xdx isequalto. ..

cos X | ~ COS™ X

A, COs X —

sin” x _
+e D, None

B. Sin x —

. B . 9
Selutien: ft:us3 xdx = [cos xcosxdv = [ (I =sin~ x)cos rdy

let = sin x = du =cos x dx = ]
2 :;3 - 5-_in3 X |
[ —u)du—=u —q——i—r;:sm.r - =}

P =3
B.  Integration by partial fraction
This section examines a methed for decomposing rational function nto
simpler rational [unction (o apply the basic mtegration rule. This nicthod
is called method of partial fraction.
Linear factor rule:
d. Integration of distinct linear fraction

Nix) A B o
- f—S Alex+d) +B i+ )= N @)
(ax +b)cx+d) ax+b cox+d
Hustrative Example

19.  Find:
. { - (<=1 .
a'jj— b. f 2 ‘? ¢ f_ﬁfu——_ﬁl‘f
x(x+2) X —35x+6 Joxyr -3+ 2

- 12 4y
¢ ff-i 1x+3dx N f.rz—gdr : }_\__"1_*5

= A(x +2)+ Bv 1.

[ A
Sobution: ) ———=—-+
x(x+2) x x+2

multiplying both side by x (x * 2). To find for A: sel v — 0

I.'-..r|| et

I
2A=]l=3 A= E To find for B:set x =-2—28B-1. B

n DENTALLIDOANRY TON ESIMINMAS STUDENT D o

g bt & U brwery B B loiban -h-lnnlrln vnu'ruhe il O, Eelyiors

e i e i -
- e i

4_‘
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) P /_‘:__:gss-"';'f'__ =R
YTy

A= 24 x 2 x+2

(x— 4%
i |
: ' | ==l +C
' " | A B
] ‘ -_._ +

Ve (-2(x—3) x—2 x=3

e
e Alx- H)+B(x—-2)=1
~N+0=1=A=-L

.5 ' csetx=2=A(2
[ofind for A: se el

Tuﬂlldfﬂl’BleC'ixL-fJ:?aﬂ-i‘B(3—2,):
' i dx __dx d,f
| ] o]
b ==y J x-2 T

{ I—S‘ oo
= - —_ —
1 ~Ink+2/+Inlx- 3i+e In Y
dx 41 A+ ~ A +_B

i —_—— —

: . ?3x k2 (x=2)(x—1) x—2 x—I
SAG-1)-Bx+2)=4c+ L
To find for A: letx =2 = A (2-1) |
Totind for B; set x =1 =0 + -B=4+ 128 =-3

L0 =4(2) + | =A=9.

!
- dx+1 + dx dx _gin|x-1 sin
‘j : :9j—' e ==
4 (-’:“— 2)(_‘- _,_l) x— 2 X —
- -
{! Jlrﬂ]‘+c:31ﬂx u_l_c.
[ 5 |x—1|
0 2 et + g @A(xfmﬁi-'f”'?
; U341 T x+3 x+!
[. Multiply by fem, :
E T"ﬁ“ﬂA:setx:-3:>A(-3+1)+0—*——3:'—?A;'§'
|

| =

Tﬂ““dB: setx=-l:>[}+28=-l:¢-B= -
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f)

e = ==

| { | dx
f Jrix+3:ﬂfr{f3 _Efxil

2 I
=§l_ni,1+3'|——glﬂl.t“r‘11+li1

12 A LB b
= e % U _ - -
(x=3)(x+3) x-3 x+3 - (x-3)=12,

Multiplying by x~ 91nﬂmL4cmx:3:@A:1z¢A=z,
Tofind B:setxr- -3=0-6B= 12=B =

2 2 2
.-.fx}_gdr—_-fx?Sffx-fx;dx

=2Ilnjx-31-2Injx+3+e=2n |-

31+r;
X7 1|

Lf SHYD e Enrdio 1R
X €—= rxercay A { 5
i reise left for you

b) Integration of repeated lincar factor
N(x) A B o C
(ax4 b) ax+b  (ax+b)y (ax | h)

__ lHustrative Example -

i gt
i a]f 2x—f—3 T b)f 21_3.
x{x+1)° X (x4 Sx+6)

2x+3 A B C

x(rJrl) F 4 x+1+(x+l)
A(x+l)“+Bxfx+I)+¢x 2x+3, To find A: sct x =0 =A

(O+1)°+0+0=0+3

=A =3. To find C: set x = -]

=0+ 0-c=2(-1)+3 =¢c=-].

To find B: set any convenient number, let x = L.

:>A(I+I}‘+B{9)1L 2{1)~+3

=4A +2B 4+ ¢c= 5:::12+.ZB—-1*5:;>B:—3.

Scfution:
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ﬁ W =

f'n.+3 3 f[‘* .
) x4 1) x+1 (x+1)>°
=3I b-3lnp+3+ L,
X+1
¢ —2x—3 A B "
o L. TN
CaE2)x+3) x ¥ x42 x43
SAx(x+2)(x+3)+B(x+2)(x+ 3+
+)=x"—2x-13, ) ﬂ&“l 3+ D ()

dx

Tofind B:setx=0=6B=0-0 -3 =R= __l_

2
Tofind C:setx=-2 =50+ 0+4dc+0=444_3=5 3 =yg= 2
4
Tofind D: set x = . 3=20+0+0+9D=9+6-3=12
:L}—B-—i
9 3
Tofind A: set any x, let x = -|
:52&+ZB+2C* D=1/2-3=0.
“ax ol 1 5
g Haof3) 4 g p
‘ 2] (4) 3 12
X ~2x—3
x_{T_"____"i
+2)(x +3)
H.*__Idx 1 dx 5 *dy 4 podx
4 x+2 3 x+3
hhﬂ+§—+~hwr+2|kfmlv+ﬂ+‘
3 T -

l"‘Pru
er N
N( ) PEr rational expression

D( X) TN x)=D (x), then we first perform long division

S [
e e

== lllustrative Example ___. . = —
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21.  Find: a) f‘"__d b) ]ﬂ‘;"*zsdx % [5114

xo — N O G ;
. - gk 3. — A
8) f J.z_gd"" €) f T )-[ -9 .

Safutian: Since the degree of numerator 15 equal to degree of
denominators so we perform division,

{Y+4d_r f[l l——]dt—1+"§lll|tI|+Le—lwluno

division.

D x4 2 1 13 113
b ji+—‘irdl—f[—+ —de_-q.—f ‘l—l—g]ﬂ|4x 3|

Cox 1 —4 ) 1 4
C 7 — dy =—x——In|3x+4|e
| '[Bx—l,—ﬂi xﬂ (3r+4)J ;¥ bl |
X 5 A B
d)f_,:--'-

_4£ﬂc‘_f[1+ ﬂ" ]d.r and — — s
-9 x =9
<A +3)-Bx—=3)=-§,setx=3and-3 > A= EB:——

¥ —9 x—3 x+3
_. _ S =5 ]
,-f—r“—éi—dxufl—l— . Jd.r
X —3x+2 6(x—3) 6(x+3)

5
=X -“—ln X 3|—=In|x-3]| e
L+6 | x l z | |4 ¢

x Tx—6 ] :
: - x= | |x+3+ — |¢dx , again
? fx"‘—Sxﬂ-Z C f( (x—2)(x —1),

?'_’““6 = A +- = Al -D+Br-2)=T-63
(r=2)0x—1) x=2 x-I

lelyr=2=A=Randletx—=1= B = -].
3

: : ; g
[ "‘d_x—j[xiz,r 8
X &'—31% 2 x—2 x—1;

~2|-Inlk—=1+¢

Jx‘—‘_?'—”'““ £ |

-
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iﬁ = Inbegral calicpy -
; _ﬁ — ————
.' "/‘T oft for yOu.
VR el e ——=
ﬁ'g’/ f the form N(x) ith b»°
i —————wWith #* 4uc ~
& o Quadrafic factors 0 X + bx ¢ wth 5~ duc = (,
N() . Bx+ec
i ﬂ bx-¢C ax®s +bx+ ¢
L——"""""" lllustrative Example ____
E - 8x’ ¢
t»  Find a) f dx b) f + 13
d x— (2% 4207
Selutian: al x n B Cx~D

-1 (x— H(x” +1) x—=1" x41 x-1
SA+ D) (x4 1)+ Blx— D+ 1) HCx +DYx - Fiiy - 10 ¢

Tofind At setx=1=4A + 0+ 0= 1==A = l

__ Tni‘mdB:setr—*-I:,*){)_-4]3+U:_l—_.-,B-—i
- 4

I
To find - Setanyx,letx=0=A B D=0=sinic A= T‘
4
2 11
4,mthata--~—[):0:>D:0
T 1.
find C: set any x, other than, -1, 1 and 0 let x= 2.
15A 4+
| :35AﬁSB+(2C4-D}3 2:}15—}—5-1—66—&*0*' oo
.F j “"“H-dx._—- cdx -
i ¥~ 4J x| _Jﬂxrl FLE R
E | ‘x‘-l
; =—In|— €
l o 4 X" +1
Fh}( B3 Avyp C'<:+D o 2
- +2)7 T — — ¢ Multiplying b t5 -
Powgy X 42 (x ;
| ‘]-h.-L -5 DB
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_— = - —
—

13x=Ax" + 2Ax+ By’ 4 2B+ Cx+ DeEqualce=A=7 B= 0,
and 2Ax + Cx +13x =2A+c =13 =2 16te= 13=¢=3 and D= {]

—3
Jg.l +de.,x:f qu c!x—I-f‘“TL“&
(F +20° St 42 (£ +2)

=4In(x" +2)+

e

3
2(x"+2)
C.  TIntegration by paris
Integration by parts 18 method which is the reverse part of the product
rule of differentiation.

Letw and v be functions of x =u = (x) and v = v (x).

v du av
Then — (uv) = u-‘———-i— v—solving for #-——, gives
dx dx dx dax
dv 4 du |
= U—=— (uv) — v— & integrating both side
dx  dx dx

dv d du
= J-.te ——(dx) = j — (uv)dx — j v— «— 50 that yicld
- dx dx dx
* This formula express the original integral
J'mf V=i j. vdu in {erms of another integral.

Dspendma on the choices of w and dv it may be easier w evaluare the
2" integral than the original one.

General approach fo choose u and dv
1) fln xdx,use u=Inx, dv=dx

ii) J x" I xdx usc u=1nx, dv=x"dy
_ MoX ] Py
1ii) ] X'edxase u=x" dv=c"dx

iv) J X" st xefx : use u=x"m dv = sin X dx

i V) j &' sin xdx : use u = sin x, dx = g%y

1} Type f In xdx ; Let, u=Inx, dv=h

m— e IMlustrative Example
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,' | i da)flnm'a b) f10g3 ¢) flog(4f$3)dx-

cution: Use j udv = 4y — fvdu and choice w=In x, dv= gx

dx
a]Lﬁtﬂ:]nJ :}du:—alldd}’*—dx:)vf f{!_’f.—_—x
X
.-_f“dv::u\,'_— rvdu gi\*‘ES f‘Hdezx ].ﬂx'——. fd_]_"-: {’l
+ mx-x)-i-c
* In x
by We have log) = . so that J log, dx = j —'d.t
l; In In3
| 1n3f mix=—-—(:ulnx—1)+c

¢) We have log (4x + 3) =
hl(‘q-x 3 o Ay
n{4x +3) s J’ o™ gy = j‘ In{4x 4 3) o

Inld mio '
let s = A3+ 3= iy =4dx=—> dx — e : ; J llnudh'
4 4In10:
- 1
= | e e ] 3 4 )t
¥ e D) e s Dl e

Nﬂte:

. l)fln;rcdx:(xlnx—x)+ti

) g 1
iogﬂdxi;(x Inx—x)+e

ii - . o h
)T)’pe.twu J x" In xdx . For this type use 1= In.X. =

x'==:-_~..
Fing. ———- Wustration Example _____ -+~

' J XIn Xdx b. f x2 10 xdx 5. r(]n _1;)1{{.1-
,-I d. I X In Xdx & j‘ x In(4x) ax B f X ln(‘n.l')dlf
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=y _
L - ‘?ﬂlli?g#{[f C”'{'C'Iu,l'{t
N e

. . e
2, j " Inxdx L f xlog;dx i f X log ; dx
Salidion: Use fudl-' = Y — f vt . Thena) let e In g
u=Inxand dv=x dx 1!

dx

X

f udv = nv - J velie substitutiriy

2 . 2
X X X X
fxlnxdx =—Inx-— f—ﬂ’.r =—Inx—Z-4p
2 J 2 2 4

-

and dv=xdx = v = j il = L2
9,

=dy =

. dx | I
b. letu=Inxy=>du=— anddv= xzc'f.t =Sy = f_r‘]dx — e

X 3
,I{d‘uf——zw—f vefte substitute

:

3 a 3
. X X X X
:—f.rzln.rcir:- —Tnx— f—a’x:—ln ¥- —fg
3 S 3 3 9
2Inx
X

j 'udv:uv— f vdu will be

f(hl x)" dx — x(In x)? —fﬂt(zEde

X
=x(h1.r}:-—2(3: Inx)+ 2x~¢

¢ Letw=(lo x)= du — dx ., dv=dx == !.d;r =.x. Then

dx - X _
d Letu=Inx= du—= —, v = x’dx =W = [ ,-.f]d_.'{ = T . thus
X '

fudv =uy— ]'urfv gives

4 4 4 A
4 Jo4 | x 4 16

€. ! xIn(4x) Exercise left for you.

b e e

|
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y ntegnal caleus

tJ

mr):pdu—~dx dv=xdx = v—fxdx——

;‘ L= 2
*h,
et J‘H{f}:,—lﬂ"‘fl’du
- J r.‘
Skl rm(lm)d‘t-— In{fi)- j g e
B!
=k 1 "
Th ey du=—dx,dv—x'dx
: X
L . i
:'\'-:f:‘_nd'r: X ,thell judv.: Hv__j pdu'
n-+1
i 1+l
:G"fxnlnl’dxzx-i_l(lnx)_ ! l
fl n-+
i X" il
f‘td":“n_i_lhlx— 13—|—C,n::+1
4
] 4 16
0 5 6 6
. X X
I". f iny =—Inx —i+c
i 36
r ) 2
[ﬂﬂga dx—thlx e | (]ni)—""]_‘-f
In3 In3
__.xz ]]_']_x X
hw T +-c
- 2lu3  41n3 K
it ]“gid-t:_ f-'}lllx . g 1,4 Inx ,_f;__‘;—l—:"
Inq 1_[;{13 A= Yma  T6I
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iii) Part fx"e‘dx and j x" cos xdx

Iustrative Example

—
— —_—— e ——

25. Find
a. f xe *dx b f xcos(nx)dx . f xsin(kx)dy, k>0

Selutivn: Let u=x =>du=dx, dv=e"dx =v = f ¢ 'dy—=-e",
Then j x sin(/kx)dx, k>0

= f xe ‘dx=—xe " — f —¢ dx=—x¢" —e "+
b. Let :i = x =>du = dx and dv = cos (nx) dx

sin( ax
— v fcosnm'x: ( ).
. il

_'_fu_dv:uv—fvdu = fxcns(_m)cir

_xsin(mx) ';m(ru)d _ xsin(rx) , cos(nx)
F 7 n n’

Observe:

i fxcostdx.z xm;l:r n c:o:le Le

sin(5x s(5x

ii) fxc{).s(ﬁx)dx-—- aialal! r)j_cm( I]+c
5 25

¢. Letu=x=du=dx dv=sin

()= v — f sin(/x)dx — —

cos(kx)
k
o fudv=uv— [ vdu is the same as
[ xsin(hx)dx =
—xcos(kx) Ci)b(fﬂ‘) _ —xcos(kx) sin(Ax) "
k k k*
Observe that; 1

1) f_xsin(Ex}ctx-—-

—xcos2x  sin(2x) A
i
> = A ¢ 3
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o e
| —xcos(3x)  sin(3x)
g [reiolBa)ir="""3 Ty e

a¢e of integration by part
~___ Ilustrative Example
e il

:b Find: a. fe” sinxdx b. fe’” cos(3x)dx e. fx!e‘dx
i f ¢ sin xdx

Selistion: 3. Letw = sin x =>du = cos x dx, dv= e dx

= f ¢'dc=¢". Then f udv = uy — J |vdu is the same as

Rrpeﬂ‘eﬂ

fe"sin xdx=e" sinx— fﬁ" Cos xdx .
Again apply integration by part for 2 time.

= f " 08 xdx, let u=cos x = du =-sin x dx leldv=¢"dx
= o x — p* _ * sin xd'x. collectin
=v=¢". Then .[e cosx=e cosx+JE sin x¢x, colleeting
:‘*fefx sin xdx = " sin x —(e" COSX + fe" s Id-l']
- =Tesinxr—e vosx - f & sin xdx «adding to the left part
=%7 I e* sin xdx = ¢'sinx—¢" cosx + ¢
o [ ors 1, . C
e" sin xdx = 3¢ (sin x —cosx)+¢

it= . 3 e .
=008 3x = du = -3 sin Jx dx, dv=c¢'dx =V =¢ then

f”d"=uv—fvdu =;>fe" cos(3x)dx
“¢ oo Iy — f e*(—3)sin3xdy=¢ cos 35 F 3.[

Aeaiy 5 SEL A
| apply Mtegration by part 2 time for fe_- sin 3xdx.
— ¢ then

¢ sin 3xdx

by = o
‘I—S t.
0 3x =vdir = 3 cos 3k dx, dv=edx =V
Uqy —
dv*"“'"“-fudu.
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i Jitegual culezu

,.'v' smldadi =e'sin3xy -3 [E'\' cos(3x)dx . Thus colleeting

> { ¢ cosi3v)dy =¢* cos3x+3 f e" sin(3x)dx

¢*sin(3x)—3 ‘j e’ cos(.’%}:)dx]

v'cos (3x)+3

=10 } " cos(3x)dx = e "cos (3x) = 3¢ sin (3x) = J ¢' cos(3x)dr

e’ (cos3x—+3sin(3x)) » -
= ]
10 |
( Note: (Keep in touch). il
i ["3 slBde= e (sm(fni) —bjcns(b.r)) Lo
; a +h° —
- j o eos(bi= ¢"(a cns(&:.r) —'1b sin(hx)) 1 e
a +b° _
Thus, we can see that:
3y ESI isi E
i) | 2™ sin xdy — £ l; X~ cosx) + ¢ T
34
_ % (38in x — ¢os x)
10 "
i f‘?  sin(2x)di = ¢ * —sin(2x) — 2 cos(2x) . N
) =17 4y 3
_ =€ (sin 2x 4 2 cos(24)) 7
5 2
i) f e” cos(3x)dy = ¢ 2c05(3x) + 3sin(3x) i
~ & (200s(3x) 4 3sin(3x))
13 e
d. Tabular me
fuff*gmn'mi r;f;'he_?b,um tiiod i

['.
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\H“ ?6.;- : : ———— =
_ f e ° r x" sin(bx)dx

. LAd LE

J‘ - cosl hx)dx we can find by tabular method

ferentiated until you obtain 0.
px), cas (bx) integrate repeatediv,
__ IMustrative Example ___

| fofindx” 11
i ¢, sin

—_—

" _’__.:r'_,—-—_'-'_'-"__'_._-_:-_
77 Find.

i j'xle'dr b. f(l'?+4x}e’"“d.r c. f.r“smf.’i:«w:.—'ﬁ.

N f ¥ cos(3x)dx e f x* sin xdx f, r xe
|

Solutios: |

Derivative of polynomial Integral (repeated anti e
1 X

h £

:+ ZN-K;E" since f e'dy— v
N 24\“‘ |
. ﬂ\’ &

.'.fxlejfﬁ':l'l(ﬂ —ZIE‘-—!—Q.XL’I—FE{?I -—|~(:

h Repeated (Jerv. Repeated anti derive. (i 5. o0

27
| . i .
.-I’:xz Ay 3 > et inE 2- :
+4I}e ‘dx ={x +4x).—7— (2x~ 4)-_1}__4— L
Gy 2
"iSe lefi for vou.
d f 2 - i .‘,ll] A
HERETTCE xogindx | 2xcosdy S5 T .
. 08(3x)elx — _T+ — 9 2T

-
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s jm-ﬂgfiﬂf Ca&:uud1 J«
Ny

= = — - B S S
v Evercive lefl for vou.

e - Ay 2w gy 2
e "since }E’ ds =—e “dy= —¢>"

. \
= . ? 2 L
'[\-eh tsln(:e _..j e dx — & ¥
0 ge
. 2—x m - d—x 3% .
,.fxe dx = —x¢~ " —¢ "+
___Solved problem

28. f ey is equal to:
A 22k —2e% 1o B 2Jxe™ 267 Lo
e i
. \Ee“ —e"" 4+¢ D, none

dx
Sofution: Let y:\/;:&-dy-:z——-.-:bd)c:E\Edy
X

=>dx = 2ydy , since y = 'J;

- 1."'; Vo
= j e dx= f e (2ydy)= f 2ye’dy « Rewriting
Let u =2y =du=2dyand dv=e'dy = v=¢"

f udy —uy — f udu = f 2ye’dy=2ye" -2 f e'dy

=2y’ 2¢ + e =2¢ (- 1) + o= 2P (\&_ |)+ o
~ Answer: B |

| el

29, ' :
fl—l—e‘ 15 equal to:

11, . ]
A. Ex—:?-ln(_e +1)+¢ e Eln(_e"'#_l)nw

B. x-In(e"+¢)+e D. x+l]n(e-‘ e}t
2

Sofution: lety=1+ ' =du= & dy =y = du

o I 1
—, SInce 2 ==
&
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J

. et catouns
B i __+ du-_, 51 = :

Ty u(nfl} LI H—I] e A= -land B~ |

> du+f~———du—-lnu+1n(u_1}._,L,

u——l e
:hﬂl u )Jrc:ln{ -t+1]i_c=1-|"[et' 1)+ e

&

Answer: B

) J e dx is equal to:

1 .
= X 2 ] o b

A. 5 (X" +D+c C. Ex“(e" +1D)+¢
1 . 5

B. 52 (X" +1) +¢ D. %x:(e" —~)4-¢

Sﬂiuﬁﬂn: Let ",:xl :&d” = 2xdx= xt:ix — d“

ijel?dx:fxzetafxdx)zfue ﬂ —fue"dn

\ME J xne;xdx - x"e™ ——j‘x“ le“dx

2J Vel = 12[“3” f e"dul = lue" —e'+e= %E'" (w—1+c¢
2

|
= “2"6'“ (x? —1+e 5 Amswer: A

3!_ 1111-
f““ﬁdx.-.(UEE)

A 5
Wxlixie ¢ 2dx(nx-2)

B
‘Flnx“"\/_—{—c D. Mone
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L
dx z
Sofution: Lety~— Inx —dit = T an

| I
I - -
p=x v :bv:f.-r 2edx — 2x7, thus

f udv = v — j vdu is substitute

f——da —(ZJ;)In_r—IZ(x;)%——Z\E(Ln.r—alﬁc 3

~ Answer: C

32, f xsin xdx .. . (UEE)
A veos x + ¢ € xzsin Y—xYcosxtc
. - ~ F 1
B. sinx—xcosx ¢ D. siny -y cosx+c¢
Safution: Lel i = x =sdu = dy and dv=sin x dx =V =-cus x

_'.fudvzuv—fvdu:f_rsinm’x:—.rcos-rc+fcnsxfir

=sinx—xycosx+o . Answer: B
i .r 2
33, dx. .. (UEE)
e
I d
A, x+lnp+ 1 +e € X— —2In'x+1|+€8
xX41 I
| ] 2 | 1
B. —x| —=In|x+1|+¢ D. x{ = +c
3 3 x+1)  x+1 A
S.E...E. : -_
o % 2 . [ X 9 I
g [ ae= [fim 2| @
j(x—*—l] [[ I-H] f{ x—-1 (JH])”]
=x—2In|x+1|- Lo ~ Answer: C 788
X~ | & !
x|
34, f ——dx ... UEE 201]
X 4%

SIS A S ——

A 5
-l- I
I.nhnl.liull-ii'rul)-mrn..'muwlul -uul-ru n 'fﬂ“T“bB i r,,_,;-.,u“.;‘_ 1) Enlvionk
1.
=i g

n R ——" e
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e 1 o

__:_‘i'fc‘!__i_’f_lf fﬂfﬂ._-,ﬂ,ﬁ

|
‘4 ]i+|n|1 + e G Elﬂ(I-—F])-—ln T =

A bl

L

p D= e Do 2+ 1)

C ,1 A Bx+c
X - ‘
=t A+ 1B =)o
WA x(x" +1) ¥ x +l ) el
:}M:TBI FCx+ A=x =1, . comparing coef. of likc 1er —

] | ')\_] Y
:'1":, + ..-.—1——-—.:_- _1“ 5 d_‘:— -——d — h_ .._!.g'-
2
ﬂ—lanH—f ,,1 dx

" du
Letu=x+ 1=du= 7rrf.r-_>f—~~|nu“ m(E - 1

f—— ——dr =ln(x"+1) - In x|+ ¢ s Answer: I3

X 2 il
f+2x+1 N
|
A. 1[1(3’3+11;ﬁ—])|-c C h"l -{.x:-i—l\_l} i h &
) |
y B I+ 11+ +¢ D I@Er2erh
:- x+1 k
Sofutiy £ = f de= | — i_l o
4 2x+1 ¢ f1 (v -1
-_-ll'll)PH | + — yuswer: B

=
r-___‘D
[ e
o
[
d---.,
,#

—dx.
\G X...UEE
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772 | Jntegrak cabcuns
- ] S si
B. —vxcosvx-+tc¢ B —j- Xrsmauy-+¢
dx dx
Sofution: Lot u = \/; = du = = =2 2du = =
s '-Y -\l .T

— 2f COS udu =28ty ¥c= 25111 \/_1 =i & Ans'ﬂ'-t'-r: B

Z2x o
f O e e AT

o xe**
A, Inlx[+ 2™ 4 ¢ C. In x| —d4e™ + ¢
5 1 e
B.inkx|+4e™ + ¢ D. ——l e
X~
' - 4.:.: ]. —m x ‘
Sclutian: j b f ——de N idy Ninmlifyi IHg
X
. 4 e | )
=lIn|x|+ EE T he=In x| + 27 S~ Answer: A
AN,

f(.'-i +sin’ x) cot xdx is equal to: UEE

1 -
A. 2csex-—secty+ o . 2 In |sin v -cosy +¢

, L ..
B. 21n [sin x] + ESII‘I' X4+c D. 2esex TSI Y Cos X ¢

SV .2 L COSX 2COs x .
Sotution: [ (24-sin* ) S5 g _ f-sin x cos.x e
510 X Sin x ' |

[' 2¢os xdyx | f .
= % - | SINXxcCosx
SN x b

Let i = sin X =du = cos x dy
du
= ] 2--+ udu-—zln]u[—f-h-—yc
2

sin” x

=2 In fsinx| +

. I} f d is E uﬂ-l
I. | =" 4

S Answer: B




PDF ompressor Free Version

N\

!D\l W

S +(e ™ A D) +eC —~(,H In(e™ 1))~
2

SW mfcmm

(x* = (g™ 4 D+c

D. x+1In (asz_"‘J +1) +«

B~ 2
‘f quu R 1
: Solutian: Let "—___\"L —du=-2x dx =xdx = ——dH
1 |+e ¢t
X |
-—-—-—-dx="_ [4f — e ssey———n Ef‘ft'
#, 4e™ Efl—re IL‘WLE" ¢
:—% {1—16 “}d}f:—lz(uahl(eu J,—l))—'rf'
&
'1'*:" 5 ]_ﬂ — ‘J"
::»—12-(.*3:3—111(@"‘ + 14 = pr (ez =
w] Answer: B
Inx
4. f-—dx lsequallu
Inx 1 - 1 —hox 1o
't A-“‘;*—--ﬁ-c B. mx——+" KA _—qu\ r
x X X ' '
Sofution: Tt requires integration by parts |
i -
S P ldxaﬂd dv‘_—_(b‘.f”v:i
i X X '
£ lnx ____ln l
f X —Inx Lo sanswers €
dx = ——dx= +—re -
I; +f d X X
R N S
1 o dx 15 egual to:
|[ (e* “I)[e + 4) . :
1 1) 1, (et 2],
| A ___‘_ln < 1 I _--———'—'_|J|" \
5 {e"+4 T ¢ e
l | g
'I_J_-f 8. Elﬂ{f—:_tzj tc D. None
. € +l}

b%: Lety - e.\' 1 :."}f_"‘- =y +1 ﬂ]’ld I::‘_-.,‘_l. = ¢ (_1,.1'
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Jrai c‘;};-ux}" uu-_f CELigy
=S | ' . -I|
}. ,I_ T ] l . -h-- wer Ay By BBy 1
. .1‘.(-:5. L 5] . L. 1 :\;:
I
letpy=0=A0+5)=1=2A= g—
| 1
letp=-5=A(0)+B(-5)=1=B= _E ;
- ; 1 | _ 1 ¥ }
' f—l dv+——1 B = —=lny- -In{y+5)==In} —— .
o Sy 3 15 5 3 5 .L_li*‘rﬁJ
1. | ef—1
buty=¢"-- 1. sothat —In ~‘—*—1 e ~ Answer: A
) 5 e +4]
e Definite integrals
*  Area of the curye
L

Fundamental theorem of calculus

Definite integral as area of the region

The arca under u curve can also be found by integration. In LeOmetr
have formula 1o find the area of figures such as triangle, civefe,
rectangle and trapezoid.

Now here, we going to determine the are
¥ = filx) which is continuous
line x =a and v - b cal
Ta estimate the area.
rectangle.

Ve

a of the region (R) by the curve
on lu, b] above the y-axis
culated as fallow

we will start from the de

and between ithe

finition of the aren of

Define the area of the re
rectangje.

Divide the interval

gion divide into thiner and thinner

[a, bl into n ¢

_:F:‘|L ['rl'.\ T:], ['T.'J: 'r3]5 -

qual sub interval, iliese

)y T
_ ) . X x ) with Yo “aandy, h
Vhe length of each thinner rectangle iy x, X =Xy -y - |
o1 ¥a = A Thus the region is divided into p stripes whicl s nearly
trectungle af the same widys, Ax = ﬁ———fl—f
n
v=Fflx)
---'f? I = e J'}._'g:
=h=a g Ay

-

=X =0 A,

=%




Sﬂ'ma:% celangle = (length)(height).
o

Thus, A= f(x)Ax < area of ith rectangle,
Ax «length of rectangle
S (%)« height ith rectangle,

ol area of the region is given by:

4
=) A=Ba+ A+ ast,
=

N ﬁﬁf":xﬂ] Ax +f(x;)ﬂ.—x Ts v f(x.u) Ax
=Qef Gio) + Q)+ 00) + oL L+ f(x,)]

| ' b—ale 1

Yo Fx)| Ax= > fx)

=9 i L i=il J

As it gets larger and larger without bound the arca of the region

e bcome exact and EXPress as:

A= lim 2 Fx)Ax —1lim 2= Z f(x)

B0

i=l A

[} |I
i

The definite integral
| There i Surprising link between the definite integrals and the
| &4 of the curve y = f'(x).
The definite integral of function f'from a to & is the naniber

.@E;J"(xl Wx= [ f(x)dv=F(b)- F(a)

Where.
k * J(%) s continuous on [a, b]
| L]

aand b are called limit of integration

> ' @iscalled the lower limit of integration
EoL his called the upper limit of integration —
0 I 1 = . 4
umingge the above let we have illustrative example.
TG =—— _ Iflustrative Example =
vide the intewal []_1 3'[ into equﬂl lcngﬂl ol

F_._—.—-—...,.,—-__..._-._H___ —— e e
'
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Futegeal cafum:,

43,

2 3—subinterval b. 5- sub interval ¢, m- subs interval

!J___a 3_'l 2 [
= = —-. Then we use,

Selution: a) We have Ax =

1 3
x;=a+idx,wherea=1,5=3, _ﬂu-:g,xr,:ti(}——-land
2 21 7 | 2
__] #__:_._—;»\Ll —\:} 1.,-—-—1*4-2 3 = 3-‘ add "i'fu
each next element. The mterval [xp. x1) [0y x2], and [k &)
= 1.E iz Zg{—»i&qubequalmmml
3113 3,3 3
p—a 31 2
b. [1, 3] into 3 — sub interval Ax = L
i J J
72 7/{9 2 9ffLl 2 11'13 2 13
h [ -!_ l == __FJ _?_--._-I__—:_—’___{_—_:-[__'u_‘"f__,
| '5 518 §5)|55 5'1% 5 0o
. 13
i i 7 P_ I_ISH’E and ’T:“‘
5 5'5|'l5 5115 5 -
¢.[1, 3] into n- sub equal interval.
b—a 3—-1 2
=AY = = =
n : H
i ([ 3n— , :
=5 13ﬂ+2 : n+2:n+4 ’ [ n 2,_3 <t subinterval.
1 1) H il ;

Fsrunate the area using the limit sum of rectangle of the graph f
(x) = x° between the line x = | and x = 2 by dividing the interval
[1, 2] into equal length of
a.3 —subinterval b, 6—subinterval ¢. 10— sub interval
Sefution: We have area (A) = (height) (length)

b—a 2-1 1 1

Ax= = =—=—¢— =3,
7 7 n
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_ i&w caleus

p Lome
. 4= Z {(x)YAx ¢ (x;) the height of the ith rectangle. Byt

|

. 1=l
:’& = 2—-1 -l-andb=a+nzlr

N Ry T ,
f(-‘;):f'{1+i]=‘l+i] "—:l‘l-—'-l-I = sinece flx)=x

{2 Hn
_l_\

A":.-ZZ.A Ef(x)zﬁx Z[H— i[
S Z‘H +-2]
: *&:§:4_.[§:L+ ZDfd—Ejr%dlmc-**

-

% +n
sifice Z] =1 and E: =— n(n +1)= ” als0

i=| 2 2

i)

&

;:‘ :'1z+.2.z+32+_.__’_n; :E”(HJFDQHH]

i 3 7
¢ 20 130t g : B
- '"“‘—"g——-— : Then substitute (1) in (%)
. 1 2 3 2, L0
i AH**-;: I-g H_ 7 +J_ E j 3!{ _—_l_n s -l—_”‘l“ 5
oon 2 . 6 3 w &how

A11+1 I 1
i 1, +——+— « Area of nth sub — interva
a 2n p

53
=Y 7 1 1 1 225204
sub interval “}A——E"I—B‘Fﬁ * 9 18

b
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178 5"14’4#415%

1‘ t "'i BN |- e = o) - .
: n - 06— sub interval = 3 [7 6 ST f|

As ihe number of imterval inerease without bound then the area:
2

.7 L] 7 po
A:hm{ o= Jr—— ——J—ghf.xcix

m—nc | 3 n e i

Theorem: If the function f1s continuous on [¢, b] then

lnnl F(x,)Ax exist. That is /1s integrable so thut continuity
N=0K

=1
implies integrability.

Example:

et vama T gt o el B o M o

. f - dx is not integrable because 7(x) = 5 15 not

2x" =1 x =1
cont,aty -l andx=1.

3]
» f 5 dx 15 doesn’t exist because not conl. at x = 2.
| xX—

Fundamental theorem of Calculns
This theorem will relate the rectangle and anti-devivative melhods for
calculating arcas, and cvaluating definite integrals using anii derivatives. |

Theorem Fundamental theorem of calculus I.
IT /1s continuous on {«, b) and F is an anti-derivative of fon [a, 8]

b
then f S x)dx =F (b) ~ F (a), if F '(x) = f(x) for all x € [a, b]. |

LR = & 154

d—

. Iiustrative Example
44.  Evaluate each definite integral;

3 z
a.f[ (x*—3)dx b ]; (2x% — 3x 4+ 2)dx

(e 3 5 5 ~
Selution: a. j (11—3)5{3;—_—['1_3}:‘1.[?#6]_[[3 ol
: | 3 | 13 ;
’ 3 . 2)63 3\"2 TE .
2% =3y T e e T
b-j (Z2x" —3x ¢ 2)xh - 3 +2x, |

I§i]
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= s a oe .
* Itfis an even funection, then r f(x)dx=2] [y,
. o =y (i

o : * Iffis an odd funetion. then f ’ S(xX)dx=0.

) 4 . a
Emple; a-f X dx = 2f v dx
- —4 o

T

b : T
Fr J%Wﬁxdx ‘-:EL“ COs xdx ¢ j x'dx =1

. 4 )
Py f 3

i] 4 (I - x)d-t == 0
iﬁﬁﬁ% Ilustrative Example . —
| dluate the integrals

e
fl Q - 4 e 3 _w
| : fﬂ\l%—lldt b. fﬂ\xzuﬁtld_x c. .j_al" o e
% g Since fx + 1) = x +1 if x = -1 and  + 17

2
= = 2 .
j~31x+llfix:f;(x+1)¢c+f_l(*x—”df‘

B
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P————

—_"_-—'-_- i
e
—

2 ‘_K-E , ___'1 -}r
— :.'r_ X + '_'_‘_)_'_ -IJ =& *_"':'j_' 2
2 5\ 2 -
b) Since b — 4| =x' -4 ifx £ 2orx = 2 4
2 ; 2 gl
and [E =4 =+ A 2<x<2 ﬁﬁslx 41 A

a2 —x -+ 4dx + 4(12—4)-:11'
— [ @ e+ [ (2 +4 1.

x3 2 __):":' LA Il .IJ 4
|4y — = L4x|l  4——4x
== 4x _3-&- 3 f—Z 3 5

=F(@2) F(-3)+G(2)-0 (-2)+R (4)—-R(2)=13.
¢) Exercise left for you. Answer Hint

J : |27~ x|dx = fj (x* —x)dx +j : (—x" = x)dx T.[ o) ¢

40.  Evaluate the integrals

s o IS
Sx—d x2>2
[ x* +4,x< 2
b I () = {6142 <x <3 then [ " f)dy
__2x +F8,x>3 :

_ 3 22 . Wi
Sotution: a) [ S (x)dy = j_l(,r R

. 2 . Rt
12 +{5"‘ -4.1-]11 |
? : -

a If f(x)= then find jl.ff_,li:).-:.‘ft
=1

3 s

X
= —=--2%

P

F(2) - F(-1) + G3)~ G(2) = 3’;

W 2 13 + |
b) fﬂ fxyde= | O +d)dx + [ (63— a)ex- [ xemiur
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: 3 Y ]
:{me)(}*(h —41) +(~: +8x)|

3 3

10

3
2

~T2)-F)+G3B)- G(2)+R(4)-R(3)

Change of variables for Definite integiuls
=g (x) has 2 confinuous derivalive on the closed intorul 1o

: b £(b)
1 then j; fgx))g '(x)dx = @ f(u)du

_ THustrative Example

-

L 2% "|— | 3 __
f T el b [ casy ”
= ] ! \Jf;
__l_ -

N dflx(a 3y

—p 4
¢, S, S £ f 'r.;:i_ : %
' (x* +4x
i g J‘I 1 ( )
' "‘T:\:_Fdx h. ji xsin xdx
X ol -
/." ' fu x1n xdyx
Cp Yolatigy ¢
| 'If‘iu‘—-cx‘j'+I:>d:1=(2_x+l)dISOUmlwhcnx T
”Zdndr_

1 = =0,

Lu"*-f
= duﬁ_,h

,
1 sa that when v = 7 = = mand




PDF Compressor Free Version
782 Tnteguaf cut"am

=== e e e

* qh
f_ SOENX rf cos udu

| ﬂ(ﬂr
n  sinw—sm|—
2

SIN U
T —-
3
2

' = . = : ) 1
¢) Letu =1+ ’,.d—“u":-"l-l"\/l-’:‘?\«"';:w'hl. '

= 2udy = ?\/——‘ = dx = 4\/; udi =4 (1 — D die so that when =

1
2 2

x=4=u=1/3 and whenx=1=y — V2. 4

4 ' 7 i 2
_ V1++x B4y (1 -1)
J: ——-———-J; ahr—j:E O

du-—=4 f TR
___2_ '\/i B 9v@ ‘—'2\:6

_H

3o
Vi3
=X -3 = du=3x dr=s xdv= —  So thal when y=2 =u=
3 |
Sand whenx=l1=y=-2 ¢

’ J | 472 1&g -
J’: (—:::3_3)'.1:305(: f,,”]ﬁ:l|y—' —:f—'j 609 i
P 3I4J_ (2) 2 12

= R o T A ST T
) Reeall: cos (2x) = cos (x + x) = cos’c — sinr=1—-2qny

= sinx = %(I—C{}Sl}'). ‘

—_ |

L

T
2

2 4

) Letu=x"+4c- | = du=2(x+2)dy :;-@= (x = 2}y
5=k ;

]

J; Sinzxdx.—f' __(1_':052,1) {__I_CDS?_.VJ
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: . _= _ jﬂtfgﬂafcc_r.fu;u‘g
y i - |
| ) =4 3] _
"*___{*___'___2,'———(!3:——'1—] —du:——l—ﬂ- \ 1:_913_
L’.;{xl—i-flx—*l) 2J-4 4 23 4 334

I. X .
Gce ——LTdr:f—-——dxt _xlqu_:f_e_d:a
P 4+ e’ +1 I4¢

X

€ e”
i 1 | e’ |
: -dx = dx=In(l+ ¢
"Ll+e'“‘ J‘—ll—E—E" e )_
—In(l+e)- h{”ﬂ:l
e

i} Using inetegration by purts: Let &2 = x =du — dx and
- dv=sinx dy =y =-cos x.

fudv-——uv —fvdr..-:}ﬁ-J x8in xdx = —cos r+f’:05-‘fc'fl‘

T ?-I_ Tr
fg X5 xdx = (——x Cos .T) T =E (S:ln x} o =T {ﬂ\l + (0-1)=m-1
2 2
Y Using g e % :
: "E Integration by parts: Let u =in x =sdi = 2 and dy = xdax
X
A=y = -—2—5(} that fudv =y — fvdu

?-"*fxlnxdx _:i?iu_%fxdx

E' Vg .
2 3 f 2 3
) g P loxlet (2
i 2 13 4 lle

& - A 3 L
::rle ezl ien ez‘ 50° —e

2 2 |
I [‘"'
Jy S(x)dx = 4 then find

48
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784 - :‘j_ﬂfé‘g’tﬂf t'f&'wu

——

— = -

a) f;_r(axﬂ)fﬁ- b) f S —2)d

Sefuticn: Note: ]I” __f(x)d1‘= F(7)-F(l)=4, sothat;

- du
a) Letu=3y+1=du=3dx=dv——. Then
3
g P clei | | 4
' - == —=—[F(7)—= F(l)]==(4):. -
o, FGxran= [ F@T = IFO) = P =34

u |
b) Letu = x* — 2 =sdu = 2x dx =x dx = - and wheny = 3 —su =7 and

_—

when x = \f?::m: .

3 5 7 d 1 . 4
.'.j:rif(_x —I‘)xdx:.]i 1 (w) Eii:E[F(’?) (=

_ Solved Problem
49, j&l In(l+x*)dx . .. UEE

'}
A. EJn;Z—i B. 51113_10
3 3 3

R
C. 61{13—5 D. 18 In3—24

o | du |
Sofution: Let =1+ x° =du = 3x°dx —xdr= — and wheny=2=
u=9%and whenx=0=u=1.

B A TP P |0
j; x In(l +x )'i\f—j] lllH—B—-—- 5-(14!111”-—1.:)!]1

[
:5((9)]119—9)—31(0—1):6]113— g - Answer: C

50. Iff" is continuous on [0, 1] such that /(0) = 3 and f(1) = -1 then

ful'f'(x)mdx ... UEE

Az B M o M2 -6
3 3 3
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B = ——

-

R
e
e

|- fwh =de= 110 dy and when v o=

L0 s ‘
Mo e =tand e =0=u =1 - £(0) = 4
T L WP | 16 16
..1‘\-' L eI Y 3 'I4 -{ }
|ii.|J:r:l"
Pre (.
] 1 1
|."'-' n ——— C\ S 1
¢ L s . ]. D e = —
¢ -
| . o &
Wl l !.1- U.-'-—tT-T }lf\ = ’ - e | B 1
N o L# ¢ }i\ = —p o

1 t?
| e
g, 0B 1e . p ezl
! '-”:‘LTI::sdu—*d &
. =dx an e =
=y, *[ du ! ddv=e'dy =V =g
::[”1}1]{"__':41* l N e r
iy )0: Heﬁe)‘tl‘—ll—“"-
firs S rAmwen C
i T'q-“‘-
€ "[-;”Ul A s B i -
Lu! . r+ . ~ ¢ C e D :':-
g, YR du= (32 _ c
f 'C‘.«‘E{n::”. 2 d“ 13-1; 1 kit “h“'er‘ L = —L = :
Jo = —e [T 3
: 'E:'ir € O:Hﬂ_—[—ui|r: e
. ‘
"'” -:_ s d_ -\Il
'Ii| r.z'J ‘._UEE ) “u:B
iy 2003/11
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= b () =du = f(.x) dx and when x = |
golutiott: =1+ =0andx=0=u=1+/(0)y=4

J* )FF’M:-#[ J_du—ﬁ E\3—&‘!—16 16

)
I.'ﬂnm’l:l‘.n
d ’”E-x(‘tJreh)ﬂ'-x s
| S
; | | 1
A e— B. —~—e (. gl T €+l
é ¢ g o

1 =% 2x . % ~3 X = =% B 1
Slutian; fﬂe (1+e )t&t-Jﬂ (6" t+e'Mi=—e"+e ;

, 1
=(~e'+e)—(=14+D)=e—— - Answer:A
C.’

fl

e—1

1
& | (+he'dx: A 0 B 1 Coe D

¥

e
Sobutivn: u = x+ 1= du = dx and dv=e'dx =v =¢'

.'.fudv = uy —f vdit = f{: (x4 l)erdx == {24 e — j e dx

=((x+ e —e&") L__ (2e—¢)—(1—1)=e- Answer: C

i, f‘3r +1 . 2
;:‘_—-dx A. 2 B.1-¢* C. ¢ D p:
X
Soliian; et y = ¥ 4 x = du= (3% + Ddx when x = [=U4= L
o 2 2 :
My =0 = — o du____e_u ® D= 1e
<J0 e“ 0
. Answer: B
. f'
e T ;
ue,t(1+ex)clx...LEE1003fll

ﬁ_l : '
1[1(9——1) B. ln(l"‘ﬁ}'—lﬂz C. 1[1(‘?.'4"9‘} Dlﬂj
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ve EHEigtl Cetd ey

: T T
Solutior: f‘ = _ » iy — f _(,______ f‘f.-‘;‘ = lnf ] ) '{z."] .
o ] ¢ (] {_;' ‘] W0 [ i {"

]

& —

=In(l+e)=In(2) S Answer: B

(7
ﬁcns[---

s N X :
A j; ————dx is equal to:
X

—\E —\’E \F‘i ﬁ\/:a

5w wa  ——— — & W

A — B. C. — D.
4 37 T 27
N T — —du
Sefution: 11 = —=> dy = - =—,
X X o X
andwhens - 1 =u=mtandx =3 =u 2%.

S Answer: D

* COSH—= — = — =
3 T a | 2 27
I

_ f"- Ay sin E_—_I,\/?_r —\E_

sinx,x <10

6. W f=| gy e [ (... VEE 2004
+Lx> 2

3xVx
A 17 B 25 C 2T D 3K

Sabution:

2 .‘UI:.E i . F "IE_ |J 9 N f
f fix)dx j fx)dx = f _sin xdx + f 3xya™ Lo

. 0 - i

7] 2

2 | il o

et # = & + 1 =du = 2xdx =xdx = T when v - ud

=y =9and x=0 =u= 1. Hence

JB — 319
f BBIVIE—}'Id‘_‘j]qgﬁdﬂzﬂzfl =T = 2G
U )

n AR AL LIMIERETY SUH B WU LAS il aNA Y e

RS S

: ., oAbl

Dpjitad Likirdey foae Fitiie -iimldumli-ﬂ .
R l YoulTube ovicieaiica) st
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Yi— Ol ooy
I 0 \."ﬁ ;2— 0
> [_Siﬂ x4+ j; Ixdx" +ldvy=—cosx 426
\":' —?._
=-1+26=25 S Answer: B
S | _
i f.r E—Jr:.’lnx]dx is equal to:
| we
3 2
A2inZ-1 B. 5ln2+ — (. SIanE D Sins =
2 2

>
Mlation: [mplies f E+2

i x
)
hx*-izlﬂx—-"

2

prs

¥,

A In3 B. In2

i)

B.

=In(2) +4ln 2~ 2_{
(=370 =2, then

Sobutig,,.
Letu=f() =du-fixydy =3 -in2= -

=3f(1)=3, then fﬂle‘(f(x)% f(x))dx 1

f ff‘IJH(,x))dx P /u)

B |

=

J']nzdx 2‘] x In xdx < intecsution »

o
=5].'[12—E~
2
I £Y x
o fi(x)
C. 1[1[—% . Inb
2

N
Y |
1 L

5.2 p. -+

2e C:

— e MO
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Fundamental theorem of Calculus (2) .

i) If the function I is defined on [a, b] by F(x) = j T(Odethen s

- d LECS
F' ol T f T f 1S —— P —
()= () for al x € [, ). That s -~ j f(ndt= fx).

Example

a. If F(x)= J; .— COS it , then find F '(x):

Sofution:
X : X 5
[; cosrdf =sinf| =sinx
) d p= { .
SRRy = —f costdx = c—sm X =COsX
dx o edx

b If Fix)= f_ " cos td, then find F'(x)

3
3 X

Solution: F(x)= f . costdt =sint|,; =sin(x")—I
7]
=> F (x) = cos (x)(3x") = 3x" cos (x).

2
a=

_ a4 1
c. II Fx)= jl —di then I''(x) . .. UEE
4
. o - 2X 1 »
A.ln(e"+1) B. Zxln(x+1) . X 1) =—g—er=reit
x +1 x +1
| x 41 -
Selution: F(x) = j; ;a’f =In¢ | L In{x~ +1)
2x
= F'(x)=— . Answer: C
x°+1

Application of Integral Calculus
A. Area between a curve and axis
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\ B 2 e and continuous on [a, b] then the arca

Lk of the region bounded by the eraph
of v = f(x) and by the line v~ « anud
x = bis given by: Area (A} -

) " F(x)dx.

Note: Area = (height)(width) ——
b
-¢al;f{.r'}dx~+A$ j: 3 J (x)dx.

| __ INustrative Exa mple. e |
"Emed e area A of the region between the graph of fthe r-ax:s
Fomy =¢ 1o x = h when:
4. f(x)=x3'~9x;x=—2 and x =2

b, f[x‘):-l—,x::—ﬁ and x= -2
X

f)=lnx, x=¢andx= ’
f)=18-2x", x=-4 and x =2
fx)=x,x=-landx=2
fy=2x"-3x+2,x=0andx=2

e pn

& glx)= ax ,x=0andx=3
x" +1

Solution: a. A = A + Ag;

0
1t} 4 9x:s‘
A= f—z(x3 —9x)dx :(}Z—*T} =14
' -2

By 2 .
ton (9, D ()<= A 5 = f (—x + 9x)dx
1]

- 5in2
MR S PR
4 2
A s 0
Air Ay= 14+ 14 =28 unit square :

b g
- ilee gy,
() <g when »

X € (=6, —2) so that [{¥X)="~
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21 -2
C A= f ——d_x —J" —dv=—1In x|| y

g 6 )
==igig| > Wrhel=las- 2 =1 [EI =(In 3) unit sq. e

~ ¥ ¥4 F
= (A — E.’J} _KEJ —'E:I: 2{,.

c. A= [ (nx)de=(xinx - ¢

d. Smcef(.x}*:i]un -4, -3] =A = A1+ A,
A= f 18425 }a’x—f-f (18— 2x2)dx

2x | 2x” 112
=|—18x+— 18x——— =(F(-3) —F (-4))~(6 (2)-( (-2
{ X+ 3 ] 8x 3 } 3 (F(-3)—F (-4))~(6 () (-2}
20 200 22
= [F(-3)- F(-4)] = |G(2)-F (-:3)] = 3 + 3 = iU
e. SE)<0on[-1,0]=A=A, +t A, )
20 P2 |7
A= | —Xde+ | Pdx=—" —| ===
f-- J 4 =1 4‘0 4 -
f.  Since f(x) > 0 on interval [0, 2].
r),i -
A= f J(x)edx = f (2x% — 3 | 2)dx —li —’i 2y
2 = i
16 . 10
—|——64+4 0—0-+0)=—
Lo6r4|-0-0+0 -1
g f(x)>0on[0.3]=A= 2 -¢lx
o x* 41
I p3 2 1 - 3
% Ad=— | jx dx————ln(x"'ﬁ.tl) —lln(ll)]
240 x* 41 2
61. Find the area bounded by the graph of
a.  flx)=l" 4|, x - axis and the line x=-3and v -l

b. f(x) = |x+ 3], x— axisand the line v = -4 and v — 1
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e -,:1,4ifx§—-20rx?_>2
(Izrq.::‘

___1(2 {—4 If "'2‘::..13(:2
rea, (A= Ayt Aa T A=
= 2 - +4 2
_2(3,2.__4)dx+f_2(4—x")cbf+lz (x* —4)dx

) x_g __2 1,3- 2 x3 | !
=|—= 4x—— +|——4x
__[ : 4x) _3+ X 3 |2 3 l

b Lx+3'|=x+3if.t:2~3 and x+ 3] = x 3 ifx <3
i — [ " Ndx =123
ot= [ estae= [ (x-Bde [ (ot 3)dr=23

f. Find the area A of the eatire region R bounded by:
a.  [(x) =}:_3 - xﬁand x-axis
b.  f(x)=x" 1 2xand y-axis

:;-»A:f;xz—c;mx

4 71
2 3

Sotution: f () = —x < 0 on (0, 1) =/ (x) =~ +xandx’ —x
=x(x—1) (x+ 1) = 0= x=0,-L,x=1

s R 1 5 d,‘l*—l'—;‘:l
VL _I(I *x)cil+j;(—~x + x) =% 4 2
g % : 2 i 4 = i
' ¥ X == 0=mx (P - x — 2y =axl(x - 2)x — D =0=27=0 5 1
See f(x) =2 — " — 2x < Qon (0, 2) =/ () =-v +¥ F2Iv
; 0 i o
"A:fl(fﬂl‘!—lr)drﬂ-j (-x* 4 H2x)ax
- 0
f “—"xq x3 '.:-0 -—.?('4 1‘5+ 2 2_4 5 +.S_'=£-
HHHHH . — 1+ X — )
‘ ) 3x—l+[4+3 o 123 15
The Are e
The & rea between two curves R
| q'b;lfa?t;: bounded hy two continuous carve y =/ () and.y = Rt

1) > £ (x), for all x in [, &] is given hy:
A= [ (00— gl

e f(x)istop cumve
e g (_\.) 15 bottom curve

Y=fix)

/\\
]
™
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e

A=l (32 1D [t 1600

.

!

|

!

—4x° 2 - ;
SA=""_116x -—*(——32—3:’1 (3;'*32 _ 148 A
2 L3 J \3 3 3

2) The intersection of g and Jis f{x) = g(x). then !
a7+ 2x 4+ ) =Dy L S x* - 4= =y = 7 d 5= ¢
D) forall whenxe (2,3, e siteeg 3
-

A= j_z[g(x)— 1 (x))dx = _L [2x+5—(x" + 2% 1)]ex ]

=3 J‘: (4 = .I'z }d.r

LA= 4x—£ § (B—E;— ~| —8 + 81_32
| > 3) L 3" 3 e

b

The lnteral.tmn puml of f(x) and g (x) is f(x) =g (x)

—sy? — e 3 F F2x + 32y ~bx =05y = 0
=\l =3
2{x)=f(x) for all x € [0, 3], e

Sl = .L lg(x)— f(x)]dx = L:( X+ 2% 43— +4x —3)dx

:bAzI}(szJrﬁx)dx:{_? + 3x? J13

|
€) The mtersectmn of g x) and f (x) I8 f(x)=g(x)

e — 10x = <? T2 3 125=0
r = '_}T__Q x=-2, 2
stnee 1(x) = g (x), forall x € -2, 0] but g (x) = /(x) fm‘ ailx

0.2 = A= [()-glol+ [ Tetx) - Feyds
= A= J:z [(3x° — 5% — 10x) = (—x* + 2x)]dx

d}

=9 unir sq.

ke

+L (—x" +2x—3x  +x% 4 10x)dx

0 Z
oy == j (3x® =12%)ds 4 j (—3x* +12x)dx

iy 0 3, 2
S P -
4 ~2 4 ’ 63:%0

L i iy =
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1 Exercise left for you (Tip) _

él The intersection f)f fx)and g (x) is f(x) = p(x)

¥ :?.1_: =g =y A 4 e -1 and
() 2 fit forall v € [=1.4].

3 | .
= A :j Tetv =y (V) = j A4 -3+ 3y
R ']4 143

=4v—-—+
.?' : |I_| 6

4 smc

Find the area of the regton bounded by:

-

X and v = ¥

s | v

Visreverse to make casy so that 1o find the area it is b
itegrate with respect to . Then use:

A j /()= givyjdv forf (1) = g (). forall v €[

o oletfyy=% - _1': and ¢ (v) = - % The interscchio’
M= : |} Y e

A VN e amd v =y b G

b =3 - and b - x -
y Selution: Area, A - J .\'1{1' where v = £ (). Here the role
B (and g (y) is fy) =g ()=>8 - 1" =1 8=

—
—sf = —2&42 ;klll.ll
(1) = i) forall
. "1 | !"‘ |
V€ [ =~ Zy=N=
1

= N\ I .._[.'Lv.'\- N

| o
=

:I-il_,”":-_l" Vot Ry - ['_.'.lﬂh i TE

_, 17%2
-IJJ(H; 20 )y %

; ¥
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b) Letf(»)=3 -y andy—x— 1 =>x=y+ =g () =y+]. The
intersection pointis /(y) —g () =3 3" = v+ le? F 2 =
=y =-Zand y= I. Since £ 2 g (v forall v € (20

]

b I g
= A= [ (fO)-gONdy=[ G—r - r-Ddy

£ A:i_i J,I — ( _l' 112\'13_2_4]1:
3 2 Tl 2 )3T Tk

¢) Exercise left for you. (Answer 36 sg, unil) :
1. Volume of Revolution i g

=

Another important application of ntegraton 1s tn finding fhe volume of!
three dimensional sofid. If the region in the plane is revolved (rotated) @ ¥
about a line the resulting solid is a called solid revolution and the line
is called the axis of revolution. The volume of solid generated by
rotating i8 called volume of revelution.

Methods of determining the yolume of 2 solid of revolution about
the x-axis

Tj m : 1

-5 -.- I_\-‘r e J x
— ey .
i o ]
[
Aregion o ba rotated

A solid revolution P
'I'o find the volume: q i
e In precaleulus (volume of cylinder) = (base arca)(height) = mh. %
e In calculus the volume generated by rotating infinile small rectangle 3
18!
Av — (Area ol eircular Cross section)(width of cross section) _- g
Av — (11}'=2]&.\' —dv = Tf_}:‘ﬂfr. but
y=F(x) =dv=1 (f{x)) dx « infinite small velume
e The valume of a sulid can be obtained by intcgrating the ¢1oss 4
sectional area from one end af the solid to other. The volmne nf 4 8
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_.=.___‘_’___=_._.——______g.=—-'——_ i
vy &

i volution with disk (circular cross section) method is siven
adre

- o= } .;r(f(x]l)dx «Horizontal axis of revolutiog
U i

(about x-axis).

yme= " = IJ 7 f(NT dy « revolution about y-axis (verical)
VolliE -

NMustrative Example
Fmd ad the m;% of the solid of revolution genemled by reveiving
the region boundad by the given function about:
1) the y axis \
yx y=ixx=0andx=1c. y=x.x= 2and x — 1
b oy=a+l.x=2andx=1 d. y— x+ 2. =-1andx
Solution: Here

1) the x axis

3 _ "
& i) volume about x-axis: v= j [ f(x)] dx
sv=[ a(@xPdi = | 796 dx = al3x'] =37

i) ¥olume revol. about y axis: v = I S dys

‘y’ £y it 'h..l
but f{y) =x since y=3x =>x = —5 = fy)= -

-

ifx=0=y=0andifx=1theny=3. : -

ran y L

-‘ o 3 2 . 3 1}__"- {iy . ﬂ_[___ = = 54
V=[5 (f() dy_jonb} T
1) volume reval. about x axis: y =% | —f()= =

i ) 1 % ld_\'
=v=[' mexatdx= | 77 -2HY

- 1
x°
=3 ————x2+x =97
3 =9

) val, revelution abont y axis: since ¥

il i Ty
_ (.". N
“X=) -y =) = | —y. Then val = L EU

.’vht-ﬂ :“," - N
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3 . 3 5
V= L a(l - y)dy= ju m(l=2y+ 3y Yy

T B "Vj J 5]
- y—¥ | =ax
3 0

¢.i) vol. about x-axis since v=x =>f(x) — x'

.
| o3 -*-i 7( —
e ma] 2] el 2] 1

i}

.- N_ " nia |
11) vol. abont y — axis since y = = x =3y

= f() =%y andwhenx l=y=landx- -2=yr=-=%
| %
b - ! = 3 373, .. 1 99x
E } — Pl 3= TR = i 7 it —
=[SO dy=[ w7y Vdy =" =

d. Exercise left for you (tip).

67. Find the volume of the solid formed by revelving the region
bounded by the given graph of function about x-axis.
af(x)=Inx,x—landx - e

: . b7 T

b. f(x)=sinx, x=— and x =—

4 3

g} T
c.f(x)=cosx,x=0,and X = =

d fx)=3,x=-2andx=1
ef(x)=¢" 1 e*,x=-1landx =1

£ 2 2 > 2
Salution: ::l) v= ,[| ﬂ[f(_x‘]]hd‘r: I] ﬁ“n _1‘) “!_'._'_ et = |LlII X}

2Inx
X )
syE= _‘T a(lnx)de=n [x(ln ) = ZI In vy« using

integration by parts.

—=du = dx and dv=dx=v=1x.

2 , € ' LI e
= v=r|x(lnx) —z(xm—x]]l = (e—2)

-

- Jategral cafeqy,

L



1 QR B 5nt¢g,qq£ (xg’c%
; -l - x 1 . ) ; _
’ > | ;zgsin x_f’ dx = _L? T sin’ xdx = I; z(_:uas 23 )dx
: 2
{'sing €08 2X = cos’x — sin’x and cos’x + sin“x = 1.
¥

. == -
| {1 sin2x }-‘ . S S S +3a
e | i e

T2 4 e 6 878 M
A
o Exercise left for yvou (1ip).
i '1—f1 rz(?&"‘"ﬁdx—jl 73 )dx==x ——3:“ _‘
y vol=| K 10 |
3¥-3%) 4z

2
LV=—
2

In3 | 813

L B 2 2 ! 2

21. = 1 % 5 s ==
€ e 2 g o ¢ .
'{“‘“‘“”‘ atdieue +2‘(‘5‘2 :

2 "1 2 2 - o

Voluime of sphere
. : > qtly radius ¥
Verify that the volume of sphere is 3 1 sphere Wit

: 1 .
]s o : . ‘ # 2 e
Eenerated by rotating a semicircle; x” +V =7

.,

h—:)' '!... -_ N F.-.'.
4 = \2 r oA 3 -
L z 2 _ v Ydx
_Lrﬂ'(\/r — x? ) dx = ﬂ"jrr(r x7)
3N Azr
) " » r & i’ : 5
\.-"Lf: ?I(}'zx___ x-’ | . x3 _ 7;1— ’_.3 ____:_]_.. : ] :‘1
’ —-‘3__ — E(Q‘} rx———| — ~ A -
' 3 0

2 --.r

&.-‘.-I‘_--:_-\—..,_ I -F‘_’
ample __ -

- MMlustrative Ex p (,;rclu

"——..p_—.__"—

ing ¢ the v volume of hemisphere g generated by
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ha=—c B &

SUO - . e e e e J’”‘—_‘é}fﬂg Ll.‘{.{(j”_"__,‘
a +y =9 b v byt
y 2
Salutian: 1) Since r=3, = V=—7IF = 1{—;?(9) — i

2
b)Sincer=1—v=—xr =-—gx
3 3

69. A bowl shaped like hemisphere of radius 10 m containy some
water. If the radius of surface of water is 6m. ticn find the
volume of water.,

Sebution: A hemisphere gu‘uzlated hv :rulannu the auaner o,
whose equation x™ + v — 107

] (T

== V’IDU— v, 0= x <10, and
O<y=<i0
¢ To find the limit of integration:

since radius of water, 6 m. so let x =
t’! :,36 +}I.-!—' o IUU Hemisghaical bl

= ¥=~100-36 =8mand whenx =0 =1+ 10,

~ Velume of water,

10 f —\2 1 .
Y= [3 xr(\,fl{JD—y‘) dy=L (100 — = Jelr

3 0 _
! Yy 51271
ﬁv:f{lﬂﬂyiﬂ -—;.r[[woa H0 | 800-—=
. 8

3 4\ |

£

_]12:{1]13
3

70. A bowl shaped like hemisphere of radius 8m contuins soine water
to depth of the water is 3m, then find:

a. Volume of water b. the radius of the surince of water
Solutian: A hemisphere generated by rotating the qum ter of Ih_

cticle whose equation x° | V=8 —=x- y (14__1. 0
=ys=8andl<r<g
To find the limit of il]tlfj:!'a‘[‘il'ln:

~ volume of water: [ (\/_— A ) ly = J.:;r('()—’l*_i‘: belv




P@F Compressor Free Version Ju_tegxaﬁ cakeius

§ d
: 532 125 .
[ _ _ 0= 13902 = B
gy {512 3 (3 0—— Dn 637zm

The ;diﬂf\ of the surface of water 1s obtained when
& !

e ——

¢ v =64 —25 =39 < radius of water surface.
P =y i
. find the volume of frustum of a right circular cone has radn R
’ and 1. and height hin terms of A, R and ». |
Solutien: Let (0, r) and (A, R) point on the line to be rotated. The

b 4 y—r R-—r

ion of the line (o be rotated 15 =

e x—0 h

= ) = ; X+ r; Now the frustum generated by rotatin the
. l

gephof y = (R ; F] x 4+ on [0, h] about the x-axis
A\ 1

i —r : o 3
‘*’*LFI{%!—IJH'] dx = o [R3 il

\ (R—r)
L =Y ﬂ'h B > ﬁh :+ IT:,-"." " i }
nwEE—— __((R— )R~ +Rr+r‘"))‘—"——:‘lR *
S R :

: Find the volume of the cone, from #71. .
L (R Y,

Sobution: Sat & R R o f e =X | o

' == _'=_'_-x&::;L_F ;

X B h .[0 Lh

“ § Vo £ 3 e X
R %4 solid ar revolution generated by two ¥
Ectlﬁns)
gy Na i t}}e inner and outer radii of the washe me gen
By p,.nd-&r is the width of cross-section then volu
Ve ot S Eiven by:
Cross section = n{R” HAX
Ctthe guter radius: R = f(x)

::»v-;{ﬁ;fi] _ AR 1 gy
pves (W asher

. - (S
circular ¢ .
y 1r1’.||Ci—i 'l\
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e Lel the inner radius 7= g (x) then the volume of solid revolutiogg!
is miven by:

v=[ AS P - ([T )drits ) 2 g

il

73. Find the volume of solid generated by revolving the region
enclosed by the graphs of the equations about the x-axis,
a. f(x)=x" +2 andg{x] =3

3 N

b. fﬁ)“x and g (x) — 4w - x

c. f(x)= vx and g (x) = x°
Sefution: First deturnme the mrf:rm,crm“ of fand g (set f(x) = g (x))
a) f@=g@xlcx’+2= Iy’ =l—=a=_landx=1

= vol = J._i 7l(g(x))’ —(f(x))" ldx= J-Ji 7(3* = (x" + 2)* Ydx

T a ]
1 | . 5 , A,
:;:-!.rgJ=J.1.?Z‘(5—I4 —4,1*‘)411-:-;:;[5;:__{_._4 ' ] ZI_(E’E
- 2

3 15

2
b) Intersection: f(x) = g (¥)=>x" = 4x —"=34x 25— 0=24(2 - x)} =0
=u— (0 and x = 2, since g (x) = f(x), for all x € [0, 2]

-]

v—J al(dx—x7) —(x*) |y = _l-?_ﬂ'(lﬁ.a:"—ﬂfl)dr
16 2 128 ) 32

= _— -—2_, = _— 2 = —T

v }‘E'( 3 X \:J JE?( 3 3 J 4

¢. The intersection of fand g /() = 2 () \f; =y = "

=" —x=0=x (&~ 1)=0=x=0andx = | since /(x) = ¢ (x)on
[0, 1].

v-ﬁ_'- (( ) —(x*)? ) —Llﬂ'(_.r—x“)dr

I
x o Sz
= —_ ==
2 7 b 14
74.  Find the volume of solid of revolution about the y-axis g aenerated
by the regmn enclosed by the graphs of the given function.
a.y = x° and y = 2x rotates about P-axis,
b. y=¢', y-axisand y = e, rotates about P-AX1S.

Sobutian: a) Intersection of y =x% and p= 2y is v’ =




v
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jﬂtcg,mé __Cj;!:ﬁclum

M = 0ex{x-2)=0=x=0andx=2

T
—_—

about v-axis. 30 that y-axis sothat y=x" — y = o Vand s

Sinee
A=Y _—_:1"';—,3].50 limit of integration when x =0 =y ) 4. |
:23}*—‘4.
. R g
4 ] n' }; . 4 1 J,
_'.1-'=L!ﬂ_'t\f) (2J dy_jﬂ I_Z- y__‘{}dl
, 14 -
o2 U T, 64 8z
= 12 |, 12 3

bj The intersection of v = " and y=eise —e=x =1 und when
r=0=y=1, since about rotation about y-axis. so that. 1

€= x=In W vol = j:eﬂ:(_]n y)z d}: = :l;[:'[n J::}: - -"| In Al

= {8~ 2} sitbre an

=x(y(lh y)* =2ylny+2y)

e
|

]“_'m" done by variable force

i AR

- mable farce is appli : : y daterming
2 nihk farce is applied to an object caleulus is needed to 1
& ok dove because the amount of force changes as the ob o

ﬁ.‘:ﬂﬂ S e Ve ST
Wuf: - Dosition, for example the force required to compress =i ‘ 111' T
Ohe by a variable force as the object is moved fromx =0
W
i L Fxydx .
Hitig .
“ hof o Partficle in a straight line )
e Ky : (a3
&f el
a(t) < dv
)= w(t) =—=a(di =dv=>v= j ﬂ(z)df
Ex dt aon velouin
ol A ; line win °F .
(<2  particle moves along straight nas its position e

—

T Yhen g, ti'r?-:‘ then find the displacement if particle
Ci= O'

§ gl &

“Uutioy, ¢ 3t 4o md s (@) =

Wiggyy-
fr; &{I) = j‘v(f}df o J'(II _3{)(‘“ —:—j--"'jj"
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PEI e
ﬂs(r):—q —%—l—(‘:&s'(ﬂ)zﬂ—(ﬂfzdnc—.-4

' 3¢t
=g

= Salved Problem -
75. The volume of the solid obtained when the graph of y = sin ¥, on

[0, ] is rotated about (he x-axis is:

[ . 1 1, 1
A —7 B —az+l €. =7 -1 D —x
2 2 2

-

—

_ n [ 1 cos 23:) 1 sin le L 5
Salution: v=| 7| —- dx=mg|—Xx— e
o \2 2 2 4 |, 2

~Answer: A
76. The volume of ‘-‘-{Illld oblzined by revolving the region bounded by

the graph uf}‘(x}—x and g (x)=4 about the x-axis . .. (UEE)

_ 256 5127 327 16
.‘bt- B. —— C. D. _—fi."
5 15 3 5

Sabution: The intersection of fand g is /(x) = e (x) oyt =4
ex=2andx=2v=] 74— )“)dx:j__ 7(16~x)

B _o Answer: A

=:fr(16x—x—]
s 2 s

77.  The area of the region enclosed by the graph of
y= x - xand y=2x.
7 3 9 61

= Bi: — C. D. .
A 4 2 105

Safution: The intersection of p =y —yvand p=2v 18 solying
——-q,,r'.,r; and

2 2506z

-

=2y =¥ _3r=0=x(" ~3) =0 =x=0,x ~

= JE . Area of region (A) = |A| t[Az
0 ) . '\'IT |
=5/ ——'I (x"—x—=2x)dx J. (2x— x4 a)dx
<3 L

=5==
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[ (<’ —3r)d~c+j (~x* +3x)dx

eifi_.'-*f}“ S 3\
4 2 J3 4 2 Jlo
_( (12)) (9 9] 9
ko U 2

1 Thearea of the region enclosed by the graph of v — sin
ad v=0o0nx € [0, 2.

A 4 B. 2 C.

3 D. §
Sulution: The intersection will be sin « = O0=0, n, 2t
LA= L sin xdx + j (0—sinx)dx =—cosx ;] cosE'
- _

:>A=—(=1hl)+ﬂ_(—1)) 4 . Answer: \_

The area of the region bounded by the grapb of f () =« D -x
g(x) = -x and x-axis.

Sefutizn: The imtersection of /(x) and g (x) is f(x) = L0}
:b'\/\ X 2—x=x ot Fx—2=0=x" +x -1 U
E &andf' (’r) and x-axis intersects when + 2 2 —x= 073 <

A= (*u’z x+1)dx+j J2—xdx

2

m;;"zﬁx +i0 =—%' "rx
- -2 212 3 !
2B 16 24/8 10
R S
L 3 33 Fy = AT a0
& areq of the region bounded berween the i-’-r.aph iif
Yandis , . UEE 2003

- 2 . unit 1,
a—sq. unit C. 554

3

-1 St Pt

i 3sq.unit B,
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—_ =

. j . ol
Sefution: Iterscetion of ¥ and \/; is X" = vVX=w=0andxy=1,

I~ . 2 =3 oW o2 01
cA=[(fr-)ax= 2y X P2 LD
f"( ) (_3 3(][} 3 3 3
Answer;
| L {x=1)?
81. J ———dx cqual 0. .. UEE 2004
" ox+]
3 -5 -3 5
A —=+n(6) B, —+1|t . — 4y -
5 n{6) B 2+Ir1(15) C 3 +4In2 D. _2+ln15
Selution:
(Z4DT . 2% z( 4 N
= dx = —— = —3 B »
'L' x+1 ! L‘ X+1 a Jlul.\'(x J)%I_I_l]dl

3 T
Tl 3 A x+ 1) || =219 ~ Q=2
[2 ; % 5=3In+am2- g -+ 4in3

Answer: O 5

82, The area of (he region enclosed by the graph of ¥ =4 P l angd p
=4 1s equal w: )
]
A. —(15— - Las
2(15 In4) C. ~2—-(1:>—~Ir18)
1
B. —(15- 1
> (15-1n16) C. US+Ing)
Sofution: The

Intersection Y=x.and p= .

—is(1, 19, (4, 4) and
1 £

'\‘
=4 | sim ' !
( 2’ J ply to Integrate, yge with respect 1g dy:

4 2
A= f;i [y 4
1% VJ@*(E‘M.V =8—ln4- 1
] \ R 2 1 2
=s(5-2mayt e
2 ) 2 (] 3 In 16} “Auswer: B
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T .

R
“dx is equal to:

3 B j (X +])(3+9)

- Fam 4] &N
o) B. log|— C. | D log) =
| A. IOEL3J [3 gl 4

] A B
; + ESA (2 +2) + B (r4l) =
S i D(x+2)  x+l x+2 '

a | I dx L dx

=1,B=-L dx=| ——~
A= ‘{“(..\'4—1)(}5—5—2) x4+l Wx+2

) = m(i) s Answer: B
0 -\3 /

X+
(_L’}

- ] e

I \/x+ ~afx

It LA 628 ¢ o 2 0 62
3 3

Selution: Rationalizing the denominator, it Zves

(seds) (e

=In}

i,

is cqual to:

A.

N L

r(\r J::)(Jﬁﬁf) « 3

. /-
{ 25
b 3 s Answer:
3 3

&
_— e ——

|' 2
! 9
|

X3 e \/x

5 2, L log xdx is equal to:
d A 2log4—1 B. logd i1 C logd-]

| D loga +4
| Stiins Inx e
obution: We know that log x = let dv = dr
In10
—y inx L
= jdx:x and H = In]n:bdu xinlo L
. & 2=
g ] cln X A 1-—__;___,_#-
o _2Inx if__f_] =
-{| ngdx L n10 ln]ﬂ 11_110 ll lnlﬂ

-
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o221 Ind4—( i :
: = o oo ver: C
ni0  io  ° e
~________ Supplementary Exercise on Unit 14
2 Find
4. J '\/gdx b. J:cﬁ dx e, Iw’3—4xdr

d. I#.’lx—la’x c. J‘ (3x—1)"dx f.
[+ 1)+ 1dx

2. Find
a. [ e*dx b. J'e““‘dx c. j 3% dx
: J‘S e’ S
e
3 Find
3
R b —dx c — dx
’ xafx 4x—1 j e
V2 (e +1)° '
Il‘TJ*cfr ) I e’ j Jx+l )
I = _1_ 1 I
¢ f[?+\/;}lx h"l.xzdr J-(‘cM) o
1
1 K S Ll"l
: J'E’f—‘ 4)’ " (2—3x)*
4. Evaluate
”G__I 4 : .Hj I
S e+l _
d [- s dx I(4-.1‘+1)(4,1'3 I R Al
RN S|
f. *—i)—r—_—l——- 2. J (4x° +12x +9) dx
S E P
h f (163" — 24x+9) dx i J' Al — 2dlv
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Integual caleuus
. R —
1o ,
e praluate he integral |
2 |
B g v [———dy o [——d
e x(Inx) xIn x

FVH]U"“E the integral

L i h.l-—=£+2 dx «c. [‘—j——x—ch
!41 ==

X +4x+3 2x" +x-1
pi
b 2 r X —1 x
: +121+1 de. |[S—dx € [——dx
VT Yo 4x x +x 16x" -1
1 Evaluate the integral
A J.I:E’" dx b. j x’e dx c. J- e dy

8. I:cln{x-+1)a’x c. Ilnhdx f

J
o j_::l cas xdx  h. Ef cos 2xdx 1. !x“ sin xdy
i Evaluate the integral

s je"" sin2xdx b j e cosxdx . I e " sin xdx
% Find

EI =3|dx ®. !:(3—];(”3\)(1'3: c.j‘-]x:—l olx

M . 2 3 | .
d. ..-1I(xl +1)3d¥ B, L 2xl I3 + ldv f ju —J_—; ;_1-__1”

H

"] : '1 -
& | (x=1)v2 - xdx h. L COSLZ;W!.{T . j‘ = oAy

Find

i,

L ‘ S; h*‘i—_——dx b. ji__lr_l._; dx c. L;‘1 ~ ey

+5x+2 L x?(x+1) ‘
| =
d. 1 x s
Lx e"dy e rxsin 2xdx T L;_xcm v
I f
B | &gt 2 I T 8
i 'I.UL S xdlx h j et cos xdx L. J'l X~ In ¥
© Find 0
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5, T z
'.'l.J. sin” xdy b J3 L S _f* A
- ! . —dx ¢. | ?cost
: 01+ 8inx ) D08
-y o 2 52
d. R —dx g |y { J‘——f‘—-_ I
14-x 0 f3—2x N
VB g
J, : ' "
2 ————dx h J- x ey [ x
”x+\f; ) i J] xIn xe/x
) 2 > 3 - 1 —— L
4 J-I x“ v +8dx k. LxW-.I-i—Bx" dx |, J"-’::'D:s3 xdx
) ’

Find the area of the region R bounded by th :
. i g 3 v e nra h T "
lollowing (in square unit). grapi of cach of the

“ ¥, _.:'_ 125
. JXI=6-x"and g (x)=x, —
b.f(x) =sinx and g (x) = cos x, on [i?—, Egil
4 4

C. fl)=x*+2% and & =3 =<
dfi(x) =" — 4y and g(x) =&0( T
2 Jx) :.ri tdx i landg(x)=x+ |
[ F&X)=37x=0.x=1and y=0

13, Find the area of the region bounded by:
a. x=y" Gandy=x

by=+x+2 and y — x

c.x=3 +2p+ [ andx = 2y+§
14, l« ind the volume generated by the followin g graph aboul (he v-axis
(in cubic unit). i )
a. -f(.r.]-‘:v,;{_"f‘z,ﬂ”':'om}d_]f:o
bf(x)==4-¥,y=0and x=0
c. Fx)=5x - 2% ¥ axis
d.f(x) = x and g (¥)=4dx
2. F(x) = |x{ and g (x) = %", from.x = Slox=3

15, Find the volume generated by the rotating the gruph about the y-axis,

s :
a. 4 x Jr.E a.nd. the line y = 6, votates about Y-S,
hy=x—1 _a;1d the line y =2, rotates about y-axis.
¢, y=e the y-axis and the line p = ¢ rotates about -axis.

3 L . » i » |
Y el IO AN T RO TR e EHp sl Uiy S Blblogln stndenis
o i s S A —
By ek 1

i

- _ Tntegnat calpyuy, ‘f
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- Unit Fifteen

nree Dimensional Geometry

e we WAL discuss coordinate systems in three dimensional space
i some basic facts of 31

ccdinate axes and coordinate planes in space
The three mutually perpendicular lines. x-axis, v-axis and
s are called theee coordinate axts.
y  Taken as a pair, the axes determine three coordinate plancs
The xy-plane, xz-plane and the yz-plane. These thrce
courdinate planes intersect at origin. These three coordinale
plancs separate three-space inlo eight parts call =d octants. The
st of points with three positive coordinate forms the first
octant the remaining octants have no standard numbering.
' Coordinates of a point in space
Recall a point P in plane:
* The point P(-3. 4) means that p is 3 um
Inlhre;g'ld 4 units above the x-axis.
imensional system, a point P (x, v, 2
* r=directed distance from yz plane to P
* ¥= directed distance from «z plane © P
4 1 | 2= directed distance from xy plane to P.
o * Sandard equation determined by the €0
B possible to deseribe s ometric figures in spac
ation, [ escribe some geometnic MEHER o L g x=0.2
& 3miz~a' Inxyp-plane x = 0, in x-ax18. Z = Q. y=Y L
X5, x = Y= 0

{ to the left ol y-axis
) indicates:
ardinate axes

e by means

-

L Ee——— IMustrative Example - ——"
3 Ve the equation of the: e
d_ xJ’*Plane- b. xz_planﬂ C. ) .c."p. ;
' -ax18 c. ].-‘-'E?{iS f XL
Sﬂ&;ﬁm. i
xy-plane consists of all points of the form (X {P

al K
. - 0, )
§ xz-plane consists of all points of the form (¥: %
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y=-plane consists of all points of the form (0. v, =

.

d. x-axis consists of all points of the form (. (L ()
e. v-axis consists of all points of the form (0, 1. U)
{. z-axis consists of all points of the form (0. 0. 2)

Distance between two peints in space
The distance between the point Py (xy. i 2 ) and I (xz. 1, =) 13

d=

2.

W
Py
.

f. 2 2
Nful-—r,]' +(y, =) +(z;—z,

e TNustrative Example
Find the distance between the points:
AL -2, D)and B(6,-2,-2) b, A2, <1.3)and B{l.00. -2
.S'afzdian: Let d = distance b/n A and B, thm-

d= J(6-1Y+(=2+2)* +(=2-1) =+/25+0: 9 =34

e e
: d_avl'(]—'z.) 'I'{O (— ]n ""{’—'?-"3} +1:23
27 *3
Find the dlstance from the poit PP (-3,1. -2) o the
a. y=1 b xpplane c yz-plane d.  pzplane
e. z-axis f. p-axis g, X-axis h, =={)

Sobation: We know that, xy-plane is (v, v. 0) or = = (0.

a. x = I. means the yz-plane meeting the v-axis ut the poinl
(1.0, 0)isd = \J(=3~1)* + (1—0) +(-2-01 — 21

b. xp-plane contain (-3, 1, 0) set z = )
=d = (3= (-3)+ (1-1)* +(—2.

C. r-pldne contains (-3, 0, -2) set y=1()
=d = (-3 —(=3))’ +(1-0)* 4+ (-2

= \f U+1+0 = \'fi— =/

Exercise lefi for you. (Hint, set x = (),
€. Z-axis canlains (0, 0, - 2). thus distance betwee

d= 3 -0F +(1-0) 1 (2—(<2) = /577 10

£ - axis contains (0, 1, 0) « Exercise lefi for vou.
£ X—axis contains (-3, 0, 0).

0) =4 =0

(-2))°




“- - -
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e —

BB -0+ (2-0) =0T g -
h & 018 p()int on xf plaue —(-3. 1. 0)

so thatd — g+ 1+4 = \E
Find the possible coordinate of points on the x-axi: which ay

.fﬁ units from the point (3, -1, 2).
Sofutionr: x-axis contams (x, 0, 0). The distance bn 1. 0. 0
00012 isV6 = d =J(x =3+ (=) + (0 2
SE—3P+ 1 +4=be(x =3y =1=x-3=lery S
givex =4 und x = 2.
. The coordinate points are (4, 0. 0) and (2, 0, 0).
Identify the type of triangle, isosceles, equileeral. g
tnangle if the vertices arc given:
a, A(4.5.2).B(1,7,3)and C (2, 4, 3)
b A(0,7,10), B (-1, 6, 6) and C(-4,9.6)
Sefution: Here

y

o AB=y(d=1)F +(5-T7) +(2=3) =Y

BC=J(2- 1) +(4-7) +(5-3)" =v1%"
ER=J@ 2paGar @ o =¥+
~AABC is cquilateral triangle.

b. Exercise left for you. N
Find the set of all points on yz-plane which is S
from the point (1, -1, 5) and (5, 1. -1)- , 1
Solution: The set of all point on xz-plane 15 & t.-! Aeg
(x. 0, 2) is equidistant from the point (1. -1, 3} A "{ ‘ ¥
Thus (x — 1) + (0 + 1)> +(z—5)" = (¢ ) S
1)2 :‘:’xz“‘ 2x+1+1+ 2'2 — Q<+ 5 I?' ) 1O _‘:! Wwe " B
2z + 1 cancelling and simplifying gimilar torin>

- 2
S 2z=0=z= —x=—2X

12 3

L | 2 Gy = A
e ne)={(x,0,2)) = {(I,D,;x} ety

& ]

=—
==} |

U SR

disti

=Y. HL'['I :
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~ the set of all point on xz plane 1s (34,0, 2N, tER

Equation of sphere g
A sphere with center at (xa, Vo. Zo) and radius 7 is defined to be the se|

of all point (x, y, z) such that the distance between (x, ', 2) and (xg, yn,
zy) 1s the radius of sphere (r). i
If (x, 3. 2) is an arbitracy pmnt on the :3[}'1[..“3 the equatin of |

_i;n'.--"\i
T

L
&
=2

spheve is (x —xo) +(p - W) = —g)y =1
_ ~ Ilusirative Example .
Find the equation of the sphere:
&. Center: (0, 2, 5), radius, = 2
b.  Center: (4.-1, 1), radius, r=35
€. End points of a diamcter: (2. 0. 0) and (0, 6, 0)
Selution: Let (x, v, z) be point on sphere, then: |
a. (1—0) +(v—")—{¢,~‘§)'—4 _
—x? 1y 2 — 4y — 102+ 25 =0 I
b Ge—4) +pH1) 1t E-1)'=25 3
=2 47— e+ 2y —22—7=0 i
c. Diameter &

(@)= (020 (6 0) + (0 —0)° =40 =2410

|
|
R

—radius .. r= -Jﬁ

center (midpoint) = ( = :'gi- ¢ . 0+6 O+0)

3.0)

Tl e Y

2 72
w(x— 1)+ (p =3 + (0= 10
=y + 25 — 2x-6y = () is equation of sphere.
8 Find the equation of the sphere:
. Center: (2, -1, -3). tangent to the xy plane
b. Center: (2, -1, -3) tangent to the xy-planc
.. Center: (-3, 2, 4) tangent 1o the vz plane
Solution: a The dlstauc-:: b/n {2 -1, -3} and xy-plane is 3 E:
::s(r +§r;+|) +(3——3) E

=% 4 +1,- gt —4,1."'2_], +6z+5 = 0 E :
byr=1={x— 2 +(p»+ 1Y 4 (z+3) =] -

¢) Exercise left for you.
9. Find the equutipn of sphere .
a. Center: (1, 0, -1) and passing through (2. 1, 3) '_'. 3

1
=R

i
*
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center: (15 3 2) and passing through (0, 0, 0)
c Ll 2

2-1y +(1=0)y = 3= = J18
[‘-‘-"\. .I '_ﬂ\)l‘(:_,r_]-]z___lg
j!li‘.f_' IJ + L.l_' B o
ise left for you

m'EiilictlhE distance between the point P (v, y, ) and the
gerrain

ore . " e N B e gt =g
B e npint P (X, 3. 2) framjme sphere (x — ) * (z ¢ _
3 f%{rn_wl:vﬂ?'aerpis the sphere (x—2)" + (v + 1)~z - 1) =4 from thie
' j:uint 7 and which point is closer to sphere. v

a P(4,0,3) b P(-2,2,1) c. (0, ¥, 31
Sslution: Center of sphere (2, -1, 1), with radms.r =2.

. The distance b/n the center (2. -1, 1) and point P 4. 03,

2 2 2 _ 2 =4
d=J@—2) +(O+17 +(B3-1) =414 2=
» The distance b/n the sphere and point P 1 3 o ; N
b, The distance b/n the center (2, -1. 1) and pomnt P2, 20 i

d= J@~(2)F +(-1-2) + (-1 = ’lﬁm 9+0 = 3
~The distance b/n the sphere and point Pigd-2= 2
¢. Distance b/n (2,-1, )and P (0, 1. 3) 15
=

= JB3-2 +(1 417 +G-1) =243
“ The distance b/n the sphere and point i8 2(

. Therefore, P (4, 0, 3) is closer to sphere than other Pt )
o 1f the center o&" a sph%:rc is at (1. —g. 3) and radis IL:EI "
determine which points lie inside or outside or on ’ih; “i G
2 P@,-1,6) b PE0A &
; i 1E<Iuéﬁon of sphere with canter (1,-2, 3) anuiasss
=Jis e - l)2+(.__\- +2)" + @.-#3]"’——' , 5
A 2,41, 6) 2= 1) + (-1 + 2+ (6--3y=11~"
b “(2-1, 6) is outside the sphere. % xarecl

- PB,0,4): (317 +(0+20 = (@ -3)=7
“ (3.0, 4) is on the sphere. Dl
p}f’(’ 1.2): @= LF + (L + 2P ¥ @3N

L P30 -, 2) is ins here. o el spHCE
?‘Vhl'ch of th;fﬂl?\a:f?zﬁfst:i!ilijm of intersection <! ;.h:m]]:

L A D a2y s T 1) = 6 and the J-RXIS F T T 4
ey B o2 c ©O40
 The equation on y-axis is (0,31 0)

J3 =1 Nate:

€, ¢

i
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816

[3.

14,

Sebution: Eqn of sphere (x — Q) + (J, = ﬂ“ {z = =
=S0-0"+(0- 1Y+ B -1P=r e =5=r V5. ~Ans. D

16.

Thuee dinensional geomotuy |

um—l}—u 2)3+{U+1)1—-6:>n~ 2y =4 22
¢<(0- 1) + 1*—2)2=4m1' =2andyv -2 =-2=p=4ang
_ ~(0,4,0) ~Answer: D 4
Find the mtersection of the sp‘here (¢~ 1)"+ v+ 2+ (z- 28~
=8 with: 4. y-axis h. Z-axis C. j-axis  d
Sabution: a. x-axis (x. 0, 0)&{x — 1) +(0+2)"+(0-3)" = § i
:?:-(1-—[} =% — |3 =25, i
= There is no point of intersection Wltll.l -ax1s. a4
b z-axis: (0, 0, F)_}(O—lr F(OA 2) 4 (z=3) —Sm{h-3)311

=8-5=33z 3=+3orz-3=—J3. d!h
~ The sphere intersects at twe point on z == 3+43 an

2= 3—~/3 . Thatis (0, 0,3 + /3 )and (0,0, 3— +/3).
c. Exercise left for you.
Find the point of intersection of the spheu. of the radius 3 umityg ¢
with center at (- l 3. 2) and the z-axis . . . UEE 2003/11
Selution: (x+ 1Y + (= 3y + (z- ) 9 and z - axis (0, 0, 2)7 -
S0+ D)+ 0=3Y+ -2 =9=@E- 2 -9 10 = -
—(z—2)V =-1. » There is no pomt of Intersection, '
If a sphere wnh center C (0, 1, 1) intersects the z-axis at?
P (0, 0, 3) then the radius -ol"the sphere is equal w .. . UEE#
2004712 :'

A S B. 3 C 3 D 5

Suppose A and B are the end-points of a diameter of thes

sphere whose cquation is x° +‘1.-2 -z 4 2)3 =1, If A (1,0, -2)%
then B is equal to . . . UEE 2004/12 :
A (0,1.-2) B. (0,0,-1) C. (-1,0,-2) D. (0,-1,-2 j
Selution: Center of sphere (0, 0, -2} as the mid-peint of AB et
the end-potnt of B (x, y, 2z) and A = (1. O 2) 3
L1+x O+ z2-2 |

27 2 a2 J (00—2}&lmdpumt of AB
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]+‘\ = == ""l and _J_’__Z I :
::,,_,_.__(]:’:rx > 0= y=0and

E;_E_:_Z:;,_ =—2.:B=(1.0,-2). » Answer: C

4

A
g It line== 4 — \/3 y for x=-1 is tangent to the sphere whose
equation is: (x + 1Y +3° = z° = 4 then what is the distance of
ihe line from the center of the sphere.

-2 B 3 € 23 D 4
S'ME(-I*FUE-F}'E'I'(4"\6}’)2:4

&P +16- BS3y+ 3y = 4 =4y — 843y 1 12=0

=5y~ E\E}H— 3 =0 :'-:-(_];‘—\{5)22 0 :5_}‘='~E- then

2=4-33=4-3~1

“ The distance b/n (—1, \E , 1) and center (-1, 0. 0) 15

| &+ \/a+1)1 T(xﬁ _0)?' +(1-0)° = Ja=2  ~Auswer A

| —=—Supplementary Exercise on Unit - 15 .

Find the distance from the pmnt P(2.-1.3)1W the:
Loxyp- plane b. —plane ¢ p= axis

y . FTaxis é, — axis f. =0 w
Find the possible camdmate of points on ﬂ'M.. y - Bxis

} e V29 units from the point (4, -2. 3).

Find the equation of sphere: ”
| Center: (1, 0, -2 ) and passing through (3, 1+ pe
te o Center: (3, -1, 2) and passing ghrough (0- 0, ' b

* F Y
!' ?ng is the point P (3, 0, 1) (rom the sphere (¥

hich
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Three dimensionad Gedmetyy
17 It the center of a sphere is at (1. 0, 2) and radius - = A ihen
determine which points iie inside. or outside or o the sphere,
a. (-2.1,3) b (3.-1.4) ¢ (2. -2 3}
6. Find the point of intersection of the sphere (x+1)" —(1—3j7w=- il
with:
a. X - axis b. ¥ - axis & == GXI%
7. Find the point of intersection of the sphere of the rudius - 3x
unit with center at C (2, 1. 3) with: a. y—axis b, v oaxis
S. If a sphere with center C (-3. 0, 3) intersect~ the & s
at (1, 0, 0) then the radius of the sphere isequal 1o~
9. For what value of £ is the sphere:
i, 2 i y %
a. X'+ —dy + J== -4 of radius 3 unit
4 2 2 - i ' -]
b. XA Y +27-2x + 4y~ 62—k =0 of radits « 3 yn
]
£
- L.‘
Digitn) Li hemy #on Ettabergsbinn sl ety “ Youlubhe oo 1‘-""'-“"“;4
I AL R A W T L N = = S -~ — e+ e . :
n i

é
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tnswer to Rencw Exercise on Umt 1

=
T nction b) function c) Not function, since a > 0
. d}hﬁl fuaction. since A=1{1,2,3, 4},

4) odd b) odd  ©) odd  d) even
3) ohe - lo—one correspondence
¢ one — to— one but no on to
d) ane - to— one correspondence
¢| ané — to— one correspondence
f one — to — one correspondence
o) on to but not ene - 10 — oNe
- h) on to _
) one—1o—oneg  ©) one to one correspondence b)
ong — (o —0one
1 = 71
a) XIXZ— b) (:x 220 ©) fex>
2)
9 Tme b) False «¢) False d) True
3" =1)
._] Tix \ : = -
a) I {K)=e”‘ £} b) f 1[}();?&#?

9 f_l(x)=3—-1lx—,_—l— ) f(x)=Inx - In(l =)
> .

Aglx)) = 2(3x + 1) + 5 = 45, when x = 0 =201 =4

), :}k=2\,§ DI'k:—E\/g
n TN =22 744

8) ')xEER“{}“(i

;!]_ | {KER:OSKEA-}, b)
a)f- (X)= =5 ++/x b) = Jx |
&) fxy< X+ g & (x)=x 4
&) - = 3 )
=00 =% -2 forx >0 0 ) =NETS

i 12@ b} Z,J;E _*_b" G) h{]ﬁ
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3 },:_3:!-_.-\","] 19 4. ;\;-—-}.'=3 dx=2 6. 4:1 (ii*llﬁrna”\!] T
& \ 7 )

7ot | g PR w4 '(‘] '
loa)ia c) (an

| \ 8 ad —I—hb) \4 L
8. a) (4, 0) b) %%+ ¢ — 8x =34 1|
9,12, -4) 10. (9,2),(4,10)(-7.-6) 1.k~ § f
12.y+2=0, Y3x - y-3y3+2=0 11k = 0. ceiter = (=1, 3) and radius 4.4 |
14.8) (x- 2+ v =19 by x* +(y+2)* =125 ' b

15.(@)x"+y* 1 2y—12=0  16. 2 outside, B and C inside 1?. 245

18. Extemally; (1,0)  19.2) Sx—Ay= 11, b) 10x + 3y+ 20 - l
20, [TaLe center as (2;1, a), radius = r] x* + y* — Bx - dy+7= ('J _ -'13
21. 2%* —9x =0 2. a) latus rectum 4p = 6
el N 2 : I
. 3 o) 2 -
facus L < (}J L vertex (0, 0), directrix x= — — 1
Z : 2
L . | ‘ 9
b) latus rectun '4p! = 9 focus -(0 - 97, vertex (0, 0) and dircetnx. y — =
T4

c] latus rectum 4P-6, focus ( 7 ,{J . vertex (2,3), divectrix, x=%

d) latus rectum, |4P|= 1, focus -
_—
¢) latus rectum 4P| = 2, focus (2, 2), vertex ( .

_9] vertex (-2, -2). directrix, v
4

39, directnin, v — 3
, zj
1) latus rectum 4P| = 1, focus ( 7: -3_) o vertex (-2, 2). directriny - =9
4 4
23, a)y‘*lEx c]a.—-l?;.r e)(x +1) = 4(y — 2)
b) v* = —281( d) (x - 1)’ =12(y-1) D (x+4Y=d(v-1)
g) (x -3) = 4(u+4) 24. a) vertices (0, §), (0, -5). foci (0, 3), (0. -3)

b) vertices (3, 0), (-3, 0), foci (/5 . ), (-5 . )

¢) vertices (‘0,3)_._(0, 3). foci (0, /8 ), (0, /8 )
d) vertices (8, -2}, (-2, -2}, foei (6, -2), (0, -2)
¢) vertices (-2 SJ,( 2. -5), foci (-2, 4), (-2,-4)

f) vertices: (14 ‘VZL}J,{]--\U@,BL foci (ﬂ‘ Jgg]{ . .,‘fﬁﬁ}
2 i

g) vertices: (1. 2) (1, -4). foci (L_ ] ;_"‘IEEJ[ . JoZ J

h) vertices: (2, 0), (-2, 0). foci (1, 0), (~1,0)
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: ,J__. ; = - Ildtt_le:v; jtg(;
& ) -
hli ) |
greices -1 0),(-1, 1), foei (1, 5+ 24/3 ), (-1,5-24/3

5 1 ) ' (-‘:"*'2}'! 1'?__1}
. ig. L 2 | 24-2) (b
ek Y = g) g2 2o
b'itE.‘J!L "laa’ 25 23
] 2 _
1 7 ] 5 i V X |
= = —':1 =gt =] ) =+
Y Y25 21 6 16
: x-  8y° (x—1)~ (v-3
..T__.,}..___—_ &) +_-},'_, — “‘) i) 5
0 36 36 8l 25 Fid
) 1y
E?l-f"‘—-i“f:l f) (y—z)“q{"“"
4 L 2
b~y =4 g) 4y —x" =64
, 41 2 4l sy =
e D g st
2 - 2 (x—7): 1
(|| [ (e (}' ey A L
} X '—36 3 3 12
':--"]*(.1.'={-’:')2 —l( --4)1 =1
16" 9 ¥y )
) (¥=7)2 _b=ly 1 28, a) 3¢y =
3
2 : A
h]f__‘}’iﬂ_ b) 'Lﬂ? !
4 17 9
Nx~ 4y 2 Sl
K ii—u__:] and i(_.\.‘*df)-"r— 4 -
36 4 16 | i
;9 = T vl -
1 Beengr (g 0). vertices (t4, 0), foct, (= Jal.0.a3 )
= eyt 2 3
b] teﬂtcr (0‘{}]: Vertices ((]1 ﬂ), foc (0. i—.‘fzg I, asyl
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8§22 Uraivex
| (.3 .. [,~73
¢) center (0, 0), vertices [r — 0) JJoci | & N2 , ﬂ} . asymptofe:
2 2 J '
y== _3.17
| 3
d) center (3, -4), vertices (7, -4), (-1, 4), [oer (8. -4), (-2. -4). asymptote,
3(x -3 | |
4

¢) center (1, -2) foei (1, -2 ilﬂ.-frﬁ ) vertices (1, 0), (1, -4) asymptotes:

1) center: (-2, 0) vertices: (1. 0), (-5, 0)

foei (-2 H@I. 0) asymplote: y =+ Ay
| 3
g) center; (-1, -1) | h) eenter (0, 0)
verlices (_7, B l], [_i . l]' vertices (0, 13)
.3 S 3
foci [Ii -\»27 ‘ _3] foct (£3 1'6._ 0)
+9(x -1 +
asymptote y +1 -—*—gz——) asymptote: y = —_ji
i) center; (3. 4) h) center (0, 0)

vertices: (3, 6). (3, 2)
foci (3,4 £2+/2 )

asymptole y - | =+(x - 3)

vertices (-2, 2).(-2, -4)
. |
foci (-2, -144/13)

+3(x +2
asymptote: y +2 = = > ¥ :]

A

&
i

Solution for Urlii Four

la)T b)T e)T d) F
2.a) All students study their lesson.
h)3+ 6> 7and4-1 =5
¢)S<3and-3>-5 < lif: if
152; It is fulse that you will study qr?:%q;; : lf't'md ley =l inati
| v relse you will pass your examination.
) you will not study it and only if you will pass yo
¢) some Ethiopians are not honest,
1. a) Inverse: [[ & number is {lul prime then it ig not odd
Converse: [{ a number is odd then jt 1S prume.

¢) T

ur examination.,
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atmu:m jfe»:}
i i n a numbu i S ot odd, then it 1s not prim, —— 7
(o EL 23 then -3 2 -5
Hm‘ﬁ,w.c. 35S, ‘th’-l] §<3
'C,me dtiver 163 > - S.then 5> 3
{mfailx;’ mner’i} 1§ €1 ’id'i-:,"llﬂd then ev ery h[hlﬂpld T —
¢ If poverty s not eradicated \hen ever

R ard
y Ethiopiar ducs o

work hard.
) tautology ¢) tautclogy d) tautolopy
fi tautology g) tautology h) rautology
hyinvalid ) valid d) valid ) valid f) vali¢

bﬁlutlﬂl'l for Unit [‘h, ————
Themean 1847, Ihe mndec: ate 1 and 4 and median is 4 —
femean is 1.03. the mode 15 {) and the median is

1#2+ x45+ y4-8

[ 6._ :43]6+x+}':24:>x+}’=3. Thus i th
modz 5, then x = Sandy=3andy=35

=54

fardthvd ve+d 4249

arbve+d+dd a+b+e+d

% g ey e Esd
hjﬁbﬁif_‘_fi cla+b+c+d) .
4 — = KC
Sl _— 4
Mar!s? g o the table reconstruct the c.f table with class inter va e
o of student () | oot |
= 15 s
2
3 60
24
94 |
127 |
198
| 249

s median class is 50 - 6k b 7 4.

atin v | J
+ e Wer guartjie Q.. -2—- =62.25
Quartile oy, .
’ Chags is 30 40,6=30. h=10,1=24.c=
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824 _HEI‘_M ety

— T
ot AT C] s E(E’QQS —00) = 30.94 ity
fi4 24

iii) Calculation of upper quartile Q..

AN 747
4
upper quartile class is 60 — 40, =60, h=10. f=71.e=[27

=186.753

f 5 y b
L f_'+£ g—li—w:‘ '}=ﬁU 4-]—0(18'5.75—127) =68.2L] morks
Ji 4 y 71
7. 13 8. mean = 9.87, median = 9.97
0o N IS B R Y
(5—35)! o
10. P10, 4) = 5040

6!
1.P(6.3)= —=120
3
1Z2PE4. 1)+ P4, 2)+P(4, 3)+ P4, 4) =4 +12+24 +24 - 54

6! - -
]3’.P{6.4)—-—;;:6}-:'35-{4:-43:360

|
4. Total number of sample point is P(30, 2) = 10; =870
28! —~
5 h
13. Total number of possible schedules is P(5, 3) = — = 40 by
')i
v i 9!
16. Total number of distinct arrangements is = 1260
- 314121
i =y
17. a) Total number of possible partitions would be —— = | 260 =
31312121
IB.n=6
19. a) The number of ways seleeting 3 person from total ol 9 is
9! .
09, 3)= — =84

36!

by C(4, 2) x C(5, 1) =30 way

¢) The numnber of ways of selecting 2 men where corain fan is sclected il
li::-lv-."e-.u‘i 1o select only 1 man from a total o (4-1) - 3 men am! R
dong 18 ;
C(2, 1p=3w ay and number of Ways 'Ufﬁielccﬁn? a4 woran [ § pep it
ig CfS, 1) - Sway ;
03 G ) = 15 way

—____A
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Unswer Hey

by raising the flags 1, 2,3, 4and Sat a ume Hence the

de
ayBe MO iamals i P(S, 1)+ P(S, 2)+ P(5, 3) 4 B(S, 4) + p(5, 5)

-lmhﬁ (50

- 12 books cn which 3 are a like 3 others a like, ete.

- G4y 12
wwntananﬂemcm STl 3 = 369,600

i +018.3) ¥ C(8, 4) + ...+ C(8, &) =247 way
1;4 . o

em 16 temnn. i) 6™ term

(q 1 a.!bwf

B

=

1

(sl =e2utl, ) =srey+ 1 =2n+ 1 =r=n
=4
| 1

l;] (C5.2)+- C(5.3) + C(5.4) 32. Kg ‘

]E M ) — ) & ¢) — d),: &) -
i ¢ 13 5 5
e 8s and two non 68 can oceur.

SV 1N resd
C[\(lj (_5_\ 2 L I
R0 e T T S
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. i
h26 ' mM(ue_q
. = = s = —— J
. - ."
8. 2X +4y=land x + y=0=x=—undy= ——
2 2 4
9. 330+ 16m= 1 —sm =2 and 32 +

2 6n— D=n-—-5 |

0. x=a'g—; ! |4 1_|-6 -
L~::'. ullz ol |14 o

A 5\ )
L. (ABY'=pip - (4 3 ( 2 =5 _ S J
R L -1 2,

- d)X=2 y=3 h)x=2y=5
3 K—D’“:gm_l}:g D,

0 3
= ——1y:-—L-_——:—-ﬁl’ld Z:D?:‘-—?—EI-_:-—ﬁ
D 6 2 D 6 2 D 6

¥
e

14, der(A)= 4 ]
!
 (ATA) =dat (A7) det (A) =der (A") det(A)=20%20 = 400

IS0 3Ry + R; denote that -3 mes the first row added 1o the third row, -3R &
+ Ra replace either row | or row 3.
16. dlx=-l,y=2 =12

17 a) {2k 2,k K)k eR]

3 - :
41+D+0=4($—3}=20 but det (A") — det (A) and de
| :

byx=2 y=-1,7=2
b) {(5k | 2, -3k F3. Kk e K|
. B Solution for Unit Seven
L @+3h. 2a+2b, 2, 3b -5

ki §
2. left tor the reader 3. Left for the reader 4. {1—‘?_9 it s
Soa) AB b)) AC e) AB  d) AC )l 1§ _B_f) 0. exereise lefl fi
w72, 3.6 , 4
, .7£|T7*j+7—r’ﬁ 8.—-,=_I+-—:_-j}-~—- —k

-, | . ‘\le -.le i \.’?l_

G, 2) 90 h) 45" ¢) 135° 100 1=
11.a) 1, b) 11 12. ) k o

) k=-1, hjk=_y

= 40 1
13.a) 542 b)) @=cos I[T} I15.2)90 by 300"
V7, '

-2 =5 -

16. T T e T—

V30 4307 430
17.a)r = (3. 4+ U2 1) b)r= (5,13 +u3, 2
‘}*LS = 'I'J—li]. IH_S :l:_]
2 T
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X "’—%t&g__ mc{](ﬂy
T 923 g S SR R
s

2l.ayx=3+ 2'-, y=<2+ 31, b) X=3-31. V=-2t6 7=]4t
I'”.__.\.ig b) y - ""“'1

gli- 37+ y—4) = B) (x F 1Y - (y—1)2=3

_,+4\y —4+3t

K630 (7,-3) ) (x — 51—*‘@’“7]‘-*5

gr=2-3,0)(3,3) Q)y=2 dhx=3

b3, zlb}n 4y +(y+2) =6, L}x 4

D), (3V3-13+43),(3-43, 3.5 )

732 x
dioesia A1 3
'H{ 2 ’T}[-”g' e ‘_\q{‘ + 2 J‘}i}

C) K-I--JE V+£::_1.[x+l. p__l___ﬁ[ft_igl
2 B 2)7 2 2
9)loft for roader :}
E]+f*?r+y?'hx.+r 9

4013, -4) ahout ongin (-45) about (1, 2)

b y= l
. W 21"-E about origin, y - ;151:4—; about (1, 1)

x4+

: E; 132): (¥ +4) = 4_about origin (0, 1)

) " (y- 5}" 4 about (1, 2)

Solution for Unit 1;1ght

3*”1 O —1+43i  d) 42 ~42i
b) (-J_ 241, J‘ 4] e) (0.4) d) (5.0)

_Jr,aj

4 30.7; 3
Y («]6+1+U§—«f§}f ¢) 97 A10-5
-‘ﬂx:&_ ¥ 23 47 14
[ === ) X =y ¥ S50
13 65~ 65
0y 47 1 31 —20
r ) 3 y = — d) = V= A
r_ 65 65 26° 13
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828 (Enowey
_q a}£4¥3:5'g—1+%2—:5’ ]2'3':74-!, | Z-:?l{
by & + %, =N+ i, Z +Z, =N +i, BB, =240, & F =24
) %—_4—-}2_,_:_ 2 - 'il,%i +§: = 2— vﬁf,;—f,z‘ = 2\,1':* = ¥ Zy ==3
g BB =34 2-5)Z +2,-3+2-BhZEZ 25305
-Z_l .E_: E‘JE—JxF%.E_
2 1 4 .
i e g L A ) a) 10 b 1
65 65 m 5
&) a) cos300"+isin300° b) 17 [cas @+ isn 0] sothattan @ =
d) 9) a) -32i b) 1024-10241 ¢)-i §-

;}5 [cqs :%‘— 2 siT 3:')
10) 2) 2(cos60%+isin60"), 2(cos180"+isin180%, 2 [c0s300° + isin300° |
3/2[cos809 + ising0° ]
®) Y2leos200° + isin200° )
V2[cos320° + isin320" |
1) "\124—2«.3'{}: 2% = 26+

12)a) et b) x=-4,y=6 c) x=3 y=1]
1 LTe 13

13) a) center (-1.1), radius r= -\E b) center (2.-3), radius =2

14) y=cos 0 tisn@

_—— - S = i o

Solution for Unit Nine

T Sxw T« T Sz
l.a) — b) — ,——— L]
Y3 47 93
T b4 -~ S 27 2m
2.a)2, —,2n, b)1, —, n )4, — 3n dy —,— ==
2 8 4 s
3a) =, = b) =37, 6 S
2. d) —, — R LT 2 = ==
g’ 72 T, On S.a)y=3cos 2.’H— "J
X o7 Sz — T
b)yﬂﬁﬂ[* —-J Cly=sec| ——— 1 §.a) 2" p) ——
y=se [2 8] a) b)
24 T | — 1__-(:9
—  d) % 0 — W
€) ) e) 5 g) 2 h) :
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\ s —~ Ansurey

.\. e Gumy
p2vl=x® o VI-10x? $95* 4.2

‘h? 4( 3) 9. Exercise left for reader

a__r,]-—»

hyy= cns(x —-)E-\ + 3
3

il b} E <) —ﬁ_ (d, e) exercise left for reader.
4 § 32 308 PR

e o quadrant
525 533 o

=

Solution for unit ten | -
b. A=A +19d=-4 +57=53

CA=3.-T7  d Ag+1=3n-4
£ ad'u—z&—uzl—- b ‘4 :I_g.
N -4 4 2 2
WEs 1
¢ A =—n+9
k~m k—m . :
102, 108, , 996} =A, = A + (n - 1)6=3996 = 102 + n -6
= 1=150
o d=3 b. d-—-:;-
4 d=Sw =Gy _.
307__309 Ll 0T 309
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! d:ﬁp__gﬂizqu:}a ”_‘l'.ln._‘:l?"
A . 200~204 e .
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14.

15.
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17.
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1 . |

‘ r=3 b G=rc Gy, = G
9

a r=4 b Gy=-

= g = (
1 16 sl

= '_'!)‘, -G‘l = '\}/5.(}.. ==

[

I =
and G =v2| -

w@ . 2
9 vy
‘;:'331}'=3[ and 15 - =p— 15 = +y=30=y = 37 4= 3

—S5x+4 _ 2x+8

.

= (-5x+4) = (x + 1)(2x+ &)=

x+1  —5x+4
15% 6=90 b.(21-4+1)(9)=162 c. (100-12=1 )7}~

d 110 g 177
f‘ qp:z,_.__z__:}snz _iz_z_é;g
n+l 14 1 7
10
a.Sm——;[A;+Am]=5(8+3€)=215
20
b. Sm z—i—[ﬂt] -+ Azu] = 730
24
¢. X (5+3n)=12(8+77)=1020
n=|
13
d. (5+3n)=6(8+4)=294
n=l
a. Ay=19, Ay=11 and Sip=19§ [2A; + 9d] = S(28) = 140
b. AI:'-S,.AW:QB and An:2]1+3
. d=2 b, A,=2n+5 ¢ 5=
. 2n-—3=mn"+0On
d. 530:520
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(3“2 T 51’1} b. Sn = n:: = in

4, =S = Sn (= 6n—1 b. Kp=8. -8, ,=5%
b A+ Al = 102+ 59 =610

o 3 §31A1 +ayl =730
: _u+35+.£:._agg =8, = 13 [225 + 25(2)] = 13 (18 + 32y 910
_- L i %5s= 2;-[]04+296] = 5,000 b. Sg,g:—%;[l(]ﬁ-ki‘."!-ﬂ 55 1%
_,-IESD ) 24, d:4,andAn=—:;nhS
B oo Sq=12,780 b. Sis= 17;5[—395+—??] -=3.12

& 83 =3530 b. 319.__—2[23#59]:_779 & S, 5ol ®

2
48w =log 100 = 10 e. S00 = :?
3
S'm: ?QJE”
.HS::?g __69 I o ey
19 % 979 b. Sgy= —[104 + 988) *
2
20,424 )
K 4. 95 b s . ;_tl— d. f'm - K]
| Eiﬁﬂ (2(8) + 30) = 368
la 339:4‘017 b. Sa0= 7980 :
P d‘ 2 195 h. S :—381 C. Sg‘, = 3“[1‘&!
S| 1] ’

#\l 9 ! \“I 1
Ny = 3 ;
I.Igl‘- ‘
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3 a = b. 3 c. —[ d. —3~ d
3 7 2 ﬂ d
i 10 49 5 '
3. a. — b — ¢, = d 0
3 30 8 <00
4f) . 15 125 2
£. - . — E. _ h__ i b
3 4 4 3
L 32 . 108 k. EL 5 1
44
| |
lT1—|-1+ |_l ;___'
36, a. 33 =3 3133 b 4 3 =31024
] 2
37, k==
3
38, _a k=-2 b. k=- C:

- 5 5 - -
l' . I.' = ™ 11 =5 o— 31 z -“_'2 v _'2

3
b, i} {I: G!D) 11 lub=1 Ini. (——SD’ ——]—] v, albh = _l
) 4) 7 1
e 5 . 3
€. ) (ol il lub== i (oo, ~4y iv. ol — -4
_3 / 3 -
d. 1) [e7, o) il lub=ge? i (=00, 0) iv. albh=0

. 32
€. 1) |—.,olii. lub= E i, (-00,0) v =
L 3 3 - : v, glb =10

. |2 N 2 .
f. 1) [E,m] 1. lub=§ M. (=0, 0] iv. glb=0

2. a increasing b s, decreasing  ¢. st increasing
d. st decrc.:asmg €. st. decreasing  f increasing
g decreasing h, neither 1. 5L increasing
j. decreasing k. increasing

3. a. convergent, limit value = |
b.  divergent, limit value doesn’{ exist (2 ar -2)
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L. sonvergefth limit v =
| convergent, limil ‘-‘Elll_lc o
. divergent. doesn’t ex18t
r‘:_ = q )
25 " I
) Limit value: a. _6_ _ 9.
| 2 | | 3 1
g = = ] .1
| 3 3 : 3
: b =
a0
. 1_[1 B f’_ " _i_ g !
T 3 75 i
Bl - . LI
~ 0 6
i 6k L
" 35 D
20
o hf b e o d. &
~In5
LRSS b k=T
: 2
1 ;
0. az b L o d-}_
< 5 -
%< f b . 1 . =
I—l—;rr 2
b &, @ ]
| b —= c. 8
2! 1 o NE]
: b. - ¢, -0 4 +oo
(3 o L w g -w h - L, —90_,.1 3
"!f - :l (-430,—2] and [21 Cﬂ) b- {J-: '3 g X 5 3} C. LT: FEI
.',; ! {IER‘(#—'3} e. {IER:J"}"’E}

- Tor all integer £, [k, k + 1] is continuous o0)
g (~o, Oy [2,0) h. (-0, ln2)U[3,0) 1 (0,
b (0, 2 and (2, o) K. at each x € (-¢2, %)
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|3 i L= = b d=— ( a=v
2 4 =
- ‘%nlutmnfurumt—lz :
I a y=2x-2n+1 b yv=6v+23 ¢ =37 1
. |
d r=10x-13 B, —.x—l : S =
2 a4 ..
= | \(lg, T
g ¥Y=@g"""x h. y——=—| x— —
2 2 Iy, 6
_ x—8
. p=l= . oy=4dx-2 k. = B w
T 10mio =
. p=3xr+1 m. y=e(d4v+3) n,
2 a. )‘(1)—-0—::6\. —6=0=x=+]

a/ (M) =>0= 61 —6> O=x €(—c0, 1U(1. )
h.  /(x) < O0=06x — 0% D= €1, 1)

203
3
d. [} ==2=6r —6=—2 = v=1 r

3. AL

C.f'(x) = 260 — 6 =2— X=

A0 D= = f(0) = HUI(\~OI::-~, I=—lix=v - |5
(’ q]:}"’(-l’ (h(‘l“"}]:}l 2=24(x - 3y
b. (0, 2)=> v —2 =[5y
M55
4. a.(~m.m) b YE[-5,00) . .1‘EL—"- Zw d. (—oo. i
__1 } - i J-‘ =5
5 4 J}_ i 5 N
¥(in.x) 2vin4 S 2y S
d. — & o __6 _ 6x+]
(2~ +1)Inl1Q 6x+5 337 £ x+1
—sinx 3
g O
\./3!;—] 5 (3.1'~l): B. X COs (N + 1)
K. __6“1 . 8" 3 2Y+5

! R i = ) =
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g 8 (5" +6)°

CC)S'I’J.+4( sm;“q)
dr-.l: 3 —2 Q. =
3 n3(-2x) W v

s
-5y’
]
- 16 -5
P =-3 8. f‘(3)=14
F)=3x" f(x) + x '06) + £ (g(x)) g '(x) =F (1) =T¢ + e"
o 2X" 4+ 8x—16 —2-8-16 26
! .F (.T)— E n _1 — _ .
TrE et e T
PG =24 12 G'(H=— -
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SR )= (4ye™ b 7 (0) = (-4)"
£ Sy = ¢ (tTM} 5. g‘(l}-_— -L(_l—hlﬁ)

| ? ? (‘;')'- 71-4 b. 51’—"[—-4?
g 18, "(0) = (mln 3Y
. g {ﬂ f (11 +- 4’(2n) ( )

g Jf]. . i _ ”I ___-k\’n ,]1‘

' An=1
t3 = .1)” Ll x }
TTTT"T‘{“‘?;—L Sulution for unit — 13 o
| fﬁ?iglu] max. value 28 i) min. value — 16 v
1

g, _
co 8 Wmaxovalued i) min valve 0 i) [0 ]
L)y ) | |
1) max. value S 1) min. value 0 V) [0.3]
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r 2 T e
& L =8 "T}'i} max. value L—r—ﬁ ii1) min. value
6

S o .
d.iy = i) max. value "2 ifi)  min. value 0 1v) |:D"_

6 6 . | 6
fi)-2.0,2 i) max. value 27  iii} min. value —48
e ) ILLS i) max. value 143 ii1) min, value 10 iv) 10, &P
143
h.i) 2 i) max. value 3 iii) min. value 1 iv) [1, 3]
2.a) 1) (-oo,-2] and [2, ) 1) —2<¢<2 i) atx —Zandx=2 o
by 1) [, 4] ii) (—o0, 4] and [4, o) i1} atx= 4andalx=4
¢) 1) (~o0, o) 1) no interval ii1)
extreme value 4=
d) i) no interval 11) decreasing tor all x (-uo, o) '
u1) no loeal extreme value
¢) i) (~o0, 1] and [1, c0) i) [-1, 1] fif) atx=—I, max. atx=1, min )
1) 1) (=m, =17 and [1, ©0) i) [—1, 1] iii)atx=~1 and at y = | r=
gl 1) (-o0, 3] 1) [3, o) i) atx=3 )
h) i) o interval i) R\{T) i) no extrem
_ _valur;:
1) 1) [=1. o) i) (—oo, 1] iil) at y=-—1
3. a) h=1,u=1 b) k=4 c) ktrl &q’r
d} k=9 3
44 1 (0, 09) ii) (o2, 0) i) ai(0,7(0)) =
! . . 0N 3=
b) 1) (oo, o) i) No (

iii) na inflection
c) 1) f——m’ ] )and (] )
0, = o -
T v »
(1 J
L V33
l 1
l]l:l 2 | o and Nm—
/3 V3

<L ) ]
d) i) [E.mJ ii) [—-m,g] iif) at \4__1:
|

) i) (~o0,-3) i1) (-3, -1

15 5 i) atwy=-landy=-3
R ?and 5 2J6 and 246 a) 2,02
3 3
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{

& LEW} 0T A = 2+ 1 on=Alry=0

S sr=——oand X =

g 41 cm/sec b)
. | :
S L
i isee by crY/ses

L L ﬁ‘E ¢tm by 3‘5 13 ! I, st

201 em/sec Il 2

i
[
g

4 d ' -
e v - dy l dv
g S =4rr — = -———(——- , thena) r=2em
dar  \ dr

2. 1 [Bem') 3 o dr ] |
U 424\ mnin “Eﬂnlfmm b) ;;‘—*Ié;gm i

1) r_2 1 1

3 Iand;—'__:}r:"‘hﬁvz—
i 5P 3 309
= I [_h_‘ = "Th dh dh 9 [d\""‘ O q

[S V= hl

1 oy e a <
{"Mf 27 dr dt ;mz di J nilh) L
‘ Solution for unit — 14
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| 3 2 3 n24
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i In~+e be =l 4dxy—] l ¢ ¢. ——In [ 2~ Sy g
4 g
>
4 2T |l=Txl4e e et =T+ 2x+e £ 2o la
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co— 1 |
B N =€ 0 B ——4E l, —=——g
X x+3
| 5 |
- -4 +e ke “te
2 6b—9x
_ i 2 3
doa. 2 ' +e b, e +e e g(\/.r+3) —~dfx+3+¢
d. 6V +d +e e Sl +¢ [fln [1=24 4 |4¢
14 2
‘,2\_ ~~4 — 11 —
| g :JJ +ch. (—4L3—)—-+c i. E\r’f’ 2 ¢
2 44 3
- (In.x)’ |
JH = r = b. =t C.
3 2(n :{)2 b Tyl =y
] 2x—3] 1
Gy 8. — L= ). e
P (2x+3} b.zlnj.r tdx =34
G ;]ﬂ |2x—1[-2In|x+1}{ d. 5In =2 et 23 In -
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z 16 (4x 41|
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boaef 2 1
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1 e 10
d;‘ *In|x+1] 4': +2 2!nix+t1+c
¢, 1111}111 Bx+iec E c(nsyY=2xini- 2% b
g & ikt 2xcos X 2siny e
I rlx sin 2.1-+§-.>:‘ cos 2x +—3 18N 2x + =cos 2x
2 4 - 8 )
. 4 E:('Ein7a’—?ut1h;lx-)+cs b ! _ y
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b 13 23
0.2 — b. — ==
: 2 2 C. 3 d {)
54-42 i 33 |
! 8. = h —— 1. <
35 135 4 3
0. a.ln2 i =
5 2. In b. 15' C. n+/2 d e— |
-
g, —— T g_ .
) f. ‘2_“ l g 72—[51n(1)~c03(1)]+1:
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2 - 9
. ln2 e - 4. 2log2-1 e. V3-2
= 2 log 2 3 [ 3
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4
74 7 B
b = k. s L -
) 18 2
13 125
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N 20 196 623
1-1 . — T h, m e =T
3 5 6
. ., . 6r it
dyv=Ir] tl6a” —x )a!.\'—-l:r{:]—}——n—LJ =
o 3 7 1]
¢ *‘=37. (..T:—.YJ}d.\.T._iij. (x* = x )dv
q_j:: LIRSz  1192x
15 15 15
= ¢
- [ 2 1?‘
15 4. 01 = J J = J= o B =8
a. vol TL(J} 2) dh ?Tl» 5 .__11 T
T : ’ O
b \lil = JTI ‘ + dl‘r Cu L—-}- } :T
-1

c. vol=(e-2)mw _
~ Solution for unit — 15 _
l.a. 3 b | 2. \/1_§ d. x/ge 'f{)
2.(0.0, 0)and (0.2, 0) 3. a. (x—=1Y+y =+ Iy =
b. (x-23) +L1+t}“+(z-2)““l4
4 5-3=2
5. a.  outside sphere b. on the sphere c.
6. a. no intersection ((),3i\/§,0) e.
intersection |
7.a  (0,-4,0)and (0, 6, 0) b (2+£27,0,0)
8. r=35 9. a. k= 6
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